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We investigate the influence of the time-dependent on-axis phase matching on broadband extreme ultraviolet
(XUV) supercontinuum generation with an intense laser field. By using the strong-field approximation model
and solving Maxwell’s equations we show that time-dependent on-axis phase matching can lead to broadening of
the XUV supercontinuum. Moreover, we also demonstrate that the bandwidth of the XUV supercontinuum can
be controlled by adjusting the beam waist of the laser field and the position of the gas medium. © 2016 Optical
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1. INTRODUCTION

High-order harmonic generation (HHG) [1] is a widespread
technique for the generation of attosecond pulses. The unprec-
edented resolution of attosecond pulses makes it possible to
study the ultrafast electron dynamics in atoms [2–8], molecules
[9–13], and solids [14] as well as for time-resolved metrology
and spectroscopy [15–19]. Due to these potential applications,
the generation of isolated attosecond pulses based on HHG has
gained extensive attention.

The HHG process can be well understood in terms of the
three-step model [20]: ionization, acceleration, and recombina-
tion. This process periodically occurs every half optical cycle of
the laser field and produces two attosecond pulses in each op-
tical cycle. Based on this classical picture many methods have
been used to control the harmonic emission within a half op-
tical cycle of the laser field for the isolated attosecond pulse
generation such as, by using a sub-4 fs near-single-cycle driving
pulse [21], a pulse as short as 80 attoseconds has been generated
by synthesizing harmonics near the cutoff region. The polari-
zation gating technique [22–26] has also been demonstrated to
produce a broadband supercontinuum in the plateau region.
Some other ways such as two-color field [27–32], multicolor
field [33], ionization gating [34], and double optical gating
[35] have also been reported for the generation of the isolated
attosecond pulses.

A full knowledge of the HHG depends not only on the
laser-atom interaction on the single-atom level, but also on the
propagation and phase matching in the macroscopic medium.

Previous studies of the HHG in macroscopic gases mainly focus
on the different phase-matching properties of the short and
long paths. Many works have been done to achieve the quan-
tum path selection [36–39] and investigate the complex spatial
structures in the harmonic spectra [40–43]. On the other hand,
since the HHG is an ultrafast process, phase matching accom-
panying the HHG evolves quickly with time. The time
dependence of the phase matching [44–49] plays a dramatic
role in the HHG. Recently, by using a high gas pressure and
low laser intensity, Chen et al. [50] demonstrated that the phase
matching of HHG can be restricted to one half optical cycle,
and then an isolated attosecond pulse can be produced within
this temporal phase-matching window.

In this paper, we investigate the influence of the time-
dependent on-axis phase matching on XUV supercontinuum
generation in a high-intensity and low-pressure regime. Based
on the numerical simulation of Maxwell’s equations we show
that the time-dependent on-axis phase matching can lead to
broadening of the XUV supercontinuum. Moreover, we also
show that the bandwidth of the XUV supercontinuum can
be controlled by adjusting the beam waist of the driving pulse
and the position of the gas medium.

2. THEORETICAL MODEL

A. Single-Atom Model

The HHG process in atomic gases can be well understood
by the single-atom response and the collective response of a
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macroscopic gas to the laser and harmonic fields. In our calcu-
lation, we apply the strong-field approximation model (SFA)
[51] to calculate the harmonic radiation. The time-dependent
dipole momentum d �t� is described as

d �t� � i
Z

t

−∞
dt 0

�
π

ϵ� i�t − t 0�∕2

�
3∕2

× d��pst�t 0; t� − A�t��d �pst�t 0; t� − A�t 0��
× exp�−iSst�t 0; t��E�t 0�g�t 0� � c:c:; (1)

where E�t� is the laser field, A�t� is the corresponding vector
potential, and ϵ is a positive regularization constant. pst and
Sst are the stationary momentum and quasiclassical action, re-
spectively. The g�t� represents the ground-state amplitude,
which is calculated by the Ammosov–Delone–Krainov (ADK)
tunneling model [52]. Then the harmonic spectrum is
obtained by Fourier transforming the time-dependent dipole
acceleration a�t�,

aq �
1

T

Z
T

0

a�t� exp�−iqωt�; (2)

where a�t� � d̈�t�, andT andω are the duration and frequency
of the driving pulse, respectively. q corresponds to the harmonic
order. Here, it is worth mentioning that a modified ADKmodel
[53] has been developed to calculate the harmonic spectrum
more accurately. We have also employed the modified ADK
theory to obtain the harmonic spectrum in our conditions.
We find that the intensities of the harmonic spectra obtained
by the conventional and modified ADK theory show slight
differences, but the structures of the continuous harmonic
spectra are nearly the same. In the following, we use the con-
ventional ADK theory to calculate the harmonic spectrum.

B. Propagation Model

To simulate the collective response of macroscopic gas, we
numerically solve the three-dimensional Maxwell wave
equations for the fields of the laser pulse El and the harmonics
Eh in cylindrical coordinates separately [54,55]. The three-
dimensional Maxwell’s wave equation of the laser field is
expressed as

∇2El �r; z; t� −
1

c2
∂2El �r; z; t�

∂t2

� μ0
∂J abs�r; z; t�

∂t
� ω2

c2
�1 − η2eff �El �r; z; t�; (3)

where El �r; z; t� is the transverse electric field of the fundamen-
tal laser pulse with central frequency ω and z is the axial propa-
gation direction. The effective refractive index of the gas
medium can be expressed as

ηeff �r; z; t� � η0�r; z; t� � η2I�r; z; t� −
ω2
p�r; z; t�
2ω2 ; (4)

where the linear term η0 � 1� δ1 − iβ1 accounts for refraction
(δ1) and absorption (β1) by the neutral atoms, and the refraction
coefficient δ1 is obtained from the Sellmeier equation [56]. The
absorption effect (β1) on the fundamental laser field caused by
the neutral atoms is neglected because it is, in general, small. The
second term η2I�r; z; t� describes the optical Kerr nonlinearity
and the third term is from free electrons, which contains the
plasma frequency

ωp � e
�
4πne�t�
me

�
1∕2

; (5)

whereme and e are the mass and charge of electron, respectively.
ne�t� � n0�1 − exp�−

R
t
−∞ γ�t 0�dt 0�� is the free-electron density

in the gas, γ�t 0� is the ionization rate, and n0 is the density of the
gas medium. n0�m−3� � 3.5 × 1022 � p�torr�, where p is the gas
pressure. The absorption term J abs�t� is [57]

J abs�t� �
γ�t�ne�t�I pE l �t�

jEl �t�j2
; (6)

where I p is the ionization potential. Next, we only keep the real
terms in the refractive index ηeff as well as go to a moving co-
ordinate frame (z 0 � z, t 0 � t − z∕c) and neglect ∂2El∕∂z 02,
then obtain [58]

∇2
⊥El �r;z 0;t 0�−

2

c
∂2El �r;z 0;t 0�

∂t 0∂z 0

�μ0
∂Jabs�r;z 0;t 0�

∂t 0
�ω2

p

c2
El �r;z 0;t 0�−

2ω2

c2
�δ1�η2I�El �r;z 0;t 0�:

(7)

Then, we eliminate the temporal derivative in Eq. (7) by a
Fourier transform and obtain the equation

∇2
⊥E

0
l �r; z 0;ω� −

2iω
c

∂E 0
l �r; z 0;ω�
∂z 0

� G 0�r; z 0;ω�; (8)

where

E 0
l �r; z 0;ω� � F 0�El �r; z 0; t 0��; (9)

G 0�r; z 0;ω� � F 0
�
μ0

∂J abs�r; z 0; t 0�
∂t 0

� ω2
p

c2
El �r; z 0; t 0�

−
2ω2

c2
�δ1 � η2I�El �r; z 0; t 0�

�
; (10)

and F 0 is the Fourier transform operator acting on the temporal
coordinate. The fundamental laser field is assumed to be
Gaussian at the entrance of a gas jet.

The three-dimensional Maxwell’s wave equation of the
harmonic field is described by

∇2Eh�r; z; t� −
1

c2
∂2Eh�r; z; t�

∂t2
� μ0

∂2P�r; z; t�
∂t2

; (11)

where P�r; z; t� is the polarization depending upon the applied
optical field El �r; z; t�. Similarly, we go to a moving coordinate
frame as well as neglect ∂2Eh∕∂z 02 and eliminate the temporal
derivative by a Fourier transform, then obtain the equation

∇2
⊥E

0
h�r; z 0;ω� −

2iω
c

∂E 0
h�r; z 0;ω�
∂z 0

� −ω2μ0P 0�r; z 0;ω�;
(12)

where E 0
h�r; z 0;ω� � F 0�Eh�r; z 0; t 0�� and P 0�r; z 0;ω� �

F 0�P�r; z 0; t 0��. The right-hand side of Eq. (12) describes the
response of the medium to the laser field and includes both
linear and nonlinear terms. P 0�r;z 0;ω��χ�1��ω�E 0

h�r;z 0;ω� �
P 0
nl �r;z 0;ω�. P 0

nl �r; z 0;ω� � F 0��n0 − ne�r; z 0; t 0��d �r; z 0; t 0�] is
the nonlinear polarization of the medium, n0 − ne�r; z 0; t 0� gives
the density of the remaining neutral atoms, and d �r; z 0; t 0� is the
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single-atom induced dipole moment. The χ�1��ω� is the linear
susceptibility, which is related to the refractive index
n�ω� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� χ�1��ω�∕ϵ0

p
. n�ω� � 1 − 1

2π n0r0λ
2�f 1 � if 2�,

where r0 is the classical electron radius, λ is the wavelength,
and f 1 and f 2 are atomic scattering factors. Finally, Eq. (12)
can be written as

∇2
⊥E

0
h�r; z 0;ω� −

2iω
c

∂E 0
h�r; z 0;ω�
∂z 0

−
2ω2

c2

�
1

2π
n0r0λ2�f 1 � if 2�

�
E 0
h�r; z 0;ω�

� −ω2μ0P 0
nl �r; z 0;ω�: (13)

Equations (8) and (13) can be solved with the Crank–
Nicholson method. In our calculations, we adopt the radial grid
with a maximum radius of 150 μm and the grid spacing Δr is
1 μm along the radial direction. The length of propagation is
1000 μm and corresponding grid spacing Δz is 2 μm along the
propagation direction. In the simulations, we first calculate the
single-atom dipole moment, the ionization probability, and
the ionization rate on the initial plane (z � 0) via Eq. (1).
Then, we insert the single-atom dipole moment, the ionization
probability, and the ionization rate into Eqs. (3) and (11) to
obtain the laser field and high-order harmonics on the next
plane (z 0 � z � Δz). Repeating this procedure, we obtain the
final high harmonics and laser field at the exit of the gas
medium. In the three-dimensional model, the generated har-
monics are radially distributed. In this work we only study
the high harmonics at the center of the beam (r � 0). In this
propagation model, the influence of the propagation of the
laser field on the single atom response is considered while the
influence of the harmonics field generated by an atom on
the single-atom response of the next atom is ignored.

C. Phase Matching of High-Order Harmonic
Generation

In the HHG process many macroscopic effects can give rise
to the phase mismatching of high harmonics. The phase-
mismatching degree can be expressed as [59,60]

Δk � Δkg � Δkd � Δke � Δka; (14)

where Δkg � q 2
b�1��2z∕b�2� is the spatial phase variations arising

from the focusing geometry of the laser field, q is the harmonic
order, b is the confocal parameter of the beam, z is the position
of the medium, and z < 0 and >0 mean the upstream and
downstream of the laser focus. The Δkg is independent of
the time. The Δkd � αj

∂I
∂z is the phase mismatching due to

the intensity-dependent single-atom dipole phase; αj is the
phase coefficient. During the laser pulse, I and therefore
Δkd vary with time. Δke � w

c Δnel �w� and Δka � w
c Δnat�w�

are due to the dispersions of the free electrons and neutrals,
Δn�w� is the difference in the refractive index, Δn�w� ∝ n0IP
for the free electrons and Δn�w� ∝ n0�1 − IP� for the neutrals,
and IP is ionization probability. Since the ionization
probability IP changes with time, Δke and Δka are time de-
pendent. Above all, the phase-mismatching degree Δk varies
with time.

3. RESULTS AND DISCUSSION

In Fig. 1, we first compare the harmonic spectra obtained on the
single-atom level with that on the macroscopic level. In our
simulation, we adopt an intense 800 nm laser field with the in-
tensity of 2.0 × 1015 W∕cm2. The laser field is expressed as
E�t� � E0f �t� cos�ωt�. Here, f �t� � sin2�πtτ � with duration
τ � 7 T0 (i.e., the full width at half-maximum of the pulse is
6.8 fs and T0 is the optical cycle of the driving pulse) is the laser
envelope. One can see that on the single-atom level [Fig. 1(a)],
an XUV continuous spectrum with a bandwidth of 21 eV
(251th–265th) is obtained near the cutoff region. Figure 1(b)
shows the on-axis harmonic spectrum calculated on the macro-
scopic level. Here, the beam waist of the laser field is 60 μm and
the gas medium neon is placed at the focus. The gas pressure is
10 Torr and the media length is 1 mm. It is clear that by
considering both the single-atom response as well as the macro-
scopic propagation effect of the HHG a broader XUV con-
tinuum with a bandwidth of 59 eV (213th–251th) is generated.

For a better understanding of the broadening of the
XUV supercontinuum on the macroscopic level we perform
time-frequency analysis for the harmonic spectra in Fig. 1.
The corresponding results are presented in Figs. 2(a) and 2(b),
respectively. In Fig. 2(a), one can see that on the single-atom
level the XUV continuous spectrum in Fig. 1(a) is dominated
by the harmonic emission from peak P2. The bandwidth of the
continuum is determined by the energy difference between the
highest and the second highest peaks, i.e., peaks P2 and P1.
Since the maximum kinetic energy of P2 is 21 eV higher than
that of P1, an XUV continuum with a bandwidth of 21 eV is
generated in the region from H251 to H265 while on the mac-
roscopic level [Fig. 2(b)] the XUV continuous spectrum is do-
minated by the harmonic emission from peak P1 rather than
that from peak P2. The yields above the 213th harmonics
(H213) from peak P2 are suppressed while the harmonic emis-
sion above H213 from peak P1 remains efficient. Therefore, an
XUV continuum is produced in the region from H213 to
H251 (59 eV) of peak P1 as shown in Fig. 1(b).
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Fig. 1. Harmonic spectra obtained on (a) the single-atom level and
(b) the macroscopic level. Here, the laser field is chosen as a 800 nm
laser field with an intensity of 2.0 × 1015 W∕cm2. The duration of the
laser field is seven cycles. The beam waist of the driving field at the
focus is 60 μm, the gas pressure is 10 Torr, and the medium neon is
placed at the focus.
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In order to clarify the physical mechanism of the broadening
of the XUV continuum after propagation we next analyze
the on-axis phase-matching conditions of the continuous har-
monics. In Fig. 3(a), we present the dependence of the classical
electron energy on the ionization (yellow circles) and recombi-
nation (white stars) times. One can see that, for the harmonics
above H151, the electrons of peak P1 are ionized in the region
from 2.503 T0 to 2.594 T0. For peak P2 the ionization of
electrons occurs in the region from 3.012 T0 to 3.104 T0.
Figure 3(b) presents the on-axis phase mismatching jΔkj of
the harmonics above H151 as a function of the time. Note that
the gas medium is placed at the focus, where Δkd is equal to
0 m−1 for both the short and long paths and therefore the jΔkj
of the short and long paths are the same. It is clear that the
values of jΔkj in the time interval from 2.503 T0 to 2.594 T0

are much smaller than those from 3.012 T0 to 3.104 T0.

This indicates that the harmonic emission from peak P1 is bet-
ter phase matched than that from peak P2. Therefore, the har-
monic intensity of peak P1 is stronger than that of peak P2, as
shown in Fig. 2(b). Moreover, in the region from 3.012 T0 to
3.104 T0, the jΔkj of the harmonics above H213 are on the
order of 105 m−1, which is nearly one order of magnitude larger
than those below H213. Namely, the harmonics above H213
from peak P2 have worse on-axis phase matching than those
below H213. As a consequence, for the harmonics above
H213 in peak P2, the harmonic emission is inefficient, as
shown in Fig. 2(b), and then an XUV broadband continuum
is generated by the harmonics from H213 to H251 (59 eV) of
peak P1, as shown in Fig. 1(b). Note that a similar macroscopi-
cal continuum is also studied in Gaarde’s work [61]. There,
they attributed the macroscopical continuum to the strong spa-
tiotemporal reshaping of the laser pulse in the propagation
while in our work the gas pressure is only 10 Torr, which is
much lower than that in Gaarde’s work (135 Torr). Therefore,
the spatiotemporal reshaping of the laser pulse is much weaker
in our work, which is not the main contribution to the
generation of the macroscopical continuum.

In Figs. 4(a)–4(c) we show the on-axis harmonic spectra
calculated with beam waists of 30 μm, 60 μm, and 100 μm,
respectively. Here, the laser intensity is maintained at 2.0 ×
1015 W∕cm2 for each beam waist and the other parameters are
the same as in Fig. 1. The corresponding time-frequency analy-
ses for the harmonic spectra are presented in Figs. 4(d)–4(f ).
With a beam waist of 30 μm, the energy difference between
peaks P1 and P2 is nearly equal to zero, as shown in Fig. 4(d).
Therefore, there is no obvious continuous structure in the har-
monic spectrum, as shown in Fig. 4(a). As the beam waist
increases to 60 μm, peak P2 is suppressed and the energy differ-
ence between peaks P1 and P2 is enlarged to 59 eV [Fig. 4(e)].
As a consequence, the harmonic spectrum from H213 to H251
(59 eV) becomes regular and smooth, as shown in Fig. 4(b).
As the beam waist further increases to 100 μm, peak P2 is fur-
ther suppressed to H197 and the energy difference between
peaks P1 and P2 is further enlarged to 84 eV [Fig. 4(f )].
Therefore, in Fig. 4(c), one can see that a broader XUV con-
tinuum with a bandwidth of 84 eV is generated.
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Fig. 2. (a) Time-frequency analysis for the harmonic spectrum calculated with the single-atom model. (b) Same as (a), but with the propagation
model. The parameters are the same as in Fig. 1.
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Fig. 3. (a) Harmonic order as a function of the ionization time
(yellow circles) and recombination time (white stars). (b) The on-axis
phase mismatching jΔkj as a function of the time and harmonic order
for the short path. Blue (red) areas correspond to good (poor) phase
matching. The parameters are the same as in Figs. 1(b) and 2(b).
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Further, we analyze the on-axis phase-matching conditions
of harmonics generation with the different beam waists men-
tioned above. In Fig. 5(a), we present the classical electron en-
ergy as a function of the ionization (yellow circles) and
recombination (white stars) times, which is the same as in
Fig. 3(a). Figures 5(b)–5(d) show the on-axis phase mis-
matching jΔkj of the harmonics above H151 with beam waists
of 30 μm, 60 μm, and 100 μm, respectively. With a beam waist
of 30 μm, the values of jΔkj in the time interval from 2.503 T0

to 2.594 T0 and those in the region from 3.012 T0 to 3.104 T0

are all smaller than an order of 105 m−1, as shown in Fig. 5(b).
Therefore, we cannot find an obvious XUV continuous struc-
ture in the harmonic spectrum due to the small energy differ-
ence between peak P1 and P2 as shown in Figs. 4(a) and 4(d).
With a beam waist of 60 μm, the harmonic emission from peak
P1 is still effectively phase matched while the harmonics above
H213 in peak P2 have a poor on-axis phase matching as shown
in Fig. 5(c). As a consequence, an XUV continuum with a
bandwidth of 59 eV is generated in the region from H213
to H251 of peak P1 [Fig. 4(b)]. As the beam waist increased
to 100 μm [Fig. 5(d)], the harmonic emission from peak P1 had
a good on-axis phase matching while for peak P2 the harmonic
emission just has good on-axis phase matching below H197.
Therefore, a broadband XUV continuum is generated by
the harmonics from H197 to H251 (84 eV) of peak P1, as
shown in Fig. 4(c).

In Figs. 6(a)–6(c), we simulate the on-axis harmonic spectra
by placing the gas medium at z � −2 mm, z � 0 mm, and
z � 2 mm, respectively. The corresponding time-frequency
analyses for the harmonic spectra are shown in Figs. 6(d)–6(f ).
Here, the beam waist of the laser filed at the focus is 40 μm and
the laser intensity is maintained at 2.0 × 1015 W∕cm2 for each
position of the gas medium. The other parameters are the same
as in Fig. 1. When the gas medium is placed at z � −2 mm the
maximum kinetic energy of the P1 is 47 eV higher than that of
P2, as shown in Fig. 6(d). Therefore, an XUV continuum with
a bandwidth of 47 eV (H221–H251) is generated [Fig. 6(a)].
When the gas medium is located at z � 0 mm and z � 2 mm,
the energy difference between the peaks P1 and P2 are both
about 31 eV as shown in Figs. 6(e) and 6(f ). As a consequence,
a relatively narrow XUV continuum with a bandwidth of
31 eV in the region from H231 to H251 is generated
[Figs. 6(b) and 6(c)].

In Fig. 7(a), we show the classical picture of HHG process,
like that in Fig. 3(a). Figure 7(b) presents the on-axis phase
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Fig. 4. (a),(d) Harmonic spectra and the corresponding time-frequency analysis with a beam waist of 30 μm. (b),(e) and (c),(f ) Same as (a),(d),
but for a beam waist of 60 μm and 100 μm, respectively. Other parameters are the same as in Fig. 1.
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Fig. 5. (a) Harmonic order as a function of the ionization time (yel-
low circles) and recombination time (white stars). (b)–(d) The on-axis
phase mismatching jΔkj of the harmonics from the short path with
beam waists of 30 μm, 60 μm, and 100 μm, respectively. Blue (red)
areas correspond to good (poor) phase matching. The other parameters
are the same as in Fig. 1.

1692 Vol. 33, No. 8 / August 2016 / Journal of the Optical Society of America B Research Article



mismatching jΔkj of the harmonics above H151 with the gas
medium placed at z � −2 mm. One can see that the harmonic
emission from the peak P1 is effectively phase matched, while
that from the peak P2 just has good on-axis phase matching
below H221. Therefore, a XUV continuum with a bandwidth
of 47 eV (H221–H251) is generated as shown in Fig. 6(a). For

the results with the gas medium placed at z � 0 mm [Fig. 7(c)]
and z � 2 mm [Fig. 7(d)], the harmonic emissions from the
peak P1 are both well phase matched and those from the peak
P2 both have good on-axis phase matching below H231. As a
consequence, the XUV continuum with a bandwidth of 31 eV
(H231–H251) is generated as shown in Figs. 6(b) and 6(c).

Finally, the influence of the laser intensity on the technique
based on the time-dependent phase matching is also studied.
We find that the technique is feasible with the laser intensity
above 1.5 × 1015 W∕cm2. Moreover, we have also studied the
influence of the carrier-envelope phase (CEP) on this tech-
nique. We find that this technique is robust with 100 mrad
CEP fluctuations.

4. CONCLUSION

In conclusion, we investigate the influence of the time-
dependent on-axis phase matching on XUV supercontinuum
generation in a low-pressure and high-intensity regime. The
results show that the time-dependent on-axis phase matching
can lead to broadening of the XUV supercontinuum.
Moreover, we also study the influence of the beam waist
and the position of the gas medium on the bandwidth of
the XUV supercontinuum. We find that with the beam waist
increased the harmonic emissions from the highest peak P2 are
gradually suppressed and then the bandwidth of the XUV
supercontinuum is gradually broadened. When the gas
medium is placed before the focus, the bandwidth of the
XUV supercontinuum will be further broadened while when
the gas medium is placed after the focus, the bandwidth of
the XUV supercontinuum is almost unchanged.
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Fig. 6. (a),(d) Harmonic spectra and the corresponding time-frequency analysis calculated with the gas medium placed at z � −2 mm. (b),(e) and
(c),(f ) Same as (a),(d), but for the gas medium placed at z � 0 mm and z � 2 mm, respectively. Here, the beam waist of the driving field at the focus
is 40 μm, and other parameters are the same as in Fig. 1.
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Fig. 7. (a) Harmonic order as a function of the ionization time
(yellow circles) and recombination time (white stars). (b) The on-axis
phase mismatching jΔkj of the harmonics from the short path with the
gas medium placed at z � −2 mm. (c) and (d) Same as (a), but for the
gas medium placed at z � 0 mm and z � 2 mm, respectively. Blue
(red) areas correspond to good (poor) phase matching. The other
parameters are the same as in Fig. 1.
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