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By numerically solving the time-dependent Schrödinger equation, we investigate electron–nuclear-energy
sharing in strong-field fragmentation of the H2

+ molecule. We find a counterintuitive energy shift in the joint
electron–nuclear-energy spectrum. This energy shift becomes larger for lower nuclear energies. Through tracing
the time evolution of the electron wave packet of bound states, we identify that the energy shift originates from
the Stark effect due to the coupling of the ground state and the first exited state of the H2

+ molecule in strong
laser fields. We achieve a good agreement between the ab initio result and the analytic method that includes the
Stark effect of molecules.
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I. INTRODUCTION

The interaction of atoms and molecules with an intense
laser pulse has been extensively studied. Many interesting
strong-field phenomena have attracted attention over the past
several decades [1–14], e.g., high-harmonic generation [1–4],
molecular dissociation [5–9], Coulomb explosion [10,11],
and so on. Compared with atoms, molecules can provide
more information about the ionization process because of the
additional dimension associated with the multiple centers of
the molecular ions. Usually, the electron and nuclear dynamics
in molecules are correlated and cannot be analyzed in isolation
[15]. For example, in molecular autoionization the lifetime of
the autoionizing double-excited states is relatively long, such
that the nuclei have enough time to move before the electron
is liberated. In this case, the electron and nuclear dynamics are
coupled and must be considered on an equal footing [16].

Investigation of the correlated electron-nuclear dynamics
can provide deep insight into the mechanism of molecular
photonionization and fragmentation. An essential question in
the electron-nuclear correlation is how the photon energy is
deposited to the electron and nuclei during the laser-molecule
interaction. Theoretically, this issue has been extensively
studied for strong-field fragmentation of the H2

+ molecule[17–
22]. In 2012 Madsen et al. [17] introduced the joint energy
spectrum (JES) to investigate the strong-field fragmentation
process and it is found that clear evidence of electron-nuclear
correlation can be visualized in JES for multiphoton disso-
ciative ionization of H2

+. More recently, an energy-resolved
population imaging method is further proposed [20] to study
the electron-nuclear correlation. The energy-sharing rule
for the correlated electron and nuclei is deduced by demon-
strating the temporary population transfer in the vibrational
H2

+ molecule exposed to extreme ultraviolet pulses. Exper-
imental considerations of strong-field fragmentation greatly
benefit from the development of the coincident measurement
technology [23], with which the electron energy and the ion
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energy can be simultaneously measured. Using the coincident
measurement method, Wu et al. [24] experimentally observed
the energy sharing between the emitted electron and nuclei
from above-threshold multiphoton dissociative ionization of
the H2 molecule.

Moreover, it is found that the electron-nuclei energy sharing
in the tunnel ionization differs from that in the multiphoton
regime [18,20]. Electrons don’t share energy with the nuclei
in the tunneling regime, while electrons resulted from the mul-
tiphoton ionization share part of their energy with the nuclei. In
the multiphoton regime, the electron–nuclear-energy-sharing
rule in the Coulomb explosion process is sketched in Fig. 1.
The electron energy and the nuclear energy satisfy [20]

Ee = nω + Vg − Up − EN, (1)

in the above-threshold multiphoton ionization. Here, Ee

and EN represent the electronic energy and nuclear energy,
respectively. ω, Up, and Vg denote the laser frequency,
ponderomotive energy of the electron due to the presence of the
laser field, and potential curve of the ground state, respectively.
n is the photon number absorbed in the process.

In this paper, we study the electron–nuclear-energy shar-
ing in strong-field fragmentation of H2

+ by numerically
solving the time-dependent Schrödinger equation (TDSE).
By quantitatively analyzing the JES, we revisit the energy
sharing rule given by Eq. (1). A counterintuitive energy shift
in the JES is found. With the decrease of the nuclear energies,
the energy shift increases. By tracing the time evolution of the
electron wave packet of bound states, we find that the origin
of the energy shift of H2

+ is the Stark effect induced by the
strong coupling of the two lowest-lying states in strong fields.
Additionally, we calculate the Stark-induced shift using an
analytical method, which is in good agreement with the ab
initio result.

II. THEORETICAL MODEL

A. The reduced-dimensionality model of H2
+

In the numerical simulations, we first use the reduced-
dimensionality model (one nuclear plus one electronic degree
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FIG. 1. Illustration of electron–nuclear-energy sharing in the
Coulomb explosion process of the H2

+ molecule.

of freedom) of H2
+ interacting with an intense linearly polar-

ized pulse [25]. The model can reproduce many experimental
results [25,26]. We assumed that the electronic and nuclear
motion are restricted along the polarization direction of the
pulse which is parallel to the molecular axis. Then, the TDSE
can be written as (Hartree atomic units are used throughout
unless otherwise indicated)

i
∂

∂t
�(R,x; t) = H (x,R; t)�(R,x; t), (2)

where

H (x,R; t) = − 1

2μR

∂2

∂R2
− 1

2μe

∂2

∂x2

− 1√
(x − R/2)2 + α(R)

− 1√
(x + R/2)2 + α(R)

+ 1

R

+
(

1 + 1

2mp + 1

)
xF (t). (3)

Here, R is the internuclear distance, x is the electron position
measured from the center of mass of the protons, and μe =
2mp/(2mp + 1) and μR = mp/2 are the reduced masses with
mp as the mass of the proton. α(R) is the modified soft-core
parameter [25], which is adjusted to reproduce the electronic
ground-state potential curve. The pulse is defined as F (t) =
F0 sin(πt/τ0)2 sin(ω0t) being the electric field of the laser
pulse. F0, τ0, and ω0 denote the peak electric field amplitude,
pulse duration, and angular frequency, respectively. In the
simulation, ω0 and τ0 are chosen as 0.114 a.u (λ = 400 nm)
and nine optical cycles, respectively. The intensity of the pulse
is 9 × 1013 W/cm2, corresponding to the Keldysh parameter
γ = 2.5.

The TDSE is solved on a grid using the Crank-Nicholson
method with a time step of δt = 0.04 a.u.. We have used a
box with |x| � 2000 a.u. and R � 25 a.u., with uniform grid
spacings of δx = 0.2 and δR = 0.05. The ground state of H2

+
(electronic 1sσg state and υ = 15 state) is chosen to be the
initial state of the system and is obtained by propagating the
field-free Schrödinger equation in imaginary time. Then, the
JES can be obtained by using the method from [18].

B. The frozen nuclei model of H2
+

We have solved the TDSE for the frozen nuclei model
of H2

+ in order to calculate the electronic above-threshold
ionization (ATI) spectrum. In the simulation, we assumed that
the nuclei is fixed and the vibrational energy of the nuclei is
zero when the Coulomb explosion starts. The electronic TDSE
can be written as

i
∂

∂t
�(x,t) = H (x,t)�(x,t). (4)

The corresponding Hamiltonian is

H (x,t) = −1

2

∂2

∂x2
− 1√

(x − R/2)2 + α(R)

− 1√
(x + R/2)2 + α(R)

+ 1

R
+ xF (t). (5)

In the simulation, the x ranges from −800 to 800 a.u. with
16 000 points. To suppress the nonphysical reflection from
the simulation border, we introduce a mask function in the
boundary.

Finally, the electronic ATI spectrum of H2
+ can be

calculated by applying the energy window operator [27–30],

W (ε,k,η) = η2k

(H − ε)2k + η2k
. (6)

The probability density of the energy ε can be obtained from

P (ε) = 〈�(x)|W |�(x)〉
C

, (7)

with C = ηπ
k

csc( π
2k

).
Due to the Coulomb repulsion of the two protons, the

nuclear energy can be obtained by the internuclear distance
EN = 1/R in the Coulomb explosion of H2

+ (assuming that
the vibrational energy of the nuclei is zero when the Coulomb
explosion starts). In the process, Ee and EN are correlated
through the internuclear distance R. In order to obtain the
JES of H2

+ with fixed internuclear distance R, we have
solved the electronic TDSE for many R in the range where
1/R = EN covers the EN from 0.1 to 0.5 a.u.. Because the
electron–nuclear-energy sharing is different in the multiphoton
ionization regime and the tunneling regime [18,20], in our
simulation, the Keldysh parameter is kept at γ = 2.5 to
make sure that the ionization occurs in the multiphoton regime
throughout the calculation. We take a 400-nm laser pulse for
discussion to have a large photon energy. The laser intensity
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FIG. 2. Electron-nuclear JES for the Coulomb explosion process
of H2

+ (1sσg,υ = 15) in a 400-nm laser pulse by using the method
from Ref. [18], where both the nuclei and the electron can move. The
intensity is 9 × 1013 W/cm2 and the pulse duration is nine optical
cycles. The dashed curve is obtained by Eq. (1) with n = 11. The
color scale is logarithmic.

ranges from 8.8 × 1013 to 1.6 × 1014W/cm2 corresponding to
the nuclear energy changing from 0.1 to 0.5 a.u..

For comparison, a hydrogenlike model atom is chosen. The
binding potential of the atom is given by

Vx(x) = − 1√
x2 + b

, (8)

where b is the soft-core parameter. In our simulation, we
change the ionization energy Ip of the atom by adjusting the
soft-core parameter b. Since the ionization energy of H2

+

is dependent on the internuclear distance R, the value of the
soft-core parameter b is chosen to make sure that the ionization
energy of the model atom is the same as that of the H2

+
molecule. Thus the effect of the ionization potential on the
electron energy spectrum is removed.

III. RESULTS AND DISCUSSION

Figure 2 shows the electron-nuclear JES for the Coulomb
explosion process of H2

+ (1sσg,υ = 15) in a 400-nm laser
pulse using the method from Ref. [18], where both the nuclei
and the electron can move. Two main features are observed:
(i) the tilted stripes, which indicated the energy sharing
between the electron and nuclei; (ii) the multistripe structure
spaced by the photon energy, revealing multiphoton absorption
beyond the ionization threshold. We further analyzed the JES
quantitatively. The dashed curve in Fig. 2 is obtained by Eq. (1)
with n= 11. Surprisingly, the peak positions of the JES (guided
by the solid line) exhibit obvious energy shifts with respect to
the dashed curve, especially for lower nuclear energies. For one
stripe, i.e., the peaks absorbing the same number photons for
various nuclear energies, it can be seen that as the increase of
the nuclear energies, the energy shift (indicated by the arrow)
decreases.

Figure 3(a) shows the electron-nuclear JES for the Coulomb
explosion process of the H2

+ molecule obtained by the frozen
nuclei model. It can be found that two JESs calculated by two
different methods are very similar, especially for the details of
the stripes. The energy shifts for the low nuclear energy can be
clearly observed in Fig. 3(a), consistent with the observation in
Fig. 2. Therefore, our theoretical treatment for the nuclei in the
frozen nuclei model is reliable. For simplicity, in the following
part, we will use the frozen nuclei model to investigate the
origin of the energy shifts in Figs. 2 and 3(a). Figures 3(b)
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FIG. 3. (a) Electron-nuclear JES for the Coulomb explosion process of H2
+ obtained by the frozen nuclei model. The dashed curve is

obtained by Eq. (1) with n = 11. The color scale is logarithmic. (b) and (c) Show the two cuts of (a) for EN = 0.25 a.u. and EN = 0.18 a.u.,
respectively. The vertical axes are arbitrary units. The peaks with the same color in (b) and (c) represent that the electronic ATI peaks absorbing
the same number photons. The vertical dashed lines indicate the electronic energies obtained by Eq. (1). The intensities of the laser field are
1.2 × 1014 and 1 × 1014 W/cm2 for (b) and (c), respectively.
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FIG. 4. The electronic ATI spectra on the logarithmic scale and in
arbitrary units at Ip = 0.8 a.u. for the model atom and H2

+ molecule,
respectively. The vertical dashed lines indicate the electron energies
Ee = nω − Ip − Up . The peaks of the two spectra, with the same
color, denote the ATI peaks with absorbtion of the same number of
photons. The laser intensity is 1.2 × 1014 W/cm2.

and 3(c) show the two cuts of Fig. 3(a) for EN = 0.25 a.u.
and EN = 0.18 a.u., respectively. The peaks with the same
color in Figs. 3(b) and 3(c) represent the electronic ATI peaks
absorbing the same number photons. The vertical dashed lines
indicate the electronic energies obtained by Eq. (1). One can
clearly see that the energy shift for larger nuclear energy is
smaller than the energy shift for smaller nuclear energy, i.e.,
�E1 < �E2.

To uncover the origin of the counterintuitive energy shift in
the JES for strong-field fragmentation of H2

+, we compare the
electronic ATI spectra of H2

+ with a hydrogenlike model atom
exposed to the same laser pulse. For H2

+, the cut EN = 0.25
a.u., where Ip = 0.8 a.u., is chosen. To remove the effect of
the ionization potential, we adjust the soft-core parameter b to
make sure that the ionization energy of the atom is the same as
that of the H2

+ molecule. The electronic ATI spectra of the two
cases are presented in Fig. 4. The vertical dashed lines indicate
the electron energies that are obtained by Ee = nω − Ip − Up

[31], where n is the total number of photons in the ionization
process. The peaks of the two spectra, with the same color,
denote the ATI peaks with absorption of the same number of
photons. One can find that the ATI peak position of strong-field
ionization of molecules shifts towards lower energy compared
with the dashed lines, while this energy shift for the atom is
negligible. Therefore, the energy shift in the JES of Fig. 3(a)
is related to the molecular structure of H2

+.
To further show how the electron energy spectrum is

influenced by the nuclei, by applying the energy window
operator [27–30], we calculate the time evolution of the
electron wave packet of the bound states of H2

+ in nine
different nuclear energies. As shown in Figs. 5(a)–5(i),
the nuclear energy increases gradually. The color indicates
the population density of the bound states. Obviously, all

the bound states energies of H2
+ oscillate with the evolution

of the laser field due to the Stark effect. The bound population
appears to spread in the energy direction. This is associated
with the window width 2η in the energy window operator.
The width of theses curves would decrease with η. Note that
the ground state (green dashed curve) and the first excited
state (solid curve) of the H2

+ molecule are degenerate for a
very large internuclear distance. The energy gap between the
two lowest-lying states becomes larger as the nuclear energy
increases, as shown in Fig. 5. Influenced by the Stark effect in
the strong fields, the structure of the oscillation of the ground
state is consistent with the shape of −|F (t)|, while the first
excited state exhibits similar oscillatory behavior but towards
the opposite direction. Finally, the energies of the bound states
become undisturbed, which are equal to the initial values, after
the laser field is turned off. Now, we focus on the ground state
indicated by the green dashed curves in Fig. 5. Generally, the
ground-state energy is lower in the external laser pulse. Thus,
the effective ionization potential in the Coulomb explosion
process becomes larger, resulting in the energy shift in the JES
observed in Fig. 3(a). In detail, as the nuclear energy increases,
the amplitude of the oscillation decreases, which is consistent
with the tendency of the energy shift in the JES observed in
Fig. 3(a). In Figs. 5(c) and 5(d), for 6 < t < 10 fs, the faint
blue color extending down to E = −1 a.u. can be observed.
These populations denote the highly excited states of H2

+
dressed by the external laser field. The energies of these highly
excited states shift as well under the influence of the laser
pulse. Additionally, a similar calculation is performed for the
model atom. Figure 6 shows the time evolution of the electron
wave packet of bound states of the model atom with ionization
energies corresponding to Figs. 5(a)–5(i), respectively. One
can see that the oscillation of energy of the ground state is
very slight for the atom. The energy shift can be ignored, as is
observed in Fig. 4. Therefore, the counterintuitive distribution
is attributed to the significant Stark shift in strong fields.

According to Ref. [32], the Stark shift of the ground state
a is proportional to FVka . Vka is the dipole matrix element
coupling the ground state a with the first excited state k and it
can be calculated by 〈�k|x|�a〉. In our simulation, the electric
field F varies very slowly and the dipole matrix element Vka

plays the major role in the process. The values of Vka , which
are determined by the potential energy structure, of the H2

+
molecule are much larger compared with the atom. Therefore,
the influence of the Stark effect on the H2

+ molecule is more
significant. In Fig. 7, we present the dipole coupling matrix
element Vka of H2

+ molecule for the ground state 1sσg and
the first excited state 2pσu as a function of the nuclear energy
EN . Vka decreases as the nuclear energy increases, which is
consistent with the variation of oscillation amplitude of the
ground-state energy in Fig. 5.

To quantitatively analyze the energy shift in the JES, we
now investigate the electronic ATI spectra of H2

+ in two
different nuclear energies. The energy shift of the ground state
of the H2

+ molecule can be expressed by [32]

�E = Vg(R) − Vg(R) + Vu(R)

2

+
√

[Vg(R) − Vu(R)]2

4
+ [F (t)Vka(R)]2, (9)
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FIG. 5. The time evolution of the electron wave packet of bound states of H2
+ for different nuclear energies. In (a)–(i), EN = 0.1, 0.144,

0.182, 0.217, 0.25, 0.29, 0.323, 0.364, 0.4 a.u., respectively. The color scale is logarithmic and in arbitrary units.
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FIG. 6. The time evolution of the electron wave packet of bound
states of the model atom with ionization energies corresponding to
Figs. 5(a)–5(i), respectively. The color scale is logarithmic and in
arbitrary units.

where Vg and Vu are the potential curves of the ground state
1sσg and the first excited state 2pσu, respectively, and F (t) is
the instantaneous electric field. From Figs. 3(b) and 3(c), we
“read” the energy shifts �E1 = 0.07 a.u. and �E2 = 0.11 a.u.
by �Ei = Eti − Eri , where Eti is the energy calculated by
Eq. (1) and Eri is the peak value of the ATI, corresponding
to the internuclear distances of R = 4 a.u. and R = 5.5 a.u.,
respectively. Here, the photon number absorbed in the process
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FIG. 7. Dipole coupling matrix element Vka for the two lowest
electronic states of the H2

+ molecule.
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FIG. 8. Illustration of electron–nuclear-energy sharing including
the Stark effect in the Coulomb explosion process of the H2

+

molecule. See text for details.

n is 11. We have tested that the energy shifts for different
multiphoton peaks are the same. Then, by applying Eq. (9),
we obtain the energy shifts of the ground state of the H2

+
molecule �E′

1 = 0.06 a.u. and �E′
2 = 0.1 a.u., which are in

good agreement with the values in Figs. 3(b) and 3(c). As to
the time t in Eq. (9), we use the time t = 5.7 fs, when the
amplitude of the laser field has the maximum, because at this
instant the electron has a maximum ionization probability.

The electron–nuclear-energy sharing that includes
the Stark effect of molecules is illustrated in
Fig. 8.V +

g and V +
u are the field-dressed potential

curves and they are calculated by [Vg(R) + Vu(R)]/2 ∓√
[(Vg(R) − Vu(R))2]/4 + [F (t)Vka(R)]2. Obviously, the

field-dressed potential curve of the ground state V +
g is lower

than the field-free potential curve Vg due to the Stark effect.
The energy shift of the ground state is �E, as indicated by
the red dashed vertical line in Fig. 8. The analytical solution
of �E can be obtained by Eq. (9). In Fig. 8, the dashed
vertical lines below the gray dotted-dashed horizontal lines
indicate the part of the energy that the H2

+ molecule needs
to overcome in the above-threshold multiphoton ionization,
while the solid vertical lines show the part that remained
after the laser pulse is off. Compared to Fig. 1, the part of
the energy that needs to be overcome in ionization becomes
larger resulting from the Stark shift. The electronic energy Ee

has to compensate for the part of the shift energy �E induced

by the Stark effect, as indicated in Fig. 8. Therefore, the
electronic energy Ee is reduced in the process, resulting in the
energy shifts in the JES as shown in Fig. 3(a). Consequently,
the energy-sharing rule including the Stark effect in the
Coulomb explosion process of the H2

+ molecule can be
given by Ee = nω + Vg − 1/R − Up − �E and EN = 1/R.
As is seen in Fig. 8, the energy shift of the ground state
�E increases as the internuclear distance extends to larger
R. From Eq. (9), one can see that �E is a function of R.
Thus, the internuclear distance may be reconstructed from the
energy shifts of the JES in the above-threshold multiphoton
ionization, which will be of vital importance for molecular
structure imaging using strong laser fields.

IV. CONCLUSION

In conclusion, the electron–nuclear-energy sharing of H2
+

subjected to a 400-nm laser pulse has been theoretically studied
by solving the TDSE. By analyzing the JES quantitatively, we
found a counterintuitive energy shift, which becomes more
pronounced for lower nuclear energies. To uncover the origin
of the energy shifts, we compare the electronic ATI spectra
for the H2

+ molecule and a hydrogenlike model atom with the
same ionization potential. We show the energy shifts of the
H2

+ molecule are much larger with respect to the atom. Then,
by tracing the time evolution of the electron wave packets of
the bound states, clear Stark shift of the ground-state energy
of the H2

+ molecule is observed. This reveals that the energy
shift in the JES is caused by the Stark effect, which is induced
by the strong coupling of the two lowest-lying states of H2

+
in the strong laser fields. Furthermore, we have calculated
the Stark-induced shift with an analytic method, which is in
good agreement with the ab initio result. Experimentally, this
shift might be observed in the future, e.g., by a pump-probe
technology [33]. By changing the time delay between the
pump and probe pulses, the internuclear separation of the H2

+
molecule at which the ionization takes place can be controlled.
The JES offers a wealth of information about the ultrafast
electron and nuclear dynamics of the molecules, which could
provide an alternative approach to detect molecular structure
and ultrafast electron dynamics in molecules.
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