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With the classical ensemble model, we have investigated the pulse-duration dependence of nonse-
quential double ionization (NSDI) over a wide range of laser intensity. The correlated electron mo-
mentum distributions are distinctly different for the few-cycle and multiple cycle pulses, which agree
well with the previous experiments. Based on this agreement, we analyzed the underlying process
for the pulse-duration dependence of the electron correlation by tracing the classical trajectories.
Counterintuitively, our analysis shows that the recollision-induced excited states of NSDI could resist
ionization in the strong laser field for a time much longer than one optical cycle even at very high
intensities. For the multiple-cycle pulses, NSDI events with such a long time delay have significant
contribution to the total NSDI yields, which is responsible for the pulse-duration dependence of
the observed correlated patterns in the electron momentum distributions. C 2016 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4939642]

I. INTRODUCTION

Nonsequential double ionization (NSDI) is one of the
most fundamental processes among various intense laser-
induced phenomena.1–6 It has drawn much attention since
the first observation of the enhanced double ionization (DI)
yield of rare gases.7 The measurement of the electron or
ion momenta8–11 provided convincing evidences that the
responsible mechanism of NSDI is the well-known recollision
process.12,13 In this process, the first electron ionized through
tunneling is driven back to the parent ion when the electric
field reverses its direction and kicks out the second electron
through an inelastic recollision. Because of the recollision,
the two ionized electrons exhibit a highly correlated behavior.
Experimental and theoretical studies have shown that the
details of the electron correlations sensitively depend on the
laser intensity. For instance, at high laser intensities, the two
electrons are most likely to emit into the same hemisphere,
exhibiting a strong correlated behavior.14–16 While at low laser
intensities, the two electrons are more likely to emit into the
opposite hemispheres and display an obvious anticorrelated
behavior.17 This intensity-dependent electron correlations
reveal the different microscopic electron dynamics. With
the development of laser techniques, intense few-cycle laser
pulses with stable carrier envelope phase (CEP) are available.18

In these few-cycle pulses, NSDI is confined to a single cycle
of the pulses and thus the subcycle electron dynamics can be
explored. Recently, numerous experimental studies have been
performed on NSDI driven by few-cycle pulses.19–23 It was
shown that the correlated electron momentum distributions

a)Electronic mail: zhouymhust@hust.edu.cn
b)Electronic mail: lupeixiang@hust.edu.cn

of NSDI by few-cycle pulses are distinctly different from
those by the multiple-cycle pulses.24 For example, at high
laser intensity, the correlated electron momentum spectrum
by the few-cycle pulses exhibits an impressive cross-shaped
structure,22 qualitatively differing from those by the multiple-
cycle pulses.11 At low laser intensity, a novel parallel-line
structure was observed,21 which has never been observed in
the experiments using multiple-cycle pulses.

The laser intensity dependence of the electron correlations
could be easily understood as the recollision induced direct
ionization or excitation with subsequent ionization. Generally,
at high laser intensities, the second electron is ionized directly
by the recollision because of the high recollision energy.25,26 At
low laser intensities, the recollision energy is not high enough
to kick out the second electron directly and thus NSDI can
only occur through recollision-induced excited states.27–31 The
time delay between the ionization of the two electrons from the
excited states determined the final electron correlations.32,33

It is believed that usually these excited states were ionized
in the strong laser field within one optical cycle.22,27 Thus,
it could be expected that the correlated electron dynamics
of NSDI in few-cycle and multiple-cycle pulses should be
similar. However, previous experiments, as mentioned above,
show distinct difference of electron correlations between the
few-cycle and multiple-cycle pulses. The underlying physics
for this pulse-duration dependence of electron correlations is
not intuitive.

In this paper, we performed a systematic study of NSDI
of Ar over a wide range of laser intensities with different
pulse durations, using the well-established classical ensemble
model.34,35 The correlated electron momentum distributions
from our classical calculations are very different for the
few-cycle and multiple cycle pulses, which are in very good

0021-9606/2016/144(2)/024304/8/$30.00 144, 024304-1 © 2016 AIP Publishing LLC
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agreement with previous experiments. Taking advantage of the
classical method, we traced the time evolution of the NSDI
trajectories and found that the recollision-induced excited
states could stay in the laser fields for a time much longer than
one optical cycle, even at very high laser intensities. Thus, for
the multiple-cycle pulses, NSDI events with a time delay (the
delay between final double ionization and recollision) much
longer than one optical cycle have a significant contribution
to the total NSDI yields, which is responsible for the pulse-
duration dependence of electron correlations in the measured
electron momentum spectra.

II. THE CLASSICAL ENSEMBLE MODEL

Accurate description of NSDI requires numerically
solving the time-dependent Schrödinger equation. However,
the computational demand of this method is huge and at
present, it is only possible for some limited conditions.36–38

In the past decades, classical methods have been proposed
to study strong-field DI.39–47 It has been confirmed that the
classical methods are reliable tool in exploring microscopic
electron dynamics in strong-field DI. For example, with the
classical methods, the roles of the final-state electron-electron
repulsion44 and electron-ion attraction44,48 in the measured
electron spectra of NSDI are successfully identified, and
the asymmetric energy sharing49 during recollision has also
been revealed. The classical methods are also successful in
predicting new phenomena of strong-field DI.50,51 Another
important advantage of classical methods is that they can
provide an intuitive picture of the underlying processes.
Thus, in this paper, we employ the well-established classical
ensemble model34,39,40 proposed by Eberly et al. to study the
electron dynamics of NDSI.

In this classical model, the core is fixed, and the evolution
of the two-electron system is determined by the Newton’s
equations of motion39 (atomic units are used throughout until
stated otherwise),

d2ri
dt2 = −∇[Vne(ri) + Vee(r1,r2)] − E(t), (1)

where r1 and r2 denote the positions of the two electrons, and
E(t) = E0 sin(πt/τ)2 cos[ω(t − τ/2) + φ]ẑ is the electric field
of the linearly polarized 790 nm laser pulses. E0, τ,ω, and φ are
the amplitude of the electric field, the pulse duration, the laser
frequency, and the carrier envelope phase, respectively. The
ion-electron and electron-electron potentials are represented as
Vne(ri) = −2/


r2
i + a2 and Vee(r1,r2) = 1/

(r1 − r2)2 + b2. In
order to avoid autoionization and the singularity of Coulomb
potential, the screening parameters a = 1.5 and b = 0.05 are
selected.34,52 The initial state was obtained as follows. First, the
two electrons of the model atom were placed at the classically
allowed region of positions with an energy of −1.59 a.u.,
i.e., the sum of the first and second ionization potentials of Ar.
The available kinetic energy was randomly distributed between
the two electrons and the directions of the momenta were
randomly assigned. Then the systems were allowed to evolve in
the absence of laser field for a sufficiently long time (400 a.u.)
to obtain stable distributions in the phase space. These distribu-
tions were the initial states of Eq. (1). Note that in this classical
model, the species of the atomic target is only represented by
the initial state energy. Once the initial state was obtained,
the laser field was turned on. At the end of the laser pulses,
we recorded the energies of electrons and DI was identified if
both electrons achieved positive energies. In our calculations,
the laser intensities were 0.8 × 1014 W/cm2, 1.3 × 1014 W/cm2,
2.3 × 1014 W/cm2, which covered the area from the low to high
laser intensity regions for NSDI of Ar.27 We chose two different
laser pulse durations of τ = 4T and τ = 16T (T is the laser
cycle) to systematically study the pulse-duration-dependent
NSDI dynamics at different laser intensities.

III. RESULTS

Figure 1 shows the correlated electron momentum spectra
along the laser polarization direction for NSDI of Ar by laser
pulses at the three different intensities. The pulse durations are
τ = 4T and τ = 16T for the upper and lower rows, respectively.
Here, the spectra for the 4T pulses were obtained by averaging
over different CEPs, corresponding to the CEP-unlocked
experiments. It can be seen that the electron correlations

FIG. 1. Correlated electron momentum
distributions along the laser polariza-
tion direction for NSDI of Ar by 790 nm
laser pulses. The laser intensities are
(a) and (d) 0.8×1014 W/cm2, (b) and
(e) 1.3×1014 W/cm2, and (c) and (f)
2.3×1014 W/cm2. The pulse durations
are 4T and 16T for the upper and lower
panels. The panels in the upper row
are CEP averaged results. The ensemble
sizes are several millions (depending on
the laser intensity) so that as many as
tens of thousands NSDI events are col-
lected.
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strongly depend on the laser intensity and the pulse duration.
For the few-cycle pulses with the duration of 4T, the spectrum
exhibits a strong anticorrelated pattern at low intensity of
0.8 × 1014 W/cm2, as shown in Fig. 1(a). At relatively higher
intensity of 1.3 × 1014 W/cm2 [Fig. 1(b)], the distribution
exhibits two lines nearly parallel to the main diagonal in
the first and third quadrants. This parallel-line structure is
in good agreement with the previous experimental result
using pulse with similar laser parameters.21 At high intensity
of 2.3 × 1014 W/cm2, as shown in Fig. 1(c), the spectrum
exhibits a cross-shaped structure, which is also in good
agreement with the experimental data.22 For multiple-cycle
pulses of 16T, as displayed in the lower row, the distributions
are quite different from those of the few-cycle pulses. For
example, at low intensity, the distribution also exhibits an
anticorrelated behavior, but it is much weaker than that of
the 4T pulse. At higher intensities [Figs. 1(e) and 1(f)], the
parallel-line and cross-shaped structures observed in the case
of few-cycle pulses [see Figs. 1(b) and 1(c)] are invisible at
these long pulses. These results for the long pulses are in good
agreement with the previous experimental data.11,17

For few-cycle pulses, because of the asymmetry of the
electric field, the correlated electron momentum spectra for a
fixed CEP should be asymmetric with respect to the diagonal
pz1 + pz2 = 0.19,21,22 We take the CEP φ = π to show this
asymmetry, as presented in Fig. 2. The distribution is primarily

clustered in the third quadrant for 1.3 × 1014 W/cm2. For
the intensity of 2.3 × 1014 W/cm2, the distribution is also
asymmetric but it is more likely to appear in the first quadrant
[Fig. 2(c)]. This intensity dependence of the asymmetry has
been analyzed in a previous paper.53

In order to explore the underlying dynamics of laser-
intensity and pulse-duration dependence of the correlated
behaviors of the electron pairs, we trace all classical
trajectories of the NSDI events. In the following, we analyze
the pulse-duration dependence of the correlated electron
dynamics at the three laser intensities of 0.8 × 1014 W/cm2,
1.3 × 1014 W/cm2, and 2.3 × 1014 W/cm2 one by one. We
mention that these intensities are, respectively, corresponding
to NSDI well below, close to and well above the threshold of
direct ionization by recollision.

First, we focus on the low laser intensity of 0.8
× 1014 W/cm2. Figure 3(a) shows the recollision time
distribution for the 4T pulse, where the recollision time is
defined as the instant of closest approach to the core after
the ionization of the first electron.34 Here, the CEP was set
to be φ = π. As shown in Fig. 3(a), the recollision occurs
just after the electric field peak at 2.0T. Due to the low laser
intensity, the recollision electron excites the bound electron at
the expense of being recaptured by the core, forming a doubly
excited state.32,33 After that the two electrons are ionized by the
following electric field one after the other. Figure 3(c) shows

FIG. 2. The correlated electron mo-
mentum distributions for 4T pulses with
CEP φ = π. The laser intensities are
(a) 0.8×1014 W/cm2, (b) 1.3×1014

W/cm2, and (c) 2.3×1014 W/cm2.

FIG. 3. (a) Recollision time distribu-
tion of the NSDI events for the 4T pulse
(blue squares). (b) Relative proportion
of NSDI trajectories versus laser phase
at time of recollision for the 16T pulse
(red circles). (c) Final ionization time
of the first versus the second electrons
for the 4T pulse. (d) Laser phase at the
ionization of the first versus the second
electrons for the 16T pulse. The first
and the second electrons are classified
based on the ionization order after rec-
ollision. The black solid lines in (a)
and (b) denote the electric field and the
dashed lines in (c) and (d) indicate the
peaks of the electric field. The laser in-
tensity is 0.8×1014 W/cm2. The CEP of
the 4T pulse is φ = π.
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FIG. 4. (a) The distribution of time
delay between DI and recollision. The
blue squares and red circles represent
the results for the 4T and 16T pulses,
respectively. (b)-(d) Correlated electron
momentum distributions of the 4T pulse
for the NSDI with time delay of (b)
0-0.5T, (c) 0.6-1.0T, and (d) longer than
1.0T. (e)-(g) The same as (b)-(e) but for
the 16T pulse. In each panel the distri-
bution is normalized. The CEP of the
4T pulse is φ = π. The laser intensity is
0.8×1014 W/cm2.

the final ionization time of the two electrons after recollision,
where the final ionization time is defined as the instant when
the electron achieves positive energy after recollision. Here
we labeled the electrons as the first and the second electrons
based on the ionization order after the recollision. It is shown
that for the first electron, ionization occurs just before the
first electric field peak (at 2.5T) following recollision. For
the second electron, ionization most likely occurs around the
first or the second electric field peaks following recollision.
For the long pulse, we considered the laser phase at time
of recollision and ionization.33 Figure 3(b) displays the laser
phase at the times of recollision for the 16T pulse. It is shown
that recollision occurs at the time between the maximum and
zero crossing of the electric field. The laser phases of final
ionizations of the first and the second electrons are shown in
Fig. 3(d), indicating that both electrons are ionized just before
or around the peaks of the following electric field.

It is known that the final correlated pattern of the electron
pairs depends on the time delay between final ionizations of
the two electrons and the recollision.32,33 In Fig. 4(a), we
present the time delay between DI (the instant when both
electrons achieve positive energies) and recollision for the 4T
(blue squares) and 16T (red circles) pulses. For these two
pulses, the distributions exhibit similar behavior for the first
three peaks. For example, the first, second, and third peaks
locate near 0.3T, 0.75T, and 1.25T, respectively. For the long
pulse, there are a significant part of events with a very large
time delay, indicating that the second excited electron survived
in the laser field for a long time. In the middle and bottom rows
of Fig. 4, we plotted the correlated electron spectra according

to the time delay for the 4T and 16T pulses, respectively.
Figs. 4(b) and 4(e) correspond to the events with a time delay
of 0-0.5T [the first peak in Fig. 4(a)], and Figs. 4(c) and 4(f)
show these with a time delay of 0.6T-1.0T [the second peak
in Fig. 4(a)]. It is shown that for the events with a similar time
delays, the correlated electron momentum spectra are similar
for the 4T and 16T pulses. For example, in Figs. 4(b) and 4(e),
the distributions exhibit a correlated behavior and in Figs. 4(c)
and 4(f), they show an anticorrelated behavior. Note that for
the 4T pulse, the CEP was set to be φ = π and thus the spectra
are asymmetric with respect to the diagonal pz1 + pz2 = 0. So
the distribution only appears in the area below this diagonal.
In Figs. 4(d) and 4(g), we display the correlated electron
momentum spectra for the events with a time delay longer
than 1.0T. It is clearly shown that for the 4T pulse, the
distribution is dominantly clustered in the second and fourth
quadrants. However, for the 16T pulse, because of the multiple
peaks in the time delay distribution of Fig. 4(a), the correlated
electron spectrum exhibits a nearly uniform distribution and
this part of events has the significant contribution to the total
NSDI yields. Thus, we can conclude that the difference in the
correlated electron momentum spectra for the few-cycle and
multiple-cycle pulses is due to the fact that in multiple-cycle
pulses, there are significant contribution of NSDI events with
time delay much longer than one optical cycle.

Now, we turn to the higher laser intensity of 1.3
× 1014 W/cm2. For this intensity, it has been shown that
the main part of NSDIs also occurs through the recollision-
induced doubly excited states.21 In Figs. 5(a) and 5(b), we show
the recollision time distributions for the 4T and 16T pulses,
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FIG. 5. The same as Fig. 3 but for the
intensity of 1.3×1014 W/cm2.

respectively. These distributions are very similar to those in
Figs. 3(a) and 3(b). Figure 5(c) displays the final ionization
time of the two electrons after recollision for the 4T pulse. It is
shown that for the first electron, ionization occurs just after the
recollision (2.0T) or before the first electric field peak (2.5T)
following recollision. For the second electron, final ionization
occurs just before the first electric field peak (2.5T) following
recollision. For this type of trajectories, the two electrons emit
in the same direction along the laser polarization. Due to the
time delay between the final ionizations of the two electrons21

and the electron repulsion between them,54 the final correlated

electron momentum spectrum exhibits a double-line structure
in the first and third quadrants [Fig. 1(b)]. For the long pulse
of 16T, recollision also mainly occurs between the peaks and
zero crossings of the electric field, as shown in Fig. 5(b), and
final ionizations of both electrons happen just before the peaks
of the electric field [Fig. 5(d)]. These behaviors are similar to
those at lower laser intensity in Fig. 3.

In Fig. 6(a), we display the time delay between DI and
recollision. Again, these time delay distributions for the 4T
and 16T pulses are very similar for the first peak. For the
16T pulse, there are considerable NSDI events with a time

FIG. 6. The same as Fig. 4 but for the
intensity of 1.3×1014 W/cm2.

 Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  115.156.232.60 On: Tue, 26 Apr

2016 02:38:07



024304-6 Chen et al. J. Chem. Phys. 144, 024304 (2016)

FIG. 7. The same as Fig. 3 but for the
intensity of 2.3×1014 W/cm2.

FIG. 8. (a) The same as Fig. 4(a) but
for the intensity of 2.3×1014 W/cm2.
(b)-(e) Correlated electron momentum
distributions of the 4T pulse for the
NSDI with time delay of (b) 0-0.5T,
(c) 0.5-1.5T, and (d) longer than 1.5T.
(e)-(g) The same as (b)-(e) but for the
16T pulse. In each panel, the distribu-
tion is normalized so that the maximum
value is unit.

delay much longer than one optical cycle. In the middle and
bottom rows of Fig. 6, we separately plotted the correlated
electron momentum distributions of the NSDI events with
different time delays for the 4T and 16T pulses, respectively.
Figures 6(b) and 6(e) represent these with a time delay less
than 0.5T [the first peak in Fig. 6(a)] for the 4T and 16T
pulses, respectively. It is shown that the distributions are very
similar for these two pulses, i.e., both distributions exhibit a

clear repulsion behavior along the main diagonal pz1 = pz2.
Figures 6(c) and 6(d) display the distributions for the NSDI
events with a time delay of 0.5T-1.0T. For both pulses, the
distributions exhibit an anticorrelated behavior. Figures 6(d)
and 6(g) show the distributions for the NSDI events with the
time delay longer than 1.0T. For the 16T pulse [Fig. 6(g)],
the double-line structure is invisible. Note that the proportion
of this part in the total NSDI yield is negligible for the 4T
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pulse while it is significant for the 16T pulse. Because of the
contribution of this type of NSDI events in the 16T pulse, the
double-line structure shown in Fig. 6(e) is seriously obscured.
Therefore, the double-line structure observed in the few-cycle
pulses is invisible in the multiple-cycle pulses.

Figures 7 and 8 show the results at the high laser intensity
of 2.3 × 1014 W/cm2. At this laser intensity, there are two
bursts of recollision in the 4T pulse [Fig. 7(a)] and the
distribution for the 16T pulse [Fig. 7(b)] is wider than that
at lower laser intensities. It is shown in Fig. 7(c) that there
are many events along the diagonal, meaning that the two
electrons ionizes simultaneously after recollision. There are
also a significant part of events where the second electron
ionize just before the electric field peaks at 2.0T and 2.5T,
indicating that NSDI occurs through the recollision-excitation
ionization process even at this high laser intensity. This is
consistent with previous study.22

Figure 8 depicts the correlated momentum distributions
of the NSDI events with different time delays between DI and
recollision. Figure 8(a) gives the time delay distributions
for the 4T and 16T pulses. It is more directly shown
here that there is a significant time delay between DI and
recollision for both pulse durations, confirming again the
recollision-excitation-ionization process in the high laser
intensity regime.22 Figures 8(b) and 8(e) show the spectra
for the NSDI events with time delay less than 0.5T [the first
peak in Fig. 8(a)] for the 4T and 16T pulses, respectively.
Figures 8(c) and 8(f) present the NSDI events with time delay
of 0.5T-1.5T. Again, the spectra of the 4T and 16T pulses are
similar for the NSDI events with same time delay. For the 4T
pulse, the contribution of NSDI events with time delay longer
than 1.5T is negligible while for the 16T pulse, the events with
this long time delay take a very large proportion of the total
NSDI yields. The correlated electron spectra for the events
with time delay longer than 1.5T are shown in Figs. 8(d) and
8(g). Obviously, this part is the main reason for the difference
in the correlated electron momentum distributions for the 4T
and 16T pulses, as shown in Figs. 1(c) and 1(f).

IV. CONCLUSION

In summary, we have systematically investigated the
pulse-duration dependence of NSDI over a wide range of
laser intensity. The results from our classical ensemble model
are in good agreement with previous experimental data. Back
tracing of the NSDI trajectories shows that the recollision-
excited electrons can resist ionization for a time much longer
than one optical cycle, even at the laser intensities well above
the recollision-ionization threshold. Consequently, for the
multiple-cycle pulses, the contribution of NSDI events with
a very long time delay after recollision is significant. This
is responsible for the difference in the observed correlated
electron momentum spectra of the few-cycle and multiple-
cycle pulses.
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