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Abstract We theoretically demonstrate a scheme to efficiently generate attosecond pulses

with high ellipticity by a counter-rotating bicircular field with frequency ratio of 1 : 3

(800 ? 267 nm) and 1 : 4 (1600 ? 400 nm). It is shown that efficient attosecond pulses

with high ellipticity of 0.54 (800 ? 267 nm) and 0.79 (1600 ? 400nm) can be generated.

We also investigate the scaling law of high harmonic generation yield. It is shown that the

intensity of the high harmonics can be increased by more than one order of magnitude in

the bicircular fields with higher frequency ratios. The high ellipticity and high efficiency of

high harmonics are explained by analyzing the symmetry of driving field and the classical

electron trajectories.

Keywords High-order harmonic generation � Elliptically polarized

1 Introduction

High harmonic generation (HHG) is a highly nonlinear and non-perturbative optical pro-

cess that occurs when an intense femtosecond laser pulse interacts with a rare gas. Many

characteristics of the high-harmonic radiation make it an ideal way for generating bright,
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coherent, ultrashort pulses that allow time-resolved studies on an unprecedentedly short

time scale. Moreover, HHG provides an important tool for probing the ultrafast electronic

dynamics in atoms (Kienberger et al. 2002; Uiberacker et al. 2007; Li et al. 2015; He et al.

2015) and tomographic imaging of molecular orbitals (Itatani et al. 2004; Lein 2007; Zhu

et al. 2012; Zhai et al. 2016), etc. The HHG process can be well depicted in terms of the

semiclassical three-step model (Corkum 1993; Zhu et al. 2015): tunnel ionization, accel-

eration, and recombination of the electrons in the intense laser field. According to the

three-step process, a linearly polarized light simply defines an axis. By contrast, a circu-

larly polarized light defines an orientation of space and is thus a unique probe of chiral

matter. In previous works, High harmonics are generated in rare gases using linearly

polarized laser field, yielding linearly polarized extreme ultraviolet (XUV) pulse, parallel

to the driving fields polarization (Paul et al. 2001; Lan et al. 2007; Luo et al. 2012; Cao

et al. 2006, 2007; Zhang et al. 2008). However, there are many difficulties to extending

this scheme from linear polarization to circular polarization (Goulielmakis et al. 2008; Zhu

et al. 2012).

Recently, circularly polarized radiation in the extreme ultraviolet (EUV) and soft X-ray

spectral regions has proven to be very useful for investigating chirality-sensitive light-

matter interaction, such as chiral recognition via photoelectron dichroism (Hergenhahn

et al. 2004; Böwering et al. 2001; Powis and Chem 2000), study of ultrafast chiral-specific

dynamics in molecules (Ferré et al. 2014; Travnikova et al. 2010), and time-resolved

imaging of magnetic structures (Radu et al. 2011; Qin et al. 2016; Boeglin et al. 2010;

Eisebitt et al. 2004; Fischer et al. 1999; López-Flores et al. 2012). By using three-step

model, it is shown that the recollision is not possible with single circular pulses (Zuo and

Bandrauk 1995), but achieved automatically with bichromatic circular pulses (Bandrauk

and Lu 2003; Reich and Madsen 2016; Mauger et al. 2016). An elegant solution has been

proposed to generate individual high harmonic with circular polarization, which relies on a

counter-rotating bicircular field with the frequency ratio of 1:2 (800 ? 400nm) (Milošević

et al. 2000; Milošević and Becker 2000; Eichmann et al. 1995; Long et al. 1995). By

invoking the conservation laws, a symmetry analysis shows that the allowed harmonics

3qþ 1 are right-circularly polarized (RCP), whereas the 3qþ 2 harmonics are left-circu-

larly polarized (LCP), and the 3q harmonics are forbidden (Eichmann et al. 1995; Long

et al. 1995; Fleischer et al. 2014; Kfir et al. 2014; Alon et al. 1998; Mauger et al. 2014;

Milošević 2015). However, the intensities of the LCP and RCP components of HHG are

nearly equal. By synthesizing the LCP and RCP components, attosecond pulses with linear

rather than circular polarization are generated. To overcome this problem, schemes based

on a Ne atom with the 2p initial state are proposed to generate elliptically polarized

attosecond pulse trains (Milošević 2015) and even isolated attosecond pulses (Medi et al.

2015), but the ellipticity is less than 0.4. Besides the polarization, the intensity is also an

important aspect of the attosecond pulses in many applications, e.g. studies of chiral

molecules using photoelectron circular dichroism, and ultrafast molecular decay dynamics

(Zhou et al. 2016).

In this paper, we theoretically demonstrate a scheme for efficient generation of highly

elliptically polarized attosecond pulses. We use a counter-rotating bicircular field with the

frequency ratio of 1:3 (800 ? 267nm) and 1:4 (1600 ? 400nm). By resolving the time-

dependent Schrödinger equation, it is shown that the HHG yield increases with increasing

the frequency ratio of bicircular fields. By synthesizing a series of high harmonics,

attosecond pulses with ellipticity of 0.54 (800 ? 267nm) and 0.79 (1600 ? 400nm) can be

generated, respectively. These values are much higher than the ellipticity of 0.3 with the

frequency ratio of 1:2. The analysis shows that the high ellipticity mainly originates from
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the symmetry of the electric field. Moreover, the frequency ratio dependence of the HHG

yield is also investigated. We show that the intensity of the HHG is increased by more than

one order of magnitude with increasing frequency ratio.

This paper is organized as follows. In the Sect. 2, we show the method and the

parameters of the laser field used in our work. In the Sect. 3, we present the results and

discussions, which are divided into three subsections. First, the generation of the high

harmonics and attosecond pulses for each of the frequency ratios is investigated. Then, we

explain why the ellipticity is increased with a higher frequency ratio, and elaborate on the

different behavior of the harmonics below and above the ionization potential. Thereafter,

we investigate the scaling law of the HHG yield. Finally, the conclusion is shown in

Sect. 4.

2 Theoretical model

In our simulation, the time-dependent Schrödinger equation (TDSE) is applied to calculate

HHG. We solve the TDSE in the length gauge (atomic units are used throughout unless

stated otherwise) (Wang et al. 2016):

i
o

ot
wðr; tÞ ¼ ½bT þ VðrÞ þ r � EðtÞ�wðr; tÞ ð1Þ

the model potential is taken from (Barth and Lein 2014; Zhu et al. 2016):

VðrÞ ¼ � ZðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 þ a
p ð2Þ

where ZðrÞ ¼ 1þ e�r2 and a ¼ 2:882 are chosen to obtain the ionization potential of

model Ne atom Ip ¼ 0:79a:u: for 2p orbital. The laser electric field is

EðtÞ ¼ Eirf ðtÞðcos½x1t� þ ð1=
ffiffiffi

b
p

Þ cos½x2t þ /�Þbx
þ Eirf ðtÞðsin½x1t� � ð1=

ffiffiffi

b
p

Þ sin½x2t þ /�Þby
ð3Þ

where Eir is the amplitude. a ¼ x2=x1 and b are the frequency ratio and the intensity ratio

of the two color fields, respectively. / is the relative phase between the two driving colors.

The x1 field rotates counterclockwise. The x2 field rotates clockwise. In the following

discussion, the intensity of the laser is taken to be 1� 1014 W=cm2. The duration of the

laser pulse is 9 optical cycles with the trapezoidal envelope (2 cycle rising and falling

edges and 5 cycle plateau). b is set to be 1, and / is set to be 0. Equation (1) is solved

numerically by using the split-operator method, and the generated harmonics are calculated

by the time-dependent dipole acceleration a(t), which is given by

aðtÞ ¼ d2hri
dt2

¼ �hwðtÞj½HðtÞ; ½HðtÞ; r��jwðtÞi ð4Þ

where H and w are the Hamiltonian and the electron wave function, respectively. The

harmonic spectrum is then obtained by Fourier transforming the dipole acceleration a(t):
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aq ¼ j 1
T

Z T

0

aðtÞexpð�iqxtÞj2 ð5Þ

where T and x are the duration and the fundamental frequency of the driving pulse,

respectively. And q corresponds to the harmonic order. To describe the polarization

properties of the HHG, we extract the left-rotating and right-rotating components of the

emitted harmonics. The ellipticity e can be defined as

e ¼ Ar � Al

Ar þ Al

ð6Þ

where Al and Ar are the amplitude of the left and right polarized components of the HHG

field.

3 Results and discussions

Figure 1 shows the spectra of HHG in a bicircular field with different frequency ratios. The

left-circularly-polarized (LCP) and right-circularly-polarized (RCP) components are

marked by black and red curves. The spectrum of HHG in the case of 800 ? 400 nm

(a ¼ 2) is shown in Fig. 1a. One can see that the LCP component is lower than the RCP

component below 20 eV. From 20 to 50 eV, the LCP component is higher than the RCP

component. Beyond 50 eV the relative intensity of LCP and RCP components becomes

comparable. The cutoff energy of both LCP and RCP components is around 50 eV. For

comparison, Fig. 1b shows the spectrum of HHG in the case of 800 ? 267 nm (a ¼ 3).

The result shows that the intensities of both LCP and RCP components are higher and the

cutoff energy is around 40 eV. We next take a comparison of the spectra of HHG in the

case of 1600 ? 800 nm (a ¼ 2) and 1600 ? 400 nm (a ¼ 4) which are shown in Fig. 1c ,

d. One can see that the cutoff energy increases to 150 and 80 eV, respectively. Moreover,
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Fig. 1 (Color online) High harmonic spectra in the a 800 ? 400 nm, b 800 ? 267 nm, c 1600 ? 800 nm
and d 1600 ? 800 nm bicircular field. Black (dash) and red (solid) curves show the LCP and RCP
components of the high harmonics
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the intensity of the HHG in the case of a ¼ 4 is more than one order of magnitude higher

than that in the case of a ¼ 2.

In order to get a more intuitive insight into the results, we analyze the sub-cycle

dynamics of the emission process by using the Gabor transform (GT) (Chirilă et al. 2010)

of the time-dependent acceleration dipoles a(t). The spectrograms in Fig. 2 show the time-

frequency intensity (the first row) and ellipticity (the second row). Only HHG in one

optical cycle is shown. The dashed lines mark the ionization energy Ip. The results for the

case of 800 ? 400 nm (a ¼ 2) are shown in Fig. 2a. One can see three different regions:

(1) below 20 eV the ellipticity is positive; (2) from 20 to 40 eV, the ellipticity is negative;

(3) beyond 40 eV the ellipticity slowly turns to positive. Moreover, three pulses can be

seen in one optical cycle. In the case of 800 ? 267 nm (a ¼ 3) shown in Fig. 2b, the

ellipticity can also be divided into three regions, but the intensity of the HHG is higher. We

next take a comparison of the case of 1600 ? 800 nm (a ¼ 2) and 1600 ? 400 nm

(a ¼ 4), which are shown in Fig. 2c, d. One can see that the ellipticity and the intensity of

the emission in the case of a ¼ 4 are obviously higher in the region from 20 to 45 eV.
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Fig. 2 (Color online) Time-resolved HHG intensity and ellipticity from the a 800 ? 400 nm,
b 800 ? 267 nm, c 1600 ? 800 nm, and d 1600 ? 400 nm bicircular field. The horizontal dashed lines
mark Ip

30 40 50 60 70
0

10

20

30

In
te

ns
ity

30 40 50 60 70
−1

−0.5

0

0.5

E
lli

pt
ic

ity

30 40 50 60 70
0

1

2

30 40 50 60 70
−1

−0.5

0

0.5

Photon energy(eV)

800nm+400nm
800nm+267nm

1600nm+400nm
1600nm+800nm

ε=−0.79ε=−0.54

ε=−0.30

ε=−0.32

×10
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For quantitative analysis, we show the average intensity and ellipticity of the emissions

in Fig. 3. The average intensity and ellipticity are obtained from the time integration of the

data in Fig.2. The first row shows the average intensity of the spectrum versus the photon

energy. The second row shows the average ellipticity of the spectrum versus the photon

energy. By comparing the case of 800 ? 400 nm (a ¼ 2) and 800 ? 267 nm (a ¼ 3), one

can see that the intensity of HHG in the case of a ¼ 3 is increased by about 3-times and the

corresponding ellipticity is increased from 0.30 to 0.54. The ellipticity in the case of a ¼ 3

keeps high in the region from 20 to 40 eV. By comparing the case of 1600 ? 800 nm

(a ¼ 2) and 1600 ? 400 nm (a ¼ 4), one can see that the intensity of HHG in the case of

a ¼ 4 is increased by about 30-times and the corresponding ellipticity is increased from

0.32 to 0.79. The ellipticity in the case of a ¼ 4 keeps high in the region from 20 to 45 eV.

By synthesizing high harmonics from 20 to 40 eV, elliptically polarized attosecond

pulse trains can be generated. We show the results for the bicircular fields with different

frequency ratios in Fig. 4. One can see that the intensity of the attosecond pulses is

increased in a bicircular field with higher frequency ratio. To obtain the polarization of the

attosecond pulses, we show the electric-vector of the attosecond pulses in Fig. 5. In the

case of a ¼ 2, a ¼ 3 and a ¼ 4, the electric fields of the attosecond pulses show the

threefold, fourfold and fivefold star-like structure, respectively, which have the same

symmetry as the driving fields. Every petal of the star-like structure is elliptical, corre-

sponding to one pulse of the attosecond pulses train.

Why is the ellipticity of HHG increased in the case of a ¼ 3 and a ¼ 4 (800 ? 267 nm

and 1600 ? 400 nm)? As is known, the ellipticity of the laser field is defined as:

e ¼ Ar � Al

Ar þ Al

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Pþ 2 sinDu
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P� 2 sinDu
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Pþ 2 sinDu
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P� 2 sinDu
p � 2 sinDu

P
ð7Þ

where Al and Ar are the amplitudes of the left and right polarized components of the laser

field. The symmetry parameter is P ¼ Ax=Ay þ Ay=Ax, where Ax and Ay are the amplitudes

of the x and y polarized components of the laser field and the relative phase is

Du ¼ uy � ux. From the classical view, the symmetry of the radiation field depends on the

symmetry of the driving field. Figure 6 shows the Lissajous curves of the electric field. A

star-like driving field will generate a star-like radiation (which can be seen in Fig. 5). As is

denoted in Fig. 6, the symmetry parameter P of the driving fields is approximately 3.0

(a ¼ 2), 2.3 (a ¼ 3) and 2.2 (a ¼ 4). According to Eq. (7), the ellipticity is proportional to
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1 / P. Therefore, the ellipticity of HHG field is higher in the case of a ¼ 3 and a ¼ 4. From

the quantum view, the spin expectation values (equivalent to the ellipticity) of the driving

fields can be defined as ¼ ðn1e1 þ n2e2Þ=ðn1 þ n2Þ, where ni ¼ Ii=xi (i ¼ 1; 2) are the

number of photons and ei ¼ �1(i ¼ 1; 2) are the spin values of the two driving colors,

respectively (Fleischer et al. 2014). Then, eða ¼ 2Þ ¼ 0:33, eða ¼ 3Þ ¼ 0:50 and eða ¼
4Þ ¼ 0:60 are obtained. It is worth noting that the spin angular momentum is the only sort

of angular momentum present in HHG process. The conservation of angular momentum

requires that the angular momentum keeps the same during the HHG process. Thats why

the ellipticity of HHG field is higher in the case of a ¼ 3 and a ¼ 4.

The above results in Fig. 2 show different behavior of the harmonics below and above

the ionization potential. To explain these results, we show the HHG obtained by the 2pþ
and 2p� initial state separately in Fig. 7 (Note that 2p orbital is the coherent superposition

of 2pþ and 2p� orbital). The LCP components and RCP components of HHG are marked

by black and red curves. We first discuss the spectra of HHG in the case of 800 ? 400 nm

(a ¼ 2). In the region below the ionization potential, the RCP components are higher than

the LCP component of HHG in all initial states. To explain the behavior of the harmonics

below ionization potential, we consider the perturbation theory, according to which the
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probability of the multi-photon process is proportional to In. For a specific harmonic, the

number of the absorbed photons is small for photons with high frequency. It is more

probable to absorb a photon with high frequency. In our case, the driving field with high

frequency is RCP. Therefore, the RCP component is higher than the LCP component of

HHG below the ionization energy. In the region above the ionization potential (20–40 eV),

for the 2pþ initial state, the LCP components of HHG are higher (see Fig. 7a). While for

the 2p� initial state, the RCP components of HHG are higher (Fig. 7c). This is a direct

analogue result of Fano-Bethe propensity rules (Fano 1985). According to the semi-clas-

sical model, one can easily get that the initial transverse momentum for the returning

electrons should be positive. This indicates that it is more probable for electrons in the 2pþ
initial state to recombine with the parent ion than that in the 2p� initial state (Milošević

and Becker 2000). That is why the LCP component is higher than the RCP component of

HHG above the ionization potential (20–40 eV). Similar results can be seen in Fig. 7b, d

for the case of 800 ? 267 nm (a ¼ 3). The difference is that the intensity of both com-

ponents of HHG are higher in the case of a ¼ 3.

Besides the ellipticity, we also investigate the frequency ratio dependence of the HHG

yield in the bicircular field. To get a quantitative result, the HHG yield is calculated by

averaging harmonics from 20 to 40 eV. The fundamental field is kept to 800 nm, and the
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frequency ratio is changed from 1.5 to 4. For a frequency ratio higher than 4, the cutoff

energy will be close to 20 eV (�ionization energy). Therefore, the frequency ratios higher

than 4 are not considered. In the bicircular case, a reasonable equivalent frequency can be

defined as - ¼ ð1þ aÞ=2x1 (Yuan and Bandrauk 2015; Mauger et al. 2016). As can be

seen in Fig. 8, the HHG yield follows a scaling of -3:7. It is increased by more than one

order of magnitude in the bicircular fields with higher frequency ratios.

To obtain a deep insight into the scaling of the HHG yield, we analyze the electron

trajectories by using the classical three-step model (Corkum 1993; Zhu et al. 2015). It is

worth noting that the classical analogy of the average HHG yield is the average probability

of the electrons recombined with the parent ion for individual harmonic. It can be

expressed as:

HHGyield / re / Pion � Pre

mHHG

=s3 ð8Þ

where Pion is the ionization rate, Pre is the classical recombination rate and mHHG is the

number of harmonics below the cutoff energy, s is traveling time of the electrons. The

scaling of s�3 is due to the spreading of the electron wave packet. We first consider the

classical recombination rate (Lan et al. 2009). Due to the spreading of the electron wave

packet, only the trajectories traveling less than one optical cycle are considered. Figure 9a

shows the classical recombination rate of the electrons by accumulating all the returning

trajectories weighted by the initial transverse momentum (Ma et al. 2016). The result

shows that the classical recombination rate follows a scaling of -�4:6. We next study the

ionization rate by TDSE. As can be seen in Fig. 9b, the ionization rate in our case follows a

scaling of -1:3.

Then, we calculated the traveling time of the classical electron trajectories by consid-

ering the acceleration process. Figure 10a show the average traveling time by accumu-

lating all the possible returning trajectories. As shown in Fig. 10a, the average traveling

time follows a scaling of -�1:5. Thereafter, we consider the number of harmonics below

the cutoff energy. As shown in Fig. 10b, the cutoff energy follows a scaling of -�1:2 in our

case. Moreover, the selection rule for the harmonics is X�=x1 ¼ ð1þ aÞn� 1, where ±

corresponds to the LCP and RCP components (Milošević 2015). Consequently, mHHG
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follows a scaling of -�1:2 � 2
ð1þaÞx1

¼ -�2:2. In summary, the average probability of the

electrons recombined with the parent ion follows a scaling of :

re / Pion � Pre

mHHG

=s3 ¼ -1:3�-�4:6

-�2:2
=ð-�1:5Þ3 ¼ -3:4 ð9Þ

The result -3:4 is approximately equal to -3:7. Unlike the linearly case, the increasing

HHG yield with bicircular fields primarily originates from two factors: (1) the weaker

spreading of the electron wake packet (2) the decreasing number of high harmonics below

the cutoff energy.

We also simulate the HHG in the case where the intensity ratio of the two fields is not

unity. On the one hand, we fix the intensity ratio to be 2:1, and change the frequency ratio

from 1.5 to 4. We get similar results as Figs. 3 and 8. On the other hand, we change the

intensity ratio from 1:2 to 2:1, and fix the frequency ratio to be 1:2. The ellipticity of the

high harmonics increases for an increasing intensity ratio, but the high harmonic intensity

becomes lower (Milošević 2015).

4 Conclusion

In conclusion, we theoretically demonstrate a scheme for efficiently generating attosecond

pulses with high ellipticity by using a counter-rotating bicircular filed with frequency ratio

of 1:3 (800 ? 267 nm) and 1:4 (1600 ? 400 nm). It is shown that efficient attosecond

pulses with high ellipticity 0.54 (800 ? 267 nm) and 0.79 (1600 ? 400 nm) can be

generated. The highly elliptically polarized emission mainly results from the symmetry of

the driving fields. In addition, the HHG yield follows a scaling of -3:7 and is increased

more than one order of magnitude with increasing frequency ratio. By performing the

classical electron trajectories analysis, it is found that the scaling of -3:7 mainly results

from the increasing average probability of the electrons recombined with the parent ion.
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this paper were carried out using the High Performance Computing experimental testbed in SCTS/CGCL
(see http://grid.hust.edu.cn/hpcc).
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Milošević, D.B.: Circularly polarized high harmonics generated by a bicircular field from inert atomic gases
in the p state: A tool for exploring chirality-sensitive processes. Phys. Rev. A 92, 043827 (2015)

Milošević, D.B.: Generation of elliptically polarized attosecond pulse trains. Opt. Lett. 40, 2381–2384
(2015)
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