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Time-dependent phase matching of high-order-harmonic generation
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We theoretically investigate the influence of time-dependent phase matching on high-order-harmonic
generation (HHG). The results show that the phase-matching degrees of the short and long paths are different
at the leading and falling edges of the driving laser pulse. By using the strong-field approximation model and
solving the Maxwell equations, we demonstrate that the time-dependent phase matching leads to the harmonic
splitting with either a blue- or a red-frequency shift in the HHG spectra. Moreover, we also discuss the influence
of the laser intensity, the laser duration, and the position of the gas medium on the time-dependent phase matching
as well as the spatial and spectral properties of the HHG spectra.
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I. INTRODUCTION

When intense laser pulses interact with atoms and
molecules, high-order harmonics can be generated [1]. In
recent years, high-order-harmonic generation (HHG) has been
a topic of great interest due to its potential applications for the
production of coherent extreme ultraviolet (XUV) [2,3], soft x
ray [4], and attosecond pulses [5]. These ultrashort pulses may
serve as an important tool for detecting and controlling the
ultrafast electronic dynamics inside atoms or molecules [6–8].
On the other hand, the high-order-harmonic spectra encode
rich information of the target gas, which has been used to
image the molecular structure [9,10] and dynamics [11].

On the single-atom level, the HHG process can be well
understood by the three-step model [12], where the laser-atom
interaction is separated into ionization, acceleration, and
recombination steps. Such a process periodically occurs every
half optical cycle of the laser field. In each half cycle, there
are two dominant quantum paths, which are usually called the
long and short paths. The return time of the long path is very
close to a full period of the laser field, while that of the short
path is less than half a laser period.

A knowledge of the single-atom dynamics is not sufficient
to interpret the experimental phenomenon; it is necessary
to take the effects of propagation and phase matching of
HHG in the macroscopic medium into account. Numerous
experimental and theoretical results [13–17] have demon-
strated that the short and long paths prefer different phase-
matching conditions: when the medium is positioned after
the laser focus, the short path is more effectively phase
matched. In contrast, when the medium is located before
the focus, the short path is the dominant on axis. Whereas,
as the spatial divergence of the harmonics increases, the
contribution of the long paths becomes dominant [18–21].
Many applications based on the selection of a specific electron
path have been achieved by controlling the phase-matching
conditions, such as the attosecond pulse generation [22–24],
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the time-resolved studies of electronic dynamics [25–27],
and retrieving carrier-envelope phases from the half-cycle
cutoffs [28]. On the other hand, in the HHG process, phase
matching is usually coupled with the single-atom response,
which can lead to complex spatial structures in the harmonic
spectra, such as interference fringes [29,30] and harmonic
splitting [31–33], etc. These spatial properties of harmonics
provide rich information regarding the HHG process [34,35],
but the physical origins of these complex structures are not
satisfactorily clarified. In general, the conventional phase-
matching model leaves out all the time-dependent effects,
which would be limited to understand the influence of phase
matching on these complex spatial structures. Since the HHG
process is ultrafast in time and spatiotemporal coupling usually
occurs in the generating medium [36,37], investigating the
time-dependent phase matching is necessary to understand the
complex structures in harmonic spectra.

In this paper, we theoretically investigate the effect of time-
dependent phase matching on the generation of high-order
harmonics driven by a 40-fs, 800-nm laser field in argon. It
is shown that due to the ionization effect, the phase-matching
degrees of the short and long paths are different at the leading
and falling edges of the driving pulse. By using the strong-field
approximation model and solving the Maxwell equations,
we demonstrate that time-dependent phase matching leads
to harmonic splitting with either a blue- or a red-frequency
shift in the HHG spectra. We also discuss the influence of the
laser intensity, laser duration, and position of the gas medium
on time-dependent phase matching as well as the spatial and
spectral properties of the HHG spectra. These results give
a deeper insight and are beneficial for understanding the
spatiospectral features of HHG.

II. THEORETICAL MODEL

The nonlinear HHG process in atomic gases can be
theoretically described by the single-atom response and the
collective response of macroscopic gas to the laser and
harmonic fields. In our calculation, we apply the strong-field
approximation model (SFA) [38,39] to calculate the harmonic
radiation. The time-dependent dipole momentum dnl(t) (the
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subscript nl stands for nonlinear) is described as

dnl(t) = i

∫ t

−∞
dt ′

[
π

ε + i(t − t ′)/2

]3/2

× d∗[pst (t
′,t) − A(t)]d[pst (t

′,t) − A(t ′)]

× exp[−iSst (t
′,t)]E(t ′)g(t ′) + c.c., (1)

where E(t) is the laser field, A(t) is the corresponding vector
potential, ε is a positive regularization constant, and pst and
Sst are the stationary momentum and quasiclassical action,
respectively. Their values are

pst (t
′,t) = 1

t − t ′

∫ t

t ′
A(t ′′)dt ′′, (2)

Sst (t
′,t) = (t − t ′)Ip − 1

2
p2

st (t
′,t)(t − t ′) + 1

2

∫ t

t ′
A2(t ′′)dt ′′,

(3)

where Ip is the ionization energy of the atom. d(p) is the
dipole matrix element for transitions from the ground state to
the continuum state. In the continuum, the Coulomb effect
of the parent ion on the electrons is ignored. The dipole
element d(p) is calculated by using the free-electron wave
function (plane waves) to describe the continuum state. For
hydrogenlike atoms, it can be expressed as

d(p) = i
27/2

π
(2Ip)5/4 p

(p2 + 2Ip)3
. (4)

The g(t) in Eq. (1) represents the ground-state amplitude,

g(t) = exp

[
−

∫ t

−∞
w(t ′)dt ′

]
, (5)

where w(t) is the ionization rate, which is calculated by the
Ammosov-Delone-Krainov (ADK) tunneling model [40],

w(t) = ωp|Cn∗ |2
(

4ωp

ωt

)2n∗−1

exp

(
−4ωp

3ωt

)
, (6)

where

ωp = Ip

�
, ωt = e|El(t)|√

2meIp

, n∗ = Z

(
Iph

Ip

)1/2

,

|Cn∗ |2 = 22n∗

n∗�(n∗ + 1)�(n∗)
,

where Z is the net resulting charge of the atom, Iph is
the ionization potential of the hydrogen atom, and e and
me are electron charge and mass, respectively. Then the
harmonic spectrum is obtained by Fourier transforming the
time-dependent dipole acceleration a(t),

aq = 1

T

∫ T

0
a(t)exp(−iqωt), (7)

where a(t) = d̈nl(t), and T and ω are the duration and
frequency of the driving pulse, respectively. q corresponds
to the harmonic order.

To simulate the collective response of macroscopic gas,
we numerically solve the Maxwell wave equations for the
fields of the laser pulse El and the harmonics Eh in cylindrical

coordinate separately,

∇2El(r,z,t) − 1

c2

∂2El(r,z,t)

∂t2
= ω2

p(r,z,t)

c2
El(r,z,t), (8)

∇2Eh(r,z,t) − 1

c2

∂2Eh(r,z,t)

∂t2
= ω2

p(r,z,t)

c2
Eh(r,z,t)

+μ0
∂2Pnl(r,z,t)

∂t2
, (9)

where

ωp = e

[
4πne(r,z,t)

me

]1/2

(10)

is the plasma frequency, Pnl(r,z,t) = [n0 − ne(r,z,t)]dnl(r,z,t)
is the nonlinear polarization of the medium, n0 is the gas
density, and ne(t) = n0[1 − exp(− ∫ t

−∞ w(t ′)dt ′)] is the free-
electron density in the gas. Equations (8) and (9) can be
numerically solved with the Crank-Nicholson method as
described in Ref. [41].

The above theoretical model is sufficient to simulate the
HHG in gas medium, while for a deeper insight of the
underlying physical mechanism we should analyze the phase
matching of generated harmonics. The phase matching refers
to the constructive accumulation of radiation from coherent
sources along the beam propagation direction. The condition
of optimum phase matching in the HHG process is kq =
qk1, where kq is the qth harmonic wave vector and k1 is
the fundamental field wave vector. Since HHG is a highly
nonlinear process, both the single-atom response and the
macroscopic effects could cause the phase mismatching of the
harmonica. The phase mismatching degree can be expressed
as [42]

�k = �kg + �kd + �ke + �ka, (11)

where �kg = q 2
b[1+(2z/b)2] results from the spatial phase

variations arising from the focusing geometry of the driving
laser field, q is the harmonic order, b is the confocal parameter
of the beam, z is the position of the medium, and z < 0
and >0 mean the upstream and downstream of the laser
focus. �kd = αj

d(Up/w)
dz

is the phase mismatching due to the
intensity-dependent single-atom dipole phase, and αj is the
phase coefficient with j = S,L representing the short and long
paths, respectively. Up ∝ I/ω2 is the ponderomotive energy
and ω is the frequency of the driving pulse. �ke = w

c
�nel(w)

and �ka = w
c
�nat (w) are due to the dispersions of the free

electrons and neutrals, �n(w) is the difference in the refractive
index. In this equation, �kg and �ka are positive and �ke is
negative. The sign of �kd is generally not fixed: when z < 0,
it is positive; when z > 0, it is negative.

III. RESULTS AND DISCUSSION

In this section, we first investigate the individual contri-
butions of the four terms �kd,�ke,�ka , and �kg to the
phase mismatching of HHG. In our simulation, we adopt
a 40-fs, 800-nm Gaussian laser field with an intensity of
3.5 × 1014 W/cm2. The beam waist of the driving field at
the focus is 30 μm and the medium gas (argon) is placed
at z = −1 mm. Here, the 15th harmonic is taken as an
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FIG. 1. (Color online) (a) The envelope of the laser field (solid
line) and the ionization probability (dashed line). (b)–(f) The on-axis
phase-mismatching values of �kd,�ke,�ka,�kg , and |�k| of the
15th harmonic for the long path. (g)–(k) Same as (b)–(f), but for the
short path. Here, the laser pulse is 40 fs and the laser intensity is
3.5 × 1014 W/cm2. The beam waist of the driving field at the focus
is 30 μm and the gas medium is placed at z = −1 mm.

example. Figure 1(a) shows the envelope of the laser field
(solid line) and the ionization probability (dashed line). With
the time increases, the laser field shows a symmetric distri-
bution and the ionization probability increases monotonically.
Figures 1(b)–1(f) show the on-axis phase mismatching values
of �kd,�ke,�ka,�kg , and |�k| for the long path, respectively.
Since the single-atom dipole phase term �kd is proportional
to dI/dz, it presents a symmetric distribution in time as
shown in Fig. 1(b). The contributions of the free electrons
and neutrals to phase mismatching can be treated similarly;
they both intensively depend on the ionization probability. As
the ionization probability increases with time, the densities of
the free electrons increase while the densities of the neutrals
decrease. Therefore, the negative term �ke [Fig. 1(c)] and the
positive term �ka [Fig. 1(d)] both decrease monotonically.
Figure 1(e) shows the geometric term �kg , which keeps
constant as the time increases. The total phase mismatching
|�k| of the long path is presented in Fig. 1(f). One can see
that when t < −5 T0 (T0 is the optical cycle of the driving
pulse), the laser intensity is not strong enough, the ionization

probability is quite small, and the negative term �ke is nearly
equal to 0 m−1. Therefore, phase mismatching is mainly due to
the positive terms �kg,�ka , and �kd . Because �kd increases
with time, |�k| increases with time, too. When t > −5 T0,
the ionization probability begins to increase rapidly. Then the
negative term �ke decreases gradually, which compensates
the positive terms �kg,�kd , and �ka . As a consequence, |�k|
decreases gradually. Figures 1(g)–1(k) show the results for the
short path. In Fig. 1(g), �kd of the short path also presents
a symmetric distribution, but it is much smaller than that
of the long path because the phase coefficient is αS � αL.
Figures 1(h)–1(j) show the �ke,�ka , and �kg of the short
path, which are same to those of the long path. The total phase
mismatching |�k| of the short path is shown in Fig. 1(k). One
can see that when t < −5 T0,|�k| changes very slowly. When
t > −5 T0,|�k| decreases monotonically. At t = 0.81 T0,|�k|
is equal to 0 m−1. This is because the negative term �ke is
sufficient to compensate the positive terms �kg,�kd , and �ka .
When t > 0.81 T0,�ke overcompensates the positive terms
�kg,�kd , and �ka . Then, |�k| turns to increase with time.
Above all, the phase mismatching |�k| of the short and long
paths vary with time. Moreover, the phase matching at the
leading edge of the driving pulse is usually different from that
at the falling edge because of the time-dependent ionization
yield. For instance, in Fig. 1(f), the long path has a better phase
matching at the falling edge, while the optimal phase matching
of the short path occurs at t = 0.81 T0 as shown in Fig. 1(k).
This is very different from the conventional phase-matching
model, which leaves out all the time-dependent effects and
customarily assumes an optimal phase matching at the center
of the laser pulse.

To clarify the above phenomena, we present the distribu-
tions of the on-axis |�k| of the 15th harmonic for both the
long [Figs. 2(a)–2(c)] and short paths [Figs. 2(d)–2(f)] as
a function of time and position of the gas medium. Here,
the laser duration is fixed at 40 fs. One can see that the
differences of |�k| between the leading and falling edges
change gradually as the laser intensity increases. For clarity,
we compare the phase-mismatching degrees at two symmetric
moments t = −τ/2 (leading edge) and t = +τ/2 (falling
edge), where τ is the full width at half maximum. In our
comparison, we assume the gas medium is placed at z = 0
mm, where �kd is equal to 0 m−1 for both the short and long
paths and therefore the |�k| of the short and long paths are the
same. At a low laser intensity of 0.5 × 1014 W/cm2 [Figs. 2(a)
and 2(d)], |�k| is about 11,720.04 m−1 at t = −τ/2, which
is nearly equal to that (≈11 720.00 m−1) at t = +τ/2. In this
case, the phase matching degrees at the leading and falling
edges are comparable. When the laser intensity increased
to 2.0 × 1014 W/cm2 [Figs. 2(b) and 2(e)], the |�k| is
approximately equal to 11 710.02 m−1 at t = −τ/2, while
it is only 6749.04 m−1 at t = +τ/2. Namely, the harmonic
emission at the falling edge is better phase matched than the
leading edge. On the contrary, as the intensity further increased
to 3.5 × 1014 W/cm2 [Figs. 2(c) and 2(f)], |�k| at the leading
edge (≈11 310.00 m−1 at t = −τ/2) is smaller than the falling
edge (≈21 990.02 m−1 at t = +τ/2).

On the other hand, the phase matching in the propagation
process is usually coupled with the single-atom response. On
the single-atom level, the variation of the dipole phase with
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FIG. 2. (Color online) (a)–(c) The on-axis phase mismatching |�k| of the 15th harmonic for the long path with a laser intensity of 0.5 ×
1014 W/cm2,2.0 × 1014 W/cm2,3.5 × 1014W/cm2, respectively. (d)–(f) Same as (a)–(c), but for the short path. Blue (red) areas correspond to
good (poor) phase matching. Other parameters are the same as in Fig. 1.

time leads to the variation of the instantaneous harmonic fre-
quency, which can be expressed by ωq(t) = qω + αq∂I (t)/∂t

[18,43]. From this equation, one can see that the frequency
shifts for the long and short paths depend on the time: at the
leading edge of the driving pulse [∂I (t)/∂t > 0], both the long
and short paths present a blueshift, while at the falling edge
[∂I (t)/∂t < 0], it is a redshift. Moreover, the phase-matching
degrees of these quantum paths are also time dependent. Thus
it will lead to complex spatial structures in harmonic spectra.

To illustrate the impact of the phase matching on the
spatial structures of HHG spectra, we simulate the spatially
resolved harmonic spectra by solving Maxwell’s equations
with the method presented in Sec. II. Four laser inten-
sities are adopted: 0.5 × 1014 W/cm2 [Fig. 3(a)], 2.0 ×
1014 W/cm2 [Fig. 3(c)], 2.3 × 1014 W/cm2 [Fig. 3(e)], and
3.5 × 1014 W/cm2 [Fig. 3(g)]. The corresponding on-axis
phase mismatching |�k| of the 15th harmonic for the long
path is also presented in Figs. 3(b), 3(d), 3(f), and 3(h). Here,
the gas medium is placed at z = 0 mm. Note that the frequency
shift of the short path is much smaller than that of the long
path. In the following, we focus on the harmonic emission
from the long path. For a laser intensity of 0.5 × 1014 W/cm2,
the distribution of |�k| is nearly symmetric in time, as shown
in Fig. 3(b). The phase-matching degrees of the long path
at the leading and falling edges of the driving pulse are
analogous. Figure 3(a) shows the spatially resolved harmonic
spectrum. Since the intensity is low, the 15th harmonic is
close to the cutoff region, where the short and long paths
nearly overlap. To help the eye, the long path of the 15th

harmonic is marked by the dashed ring, which has a large
divergence angle for better phase matching. The red spot at
the center of the ring corresponds to the short path, which
has a small divergence angle. As the intensity increases
to 2.0 × 1014 W/cm2,|�k| decreases gradually with time
[Fig. 3(d)]. The harmonic emission from the long path is more
effectively phase matched at the falling edge than the leading
edge of the driving pulse. Therefore the splitting structure of
each individual harmonic from the long path is dominated by
the redshifted component [as shown in Fig. 3(c)]. Moreover,
the long path shows a larger divergence angle than the short
path. For the intensity of 2.3 × 1014 W/cm2,|�k| also presents
a symmetric distribution in time [Fig. 3(f)]. This feature is
similar to Fig. 3(b). But in the case of Fig. 3(f), the higher
laser intensity leads to a larger frequency shift compared
with Fig. 3(b). Then the harmonic emission from the long
path presents both redshifts and blueshifts simultaneously, as
shown in Fig. 3(e). As the intensity is further increased to
3.5 × 1014 W/cm2, the values of |�k| at the leading edge are
smaller than the falling edge and the optimal phase matching
occurs at t = −2.76 T0 (leading edge) [Fig. 3(h)]. Therefore,
the long path shows a blueshift in the splitting structure of the
HHG spectra [Fig. 3(g)].

Figure 4 shows the spatially integrated harmonic spectra as
a function of the laser intensity. One can see clear splitting
structures in the HHG spectra. As discussed above, the center
peak corresponds to the short path, which presents a very
small frequency shift. On the contrary, the side peaks come
from the contribution of the long path and present either
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FIG. 3. (Color online) (a) Spatially resolved harmonic spec-
trum with a laser intensity of 0.5 × 1014 W/cm2. (b) The corre-
sponding on-axis phase mismatching |�k| of the 15th harmonic
for the long path. (c)–(h) Same as (a),(b), but for an in-
tensity of 2.0 × 1014 W/cm2,2.3 × 1014 W/cm2,3.5 × 1014 W/cm2,
respectively. Here, the gas medium is placed at z = 0 mm. Other
parameters are the same as in Fig. 2.

a blue- or a red-frequency shift. At a low laser intensity
(below about 1.0 × 1014 W/cm2), ∂I/∂t is very small and
the frequency shift of the side peaks is difficult to observe.
When the laser intensity is above 1.0 × 1014 W/cm2, the

FIG. 4. (Color online) Spatially integrated harmonic spectrum as
a function of the laser intensity. Here, the parameters are the same as
in Fig. 3.

harmonic emission from the long path begins to present a
redshift, which becomes larger as the laser intensity increases
(red line with an arrow). The region from 2.1 × 1014 W/cm2

to 2.5 × 1014 W/cm2 (white dashed rectangle) is a transition
area where both the redshifts and blueshifts can be observed
simultaneously. As the laser intensity is further increased, the
side peaks show only a blueshift, which also increases with
the laser intensity (blue line with an arrow). Furthermore, we
also calculate the evolution of intensity-dependent harmonic
emission at different laser durations. The results show that at
different laser durations, the evolutions of intensity-dependent
harmonic emission are similar, but the transition areas are
different. For example, with a laser duration of 20 fs, the
transition area is in the vicinity of the laser intensity of
3.5 × 1014 W/cm2, while for a laser duration of 60 fs, it is
in the vicinity of 1.0 × 1014 W/cm2.

On the other hand, the phase matching of HHG depends on
the position of the gas medium. As can be seen in Fig. 2(b),
when the gas medium is placed at z = 0 mm, |�k| at the
leading edge is larger than the falling edge of the driving
pulse. Nevertheless, as the gas medium moved away from the
focus point, the difference of |�k| between the leading and
falling edges is reduced.

In Fig. 5, we simulate the spatially resolved harmonic
spectra by placing the gas medium at z = −2 mm [Fig. 5(a)]
and z = 2 mm [Fig. 5(c)]. The corresponding |�k| of the long
path at R = 0 μm (on axis) and R = 20 μm (off axis) are
shown in Figs. 5(b) and 5(d). The other parameters are the same
as Figs. 3(c) and 3(d). One can see that when the gas medium
is located at z = −2 mm, the distributions of the off-axis and
on-axis |�k| are basically symmetric in time. Moreover, the
off-axis |�k| (dashed line) values are much smaller than the
on-axis |�k| (solid line) [Fig. 5(b)]. Therefore, the harmonic
emission from the long path shows a ring structure (marked by
the dashed ring), of which the off-axis components are much
brighter than the on-axis components, as shown in Fig. 5(a).

FIG. 5. (Color online) (a),(b) Spatially resolved harmonic spec-
trum and the corresponding on-axis (solid line) and off-axis (dashed
line) phase mismatching |�k| of the 15th harmonic for the long
path with a laser intensity of 2.0 × 1014 W/cm2 and the gas medium
placed at z = −2 mm. (c),(d) Same as (a),(b), but the gas medium is
placed at z = 2 mm. Other parameters are the same as in Figs. 3(c)
and 3(d).
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FIG. 6. (Color online) (a)–(c) The on-axis phase mismatching |�k| of the 15th harmonic for the long path with a laser duration of 5 fs,
40 fs, and 60 fs, respectively. (d)–(f) Similar to (a)–(c), but for the short path. Here, the laser intensity is 3.0 × 1014 W/cm2. Other parameters
are the same as in Fig. 2.

When the medium is placed at z = 2 mm, the on-axis and
off-axis |�k| are also nearly symmetric in time. But, unlike
that in Fig. 5(b), the difference of |�k| between the off axis
and on axis is much smaller in Fig. 5(d). Therefore, the
harmonic strengths of the off-axis and on-axis components of
the ring structure (marked by the dashed ring) are comparable
[Fig. 5(c)].

Next, we discuss the influence of the laser duration on the
phase matching of HHG. Figures 6(a)–6(c) show the on-axis
|�k| of the long path with a laser duration of 5 fs, 40 fs, and
60 fs, respectively. Figures 6(d)–6(f) are the results of the
short path. Here, the laser intensity is 3.0 × 1014 W/cm2. In
the same way, we compare the phase-mismatching degrees
at two symmetric moments t = −τ/2 (leading edge) and t =
+τ/2 (falling edge) with the medium placed at z = 0 mm. As
in Fig. 2, the |�k| of the short and long paths are equal at
z = 0 mm. The results show that for a short laser duration of
5 fs [Figs. 6(a) and 6(d)], |�k| at the leading edge is larger
than the falling edge of the driving pulse. Nevertheless, with a
laser duration of 40 fs [Figs. 6(b) and 6(e)] and 60 fs [Figs. 6(c)
and 6(f)], |�k| at the leading edge is smaller than the falling
edge. But for a laser duration of 60 fs, the difference of |�k|
between the leading and falling edges is larger.

In Fig. 7, we calculate the spatially resolved harmonic
spectra with a laser duration of 20 fs [Fig. 7(a)], 28 fs
[Fig. 7(c)], and 60 fs [Fig. 7(e)]. The corresponding on-axis
|�k| of the long path are presented in Figs. 7(b), 7(d), and 7(f).
Here, the gas medium is placed at z = 0 mm. Other parameters
are the same as in Fig. 6. One can see that for a laser duration
of 20 fs, the values of |�k| at the leading edge are larger than

FIG. 7. (Color online) (a) Spatially resolved harmonic spectrum
with a laser duration of 20 fs. (b) The corresponding on-axis phase
mismatching |�k| of the 15th harmonic for the long path. (c)–(f)
Same as (a),(b), but for laser durations of 28 fs, 60 fs, respectively.
Here, the gas medium is placed at z = 0 mm. Other parameters are
the same as in Fig. 6.
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FIG. 8. (Color online) Spatially integrated harmonic spectrum as
a function of the laser duration. The parameters are the same as in
Fig. 7.

the falling edge, and the optimal phase matching occurs at
t = 1.02 T0 (falling edge) [see Fig. 7(b)]. As a consequence,
the harmonic emission from the long path presents a redshift
as shown in Fig. 7(a). In this case, ∂I/∂t is very large and
the redshift is very large, too. As the laser duration increases
to 28 fs, the distribution of |�k| is nearly symmetric in time
[Fig. 7(d)]. Therefore, the harmonic emission from the long
path shows a redshift and blueshift simultaneously, as shown
in Fig. 7(c). In Fig. 7(f) with a laser duration of 60 fs, one
can see that the harmonic emission from the long path has
a better phase matching at the leading edge than the falling
edge of the driving pulse. As a consequence, the long path
presents a blueshift in the splitting structure of the HHG spectra
[Fig. 7(e)].

Figure 8 shows the spatially integrated harmonic spectra as
a function of the laser duration. Similar to Fig. 4, in the splitting
structure of the HHG spectra, the center peak corresponds to
the short path and the side peaks represent the long path. One
can see that when the laser duration is less than 23 fs, the long
path first presents a redshift, which gradually decreases with
the laser duration (red line with an arrow). The region from
23 fs to 32 fs is a transition area (white dashed rectangle) in
which both the redshift and blueshift for the long path can

be observed simultaneously. When the laser duration is larger
than 32 fs, the long path shows only a blueshift, which also
gradually decreases with the laser duration (blue line with
an arrow). Furthermore, we also calculate the evolution of
the duration-dependent harmonic emission with different laser
intensities. The results show that the evolutions of the duration-
dependent harmonic emission are similar at different laser
intensities, but the transition areas are different. For example,
with the intensity of 2.0 × 1014 W/cm2, the transition area is
in the vicinity of the laser duration of 100 fs, while with the
intensity of 4.0 × 1014 W/cm2, it is in the vicinity of 10 fs.

IV. CONCLUSION

In conclusion, we have theoretically investigated the influ-
ence of time-dependent phase matching on HHG. The results
show that the phase-matching degrees of the short and long
paths are different at the leading and falling edges of the
driving pulse due to the ionization effect. It is very different
from the conventional phase-matching model, which leaves out
all the time-dependent effects. Moreover, the time-dependent
phase matching coupled with the single-atom response can
lead to harmonic splitting with either a blue- or red-frequency
shift in the HHG spectra. The influence of laser parameters
on the spatiospectral properties of the HHG spectra has also
been studied. As the laser intensity or duration increases, the
harmonic emission from the long path first presents a redshift,
then the redshift and blueshift coexist in a transition area,
and further it shows a blueshift. The frequency shift increases
gradually when the laser intensity is increased or the laser
duration is decreased. In addition, the harmonic splitting with
either blue- or red-frequency shift can also be observed by
changing the position of the gas medium. Our results give
a deeper insight and are beneficial for understanding the
spatiospectral features of HHG.

ACKNOWLEDGMENTS

This work was supported by the National Natural Science
Foundation of China under Grants No. 61275126 and No.
11234004. Numerical simulations presented in this paper
were carried out using the High Performance Computing
experimental test bed in SCTS/CGCL.

[1] A. McPherson et al., J. Opt. Soc. Am. B 4, 595 (1987).
[2] I. P. Christov, M. M. Murnane, and H. C. Kapteyn, Phys. Rev.

Lett. 78, 1251 (1997).
[3] P. Lan, P. Lu, W. Cao, Y. Li, and X. Wang, Phys. Rev. A 76,

051801 (2007); J. Luo, Y. Li, Z. Wang, Q. Zhang, and P. Lu,
J. Phys. B 46, 145602 (2013).

[4] Z. Chang, A. Rundquist, H. Wang, M. M. Murnane, and H. C.
Kapteyn, Phys. Rev. Lett. 79, 2967 (1997).

[5] G. Sansone, E. Benedetti, F. Calegari, C. Vozzi, L. Avaldi,
R. Flammini, L. Poletto, P. Villoresi, C. Altucci, R. Velotta,
S. Stagira, S. De Silvestri, and M. Nisoli, Science 314, 443
(2006).

[6] Y. Zhou, C. Huang, Q Liao, and P. Lu, Phys. Rev. Lett. 109,
053004 (2012); A. Tong, Y. Zhou, and P. Lu, Opt. Express 23,
15774 (2015); Y. Li, P. Lan, H. Xie, M. He, X. Zhu, Q. Zhang,
and P. Lu, ibid. 23, 28801 (2015).

[7] R. Kienberger et al., Science 297, 1144 (2002).
[8] M. Li, P. Zhang, S. Luo, Y. Zhou, Q. Zhang, P. Lan, and P. Lu,

Phys. Rev. A 92, 063404 (2015); Q. Liao, Y. Zhou, C. Huang,
and P. Lu, New J. Phys. 14, 013001 (2012); C. Huang, Y. Zhou,
Q. Zhang, and P. Lu, Opt. Express 21, 11382 (2013).

[9] J. Itatani et al., Nature (London) 432, 867 (2004).
[10] Y. Li, X. Zhu, P. Lan, Q. Zhang, M. Qin, and P. Lu, Phys. Rev.

A 89, 045401 (2014).

063839-7

http://dx.doi.org/10.1364/JOSAB.4.000595
http://dx.doi.org/10.1364/JOSAB.4.000595
http://dx.doi.org/10.1364/JOSAB.4.000595
http://dx.doi.org/10.1364/JOSAB.4.000595
http://dx.doi.org/10.1103/PhysRevLett.78.1251
http://dx.doi.org/10.1103/PhysRevLett.78.1251
http://dx.doi.org/10.1103/PhysRevLett.78.1251
http://dx.doi.org/10.1103/PhysRevLett.78.1251
http://dx.doi.org/10.1103/PhysRevA.76.051801
http://dx.doi.org/10.1103/PhysRevA.76.051801
http://dx.doi.org/10.1103/PhysRevA.76.051801
http://dx.doi.org/10.1103/PhysRevA.76.051801
http://dx.doi.org/10.1088/0953-4075/46/14/145602
http://dx.doi.org/10.1088/0953-4075/46/14/145602
http://dx.doi.org/10.1088/0953-4075/46/14/145602
http://dx.doi.org/10.1088/0953-4075/46/14/145602
http://dx.doi.org/10.1103/PhysRevLett.79.2967
http://dx.doi.org/10.1103/PhysRevLett.79.2967
http://dx.doi.org/10.1103/PhysRevLett.79.2967
http://dx.doi.org/10.1103/PhysRevLett.79.2967
http://dx.doi.org/10.1126/science.1132838
http://dx.doi.org/10.1126/science.1132838
http://dx.doi.org/10.1126/science.1132838
http://dx.doi.org/10.1126/science.1132838
http://dx.doi.org/10.1103/PhysRevLett.109.053004
http://dx.doi.org/10.1103/PhysRevLett.109.053004
http://dx.doi.org/10.1103/PhysRevLett.109.053004
http://dx.doi.org/10.1103/PhysRevLett.109.053004
http://dx.doi.org/10.1364/OE.23.015774
http://dx.doi.org/10.1364/OE.23.015774
http://dx.doi.org/10.1364/OE.23.015774
http://dx.doi.org/10.1364/OE.23.015774
http://dx.doi.org/10.1364/OE.23.028801
http://dx.doi.org/10.1364/OE.23.028801
http://dx.doi.org/10.1364/OE.23.028801
http://dx.doi.org/10.1364/OE.23.028801
http://dx.doi.org/10.1126/science.1073866
http://dx.doi.org/10.1126/science.1073866
http://dx.doi.org/10.1126/science.1073866
http://dx.doi.org/10.1126/science.1073866
http://dx.doi.org/10.1103/PhysRevA.92.063404
http://dx.doi.org/10.1103/PhysRevA.92.063404
http://dx.doi.org/10.1103/PhysRevA.92.063404
http://dx.doi.org/10.1103/PhysRevA.92.063404
http://dx.doi.org/10.1088/1367-2630/14/1/013001
http://dx.doi.org/10.1088/1367-2630/14/1/013001
http://dx.doi.org/10.1088/1367-2630/14/1/013001
http://dx.doi.org/10.1088/1367-2630/14/1/013001
http://dx.doi.org/10.1364/OE.21.011382
http://dx.doi.org/10.1364/OE.21.011382
http://dx.doi.org/10.1364/OE.21.011382
http://dx.doi.org/10.1364/OE.21.011382
http://dx.doi.org/10.1038/nature03183
http://dx.doi.org/10.1038/nature03183
http://dx.doi.org/10.1038/nature03183
http://dx.doi.org/10.1038/nature03183
http://dx.doi.org/10.1103/PhysRevA.89.045401
http://dx.doi.org/10.1103/PhysRevA.89.045401
http://dx.doi.org/10.1103/PhysRevA.89.045401
http://dx.doi.org/10.1103/PhysRevA.89.045401


WANG, HE, ZHAI, SHI, ZHANG, LAN, AND LU PHYSICAL REVIEW A 92, 063839 (2015)

[11] S. Baker et al., Science 312, 424 (2006).
[12] P. B. Corkum, Phys. Rev. Lett. 71, 1994 (1993).
[13] C. Vozzi, M. Negro, F. Calegari, S. Stagira, K. Kovács, and
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