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Abstract: Axial chiral molecules, whose stereogenic element is an axis rather than a chiral
center, have attracted widespread interest due to their important application, such as asymmet-
ric synthesis and chirality transfer. We investigate high harmonic generation from axial chiral
molecules with bichromatic counterrotating circularly polarized laser fields. High harmonic gen-
eration from three typical molecules: (Sa )-3-chloropropa-1,2-dien-1-ol, propadiene, and (Ra )-
2,3-pentadiene is simulated with time-dependent density-functional theory and strong field ap-
proximation. We found that harmonic spectra for 3D oriented axial chiral molecules exhibit
obvious circular dichroism. However, the circular dichroism of High harmonic generation from
an achiral molecule is much trivial. Moreover, the dichroism of high harmonic generation still
exists when axial chiral molecules are 1D oriented,such as (Sa ) -3-chloropropa-1,2-dien-1-ol.
For a special form of axial chiral molecules with the formula abC=C=Cab (a, b are differ-
ent substituents), like (Ra )-2,3-pentadiene, the dichroism discriminations disappear when the
molecules are only in 1D orientation. The circular dichroism of high harmonic generation from
axial chiral molecules is well explained by the trajectory analysis based on the semiclassical
three-step mechanism.
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1. Introduction

Chiral molecules are characterized by having nonsuperposable mirror images. The two images
are known as R-enantiomer and S-enantiomer, possessing a left and right handedness, respec-
tively. The enantiomers have the same chemical and physical properties such as boiling point,
melting point, density, etc, but exhibit different interactions with another chiral object. Chirality
plays an important role in chemisity and medicine, but detecting and quantifying it remain chal-
lenging. The conventional chiroptical spectroscopies [1], such as the optical rotation, electronic
and vibrational circular dichroism (CD), and Raman optical activity, are based on the non-dipole
chiral interactions. In these techniques, the magnetic transition dipoles lead to the discrimination
in spectroscopy for two enantiomers. However, the magnetic effects are weak, which resultes
in weak chiral responses. This weak chiral response also poses challenges for the time-resolved
measurements of chiral dynamics. To gain an insight into the dynamical mechanism of chiral
response, it is necessary to develop the spectroscopic techniques with strong signals and high
temporal resolution. For example, in the past decades, several methods based on the electric-
dipole effects have been developed [2–4], since the electric-dipole effects are generally stronger
than the conventional chiral effects.

Recently, with the fast development of laser technology, the photoelectron circular dichroism
(PECD) using table-top femtosecond laser pulses was proposed [5]. In the PECD, an asymmetry
in the forward-backward electron emission induced by circularly polarized (CP) laser pulses can
be observed in photoelectron angular distributions [3–7]. It has been reported that chirality can
be detected with high harmonic generation (HHG) lately [8–10]. HHG, resulting from the non-
linear interaction of intense laser pulses with a gas medium, has been proved to be a valuable
tool for attosecond science [11]. It has been applied to the production of attosecond pulses [12–
14], the observation and control of ultrafast dynamics [15–20], and the imaging of molecular
orbitals [21–23].

The mechanism of HHG can be intuitively understood in terms of the three-step model
[24, 25], where the HHG process consists of three steps: tunnel ionization of the outer valence
electrons, acceleration of the liberated electrons induced by the intense laser pulse, and the
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emission of high-energy photons (high-order harmonics) when the electrons return to the vicin-
ity of the parent ions. The chiral HHG (cHHG) method has several characteristics, such as high
enantio-sensitivity and subfemtosecond resolution, which makes it a powerful tool for ultrafast
chiroptical detection [8, 9].

In previous works, only chiral molecules whose chiral element is chirality center (also called
asymmetric carbon) are studied. However, another type of chiral element is possible. For ex-
ample, axial chiral molecules, whose stereogenic element is an axis rather than a single atom,
can exhibit axial stereochemistry. The enantiomers of axial chiral compounds are usually speci-
fied by the stereodescriptors Ra (right handedness) and Sa (left handedness). There are myriad
natural products and biomolecules that contain axial chirality [26, 27]. Furthermore, axial chi-
ral compounds play an important role in asymmetric catalysis and synthesis, pharmaceuticals
and material science [27–30]. Revealing the ultrafast dynamics in axial chiral molecules is of
great significance because it will help people clearly understand the basic processes in chiral
reaction, for example, axial-to-central chirality transfer. Those dynamics could be resolved by
the recently developed techniques based on the interaction with the ultrafast laser pulses [11].
However, the involved strong-field processes, such as the strong-field ionization and HHG, have
never been discussed before.

In this work, HHG resulting from the interactions of axial chiral molecules with CP and
bichromatic counterrotating circularly polarized (BCCP) laser pulses is studied. A typical and
simple class of axial chiral compounds, called axial chiral allenes , is used as the prototype
here. Axial chiral allenes contain an even number of consecutive double bonds. In contrast,
we also study the HHG from propadiene (achiral molecule) with BCCP laser pulses. The CD
of HHG from axial chiral and achiral molecules in both 3D and 1D orientation are discussed.
The simulated results are all qualitatively explained with the trajectory analysis based on the
semiclassical three-step mechanism of HHG.

2. Theoretical model

An ab initio calculation based on time-dependent density functional theory (TDDFT) [31] was
performed to study HHG from molecules. TDDFT has been proved to be a promising tool to
study HHG [32,33]. Neglecting electron spin effects, the time-dependent electron density n(r, t)
for the closed-shell system is calculated as:

n (r, t) = 2
N∑

i=1

|ψi (r, t) |2. (1)

Here N is the number of Kohn-Sham orbitals and ψi (r, t) is the time-dependent Kohn-Sham
(KS) orbitals obtained through the time-dependent KS equations (atomic units are used through-
out this paper unless otherwise stated) :

i
∂

∂t
ψi (r, t) =

[
−1

2
∇2 + vext (r, t) + vh (n; r, t) + vxc (n; r, t) + vl (r, t)

]
ψi (r, t) . (2)

In Eq. (2), vext (r, t) is the external potential described with Hartwigsen-Goedecker-Hutter
(HGH) pseudopotentials [34]. The term vh (n; r, t) is the time-dependent Hartree potential, de-
scirbing the interaction of classical electronic charge distributions. vxc (n; r, t) is the exchange-
correlation potential, where we choose the generalized gradient approximation (GGA) proposed
by Perdew, Burke& Ernzerhof [35]. vl (r, t) = r ·E (t) represents the interaction of the electrons
with the laser field.

The ground state of the system is obtained through the ground-state KS equations [36, 37] :
[
−1

2
∇2 + vext (r) + vh (n; r) + vxc (n; r)

]
ψi (r) = Eiψi (r) . (3)
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The time-dependent KS equations are propagated in time using the approximated enforced time-
reversal symmetry scheme [38]. The calculation is implemented in OCTOPUS code [39]. Dur-
ing the propagation, the KS wave function is multiplied at each time step by a function M (r) to
avoid the unphysical reflections at the boundaries of the simulation region [39]. The harmonic
spectra can be calculated from the time-dependent dipole moment d(t) as:

H (ω) ∝
∣∣∣∣∣∣
∫

d2

dt2
d (t)eiωt dt

∣∣∣∣∣∣
2

, (4)

where d (t) is given by

d (t) =
∫

n (r, t) r dr. (5)

Here, ω is the frequency of the high harmonics.
HHG is also investigated by strong field approximation (SFA) presented by Lewenstein et

al [40], which allows us to obtain a relatively simple evaluation of the time dependent dipole
moment. The time dependent dipole moment is calculated with the integral:

d (t) = i
∫ t

0
dt′
∫

d3p d∗ [p − A (t)] E
(
t′
) · d [p − A

(
t′
)]

e−iS(p,t ,t ′) + c.c. (6)

and

S
(
p, t , t′

)
=

∫ t

t ′
dt′′
(

[p − A (t′′)]2

2
+ Ip

)
, (7)

where Ip is the ionization potential of the molecule. In Eq. (6), A(t) is the vector potential of
the electric field E(t) and d [p − A (t)] is the dipole matrix element of the transition from the
ground state to the continuum state characterized by the electron velocity v (v = p −A(t)). p is
the canonical momentum. c.c. stands for complex conjugate of the first term on the right side of
Eq. (6). The highest occupied molecular orbital (HOMO), obtained by an ab initio calculation
using a 6-31G* basis set in the Gaussian software package [41], is chosen as the ground state.
The transition dipole matrix element is calculated from [42]:

d (v) = 〈v|r |ψHOMO〉 . (8)

3. Results and discussions

We first study the HHG from (Sa )-3-chloropropa-1,2-dien-1-ol with CP laser pulses. Figure.
1(a) illustrates the geometory and orientation of (Sa )-3-chloropropa-1,2-dien-1-ol in Cartesian
coordinates. The chiral axis is fixed along z axis. Hydroxy group (-OH) and H atom (in the
left-hand site of the molecule) are on the xoz plane. Cl and H atom (in right-hand site of the
molecule) are on the yoz plane. The right (+) and left (-) CP laser fields are specified by

E± (t) = E0 f (t)
[
cos (ωt) êx + cos

(
ωt ± π

2

)
êy
]
, (9)

where ω is the angular frequency corresponding to the wavelength of 632.8 nm. In Eq. (9), êx
and êy are unit vectors along the x and y axes, respectively. The amplitude of the electric field
E0 corresponds to the intensity of 3 × 1014 W/cm2. The envelope f (t) has trapezoidal shape
with 2-cycle rising and falling edges and 4-cycle plateau. The time-dependent electric field of
right CP laser pulse E+(t) is presented in Fig. 1(b).

Figure 1(c) shows the harmonic spectrum from (Sa )-3-chloropropa-1,2-dien-1-ol obtained
with TDDFT. Both odd and even harmonics are found in Fig. 1(c). This can be well explained
by the selection rules [33]: this molecule belongs to C1 point group and CP laser field possesses
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Fig. 1. (a) Geometry of (Sa )-3-chloropropa-1,2-dien-1-ol. (b) Electric field of E+(t) with
the intensity of 3 × 1014 W/cm2 and wavelength of 632.8 nm. (c) HHG spectra with the
right (R) and left (L) CP light. (d) Schematics of two representative electron trajectories
with two oppositely polarized laser pulses. Arrows express the direction of electron motion.
The blue and red curves indicate the trajectories with the right and left CP laser pulses,
respectively.

C∞ symmetry, so the allowed harmonics are n = k±1 orders, where k is an integer. HHG spectra
driven by left and right CP laser fields are different as shown in Fig. 1(c), i.e. the HHG exhibits
obvious CD. To better understand the HHG process and explain the CD for axial chiral molecule
with CP light, we perform a trajectory analysis based on the semiclassical three-step model [25,
43, 44]. This method has been successfully used in previous works [10]. Here we simplify the
substituents (such as OH, H, and Cl) as spheres with different radius so as to show the primary
factor in CD for axial chiral molecules. A→B is used to denote that the electrons tunnel from
A (atom or substituents) and then return to the vicinity of B (atom, or substituents). Considering
that the polarized plane of E(t) is parallel to xoy plane, we can predigest the molecules as two
parts (OH—H and H—Cl) when we study the relationship between the electron trajectories
and the CD of HHG. For the left site (z < 0) of (Sa)-3-chloropropa-1,2-dien-1-ol, OH→H and
OH→OH are possible and the electron trajectories should be symmetrical with left and right CP
light when the Coulomb potential in molecule is neglected. Here we only choose OH→H as an
example. In order to have a clear picture of the electron motion, we illustrate two representative
trajectories for OH→H in Fig. 1(d). One can see that, both two trajectories have the same spiral
shape due to the CP driving field. However, when the Coulomb potential is taken into account,
the two trajectories are asymmetrical because the effect of Coulomb potential from Cl and H in
the right-hand side are different. As a result, the HHG processes in left and right CP fields are
different, resulting in the CD of HHG. Basically, the CD of HHG here results from the chiral
structure of the molecule that the substituents on each side must be different.

Due to the rescattering feature of HHG process, HHG driven by CP laser pulses has some
problems, such as low efficiency [25, 45] and low cutoff frequencies [46]. These shortages are
adverse to its possible applications, like chiral discrimination. In additions, CD from CP pulses
is sensitive to the laser wavelength and length of the chiral axis. As discussed above, axial chiral
molecules exhibit CD in responds to CP laser pulse because of the asymmetric Coulomb effect
on the other side. If the length of chiral axis is much longer or the wavelength of the driving
laser is shorter, the transverse spreading of the recolliding electron wave packet would be much
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results with E+ and E− , respectively. (g), (h) Schematics of the representative electron
trajectories corresponding to the circles and squares indicated by the ↓ in (e), (f).

shorter than the length of the chiral axis. Thus the Coulomb potential from the other side would
be negligible and HHG from axial chiral molecules driven by CP light might not show CD.
This implies that, HHG with CP laser pulses could not be used to distinguish the chirality of the
target molecule, because the CD is still sensitive to other factors.

To avoid these problems, we adopt the BCCP laser fields. HHG from atoms and simple
molecules driven by the BCCP laser fields has been widely studied [47–49]. With the BCCP
pulses, the HHG efficiency will be dramatically increased and the cutoff can be also extended. In
the following, we will show that the CD of HHG with BCCP laser fields is determined directly
by the chiral structure of the molecule, irrespective of the consideration of Coulomb potential.

The BCCP pulse is composed of a superposition of two coplanar counter-rotating CP laser
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pulses. The right (+) and left (-) BCCP laser pulses are specified by

E± (t) = E0 f (t)
(
E1êx ± E2êy

)
(10)

with
E1 = cos (ωt) + cos (2ωt) , E2 = cos

(
ωt +

π

2

)
− cos

(
2ωt +

π

2

)
. (11)

In Eq. (10), f (t) is the trapezoidal envelope with 2-cycle (corresponding to the cycle of
λ = 1000 nm) rising and falling edges and 6-cycle plateau. The electric field amplitude E0

corresponds to the intensity of I = 2.5 × 1013 W/cm2. In Eq. (11), the frequency ω corresponds
to laser wavelengths of λ = 1000 nm [50].

Figure 2(a) shows the electric field of E+(t). Figure. 2(b) shows the projections of E+(t)
and (Sa )-3-chloropropa-1,2-dien-1-ol on xoy plane. The total electric field vector E+(t) traces
out a trefoil pattern whose three lobes are separated by 2π/3 in Fig. 2(b). The time-dependent
electric field has three maxima per laser cycle. HHG spectra stimulated by TDDFT and SFA
with the BCCP laser pulses are presented in Figs. 2(c) and 2(d). The BCCP laser field possesses
threefold rotational symmetry and this axial chiral molecule belongs to C1 point group, so both
odd and even harmonic orders can be observed [33]. From Figs. 2(c) and 2(d), one can see that
HHG driven by E+(t) (R) and E− (t) (L) is different, i.e. both the results with TDDFT and SFA
show prominent CD.

To analyze the HHG process and explain the origin of the CD, in Figs. 2(e) and 2(f), we calcu-
late the distribution of electron momentum at the moment of recollision based on semiclassical
model [25]. Each point in the distribution corresponds to an electron trajectory. All the sign of
the return angles with E− are reversed to make the symmetry of the distributions prominent. In
the analysis, we first neglect the effect of the Coulomb potential. For A→A, the electron trajec-
tories with two oppositely BCCP laser fields are symmetrical. Therefore we just consider A→B
(A is different from B). As shown in Fig. 2(e), neglecting the Coulomb potential, the electron
momentum distribution of OH and H in z < 0 is symmetrical, but the momentum distribution
in Fig. 2(f) for H and Cl in z > 0 is asymmetric.

To obtain a clear picture of the trajectories, we plot representative electron trajectories in Figs.
2(g) and 2(h). The corresponding recolliding moments are indicated in Figs. 2(e) and 2(f) by
the arrows. For the trajectory with E+ shown in Fig. 2(g), the electron starts from OH, moves
anticlockwise and finally returns to the H atom after it arrives to the maximal excursion in y > 0
area. Its trajectory (blue line) has a triangular shape that reflects the threefold symmetry of the
BCCP laser fields. For the trajectory with E− shown in Fig. 2(g), the electron starts from OH and
move clockwise. It also possesses a triangular shape trajectory (red line) and finally recollide
to H. Note that, the momentum distribution shown in Fig. 2(e) and the trajectories shown in
Fig. 2(g) with E− and E+ are symmetrical. This indicates that HHG contributed from the z < 0
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is the same in the left (E−) and right (E+) polarized fields. On the contrary, the momentum
distribution and the trajectories shown in Figs. 2(f) and 2(h) are prominently asymmetrical. As
a result, the HHG of the whole molecule in the E+ and E− fields are different and obvious CD
can be found.

If the BCCP laser field is rotated by an angle θ around z axis, the HHG processes in both
z < 0 and z > 0 are asymmetrical in the E+ and E− fields (except in the case θ being an
integer of π/2, where either the process in z < 0 or z > 0 must be different as was discussed
above). Therefore, HHG driven by the BCCP laser fields could exhibit CD at any angle. From
the discussions we can see that, the CD of HHG from the chiral molecules right originates
from the chiral structure in which the substituents bonded to the chiral axis in each side must be
different. The above discussions and conclusions will remain the same when the Coulomb effect
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is then taken into account, because the effect of the Coulomb potential are also asymmetrical
due to the chiral structure. The asymmetrical Coulmb effect will also result in the asymmetry of
the electron trajectories and the CD of HHG.

In order to quantitate the discrimination of HHG, we define the CD signal as :

η (n, θ) =
|IL (n, θ) − IR (n, θ) |
IL (n, θ) + IR (n, θ)

, (12)

where IR ,L (n, θ) are the yields of harmonic n for right (+) and left (-) polarized BCCP laser
fields. The new electric field rotated by θ is E(θ) = R̂ (θ) E(0), where R̂ (θ) is the rotation
matrix expressed as:

R̂ (θ) =

[
cos θ − sin θ
sin θ cos θ

]
. (13)

Considering the trefoil pattern of the BCCP laser fields, we just need to discuss the CD signal
with θ ∈ [0, 2π/3]. Note that the HHG simulated by both TDDFT and SFA is similar and shows
the same conclusion for the CD, which has been confirmed by both the calculations shown
in this paper and others not shown here. Thus we calculate the harmonic spectra by SFA, as
show in Fig. 3(a), in order to decrease time consumption. HHG spectra in Fig. 3(a) for (Sa )-3-
chloropropa-1,2-dien-1-ol with the BCCP laser fields show clear discriminations at all angles.
The dichroism is further presented in Fig. 3(b) in terms of η(n, θ), which is up to 0.8. This
results is consistent with our discussion above.

In order to have a better understanding of the CD in axial chiral molecules, we consider an
achiral molecule propadiene for comparison. As shown in Fig. 4(a), propadiene molecule has
four identical H atom. For the sake of clearness in analysis, we add labels to each H atom. Fig-
ure 4(b) illustrates the geometry of the BCCP laser field and propadiene. Figures 4(c) and 4(d)
show that the HHG spectra from propadiene stimulated by TDDFT and SFA have no CD. The
distributions of electron momentum at the moment of recollision for propadiene are also calcu-
lated. As shown in Figs. 4(e) and 4(f), the distributions of electron recollision momentum for
H3—H4 and H1—H2 with two oppositely polarized BCCP laser fields are symmetrical. The
representative trajectories are shown in Figs. 4(g) and 4(h), which corresponds to the four recom-
bination indicated by the arrows in Figs. 4(e) and 4(f). For H3→H4, the electron trajectories are
symmetrical under two oppositely polarized BCCP laser fields. For H1—H2, the trajectories of
H1→H2 with the right polarized light are symmetrical with the trajectories of H2→H1 with
the left polarized light in Fig. 4(f). This trajectory analysis can then well explain the fact that no
CD is found for achiral molecules. The substituents are symmetrically distributed and then the
HHG processes must be the same under laser fields with opposite rotation directions. One can
obtain the same conclusion when the Coulomb potential is considered, because the Coulomb
effect should be also symmetrical in the achiral structure.

HHG from propadiene and CD signal at θ ∈ [0, 2π/3] are also calculated so as to compare
with (Sa )-3-chloropropa-1i,2-dien-1-ol in Figs. 5(a) and 5(b). As show in Fig. 5(b), HHG from
propadiene displays no CD at any angle. In summary, HHG driven by the BCCP laser fields
from axial chiral molecules has CD, but HHG from achiral molecules has no CD. The origin
of CD for 3D aligned axial chiral molecules can be well understood from the fact that the
trajectories (final electron momentum distributions) are asymmetric. This feature is right due to
the chiral structure of the molecule and the semiclassical three-step mechanism of HHG.

Note that, since the molecules are oriented, the CD is dominantly determined by the dipole
effect instead of the non-dipole chiral effect. Therefore, the theoretical models within dipole
approximation are applied, where the light has only the x and y components while does not
have the z component (along the propagation direction). Considering this, the CD of HHG
in this work can also be explained by the symmetry of system. For the circularly polarized
laser, the clockwise laser field can be transformed to the counter-clockwise laser field by a 180-
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degree rotation around the x axis and vice versa. If the molecule (or the molecule ensemble
discussed below) is symmetric with respect to this operation (i.e. has a C2 axis along x axis)
or with respect to this operation followed by a reflection about the xoy plane (for simplicity,
we denote the molecule has a σxyC2 axis along the x direction), the HHG from this molecule
will be the same in left and right CP laser. On the other hand, the laser field also contains
an approximate spatial-temporal symmetry, which involves a translation in time by Δt = T/N
and a simultaneous spatial rotation by α = 360/N degree around the z axis. T = 2π/ω is the
periodicity of the laser and N is an arbitrary number. Combining this symmetry operation with
the 180-degree rotation around the x axis, one can see that the clockwise field is approximately
transformed to the counter-clockwise field by a 180-degree rotation around an axis within the
xoy plane, at an angle of α/2. Thus, if the molecule has any C2 or σxyC2 axis within the xoy
plane, its HHG response to the left and right CP fields will be approximately the same. (They
will be exactly the same is the laser pulse is infinitely long). If the molecule or ensemble does
not has a C2 or σxyC2 axis within the xoy plane, the HHG driven by left and right CP fields
would be different. Since the (Sa )-3-chloropropa-1,2-dien-1-ol molecule belongs to C1 point
group, i.e. does not have a C2 or σxyC2 axis. Therefore, HHG from this molecule is likely to
displays CD as in Fig. 1.

The analysis for the BCCP driving field is similar, and yields similar results. For the field
parameters used in the manuscript, presence of a C2 or σxyC2 axis along the x direction will
cause the response to the clockwise and counterclockwise fields to be exactly the same. Presence
of a C2 or σxyC2 axis at ±60 or ±120 degree from the x direction (and within the xoy plane)
will make the response approximately the same etc. This well explains the results in Figs. 2 and
4. Specifically, since the propadiene shown in Fig. 4(a) has a σxyC2 in the x direction, the HHG
in left and right CP pulses are the same. Note that, a molecule which has a σxyC2 axis in the
xoy plane means that it is symmetric about a plane perpendicular to the xoy plane. For example,
if the axis is along the x direction, σxyC2 = σxz . For the convenience of discussion, we use the
notation σxyC2.

All the above discussions are based on 3D orientation of molecules. Experiments with 1D
oriented molecules can be more easily realized than with 3D oriented molecules. So we next
consider molecules that are only 1D orineted. Figures 6(a) and 6(b) show the harmonic spectra
for 1D oriented (Sa )-3-chloropropa-1,2-dien-1-ol and propadiene, respectively. The dichroism
is further shown by the CD signal in Fig. 6(c). The result is similar to that in the case of 3D
orientation, i.e. there is also obvious dichroism for 1D oriented axially chiral molecule.

For propadiene, the pair of angles α and β = π/2 − α always satisfies the equation IL (β) =
IR (α). In Fig. 5(a), two dashed lines and a double-headed arrow are used to guide the eyes,
where the two dash lines indicate the two angles satisfying IL (β) = IR (α). As a result, the
total harmonic spectra summing the contribution of all the angles must be the same, and HHG
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Fig. 6. (a) Harmonic spectra for 1D oriented (Sa )-3-chloropropa-1,2-dien-1-ol with BCCP
laser fields. (b) Harmonic spectra for 1D oriented propadiene with BCCP laser fields. (c)
CD signal for 1D oriented molecules.

from 1D oriented propadiene has no CD. This can also be proved from the Schrödinger equation.
Hamiltonian of the interaction with the two oppositely polarized BCCP laser fields are

HR ,L = H0 − r · E± , (14)

where H0 is field-free Hamiltonian. For the right BCCP light with θ = α, we have

[
E (x)
+ (α; t)

E (y )
+ (α; t)

]
= R̂ (α)

[
E1 (t)
E2 (t)

]
. (15)

For the left BCCP light with β = π/2 − α, we have
[

E (x)− (β; t)
E (y )− (β; t)

]
= R̂ (π/2 − α)

[
E1 (t)
−E2 (t)

]
= R̂ (α)

[
E2 (t)
E1 (t)

]
. (16)

In Eqs. (15) and (16), E (x)
+,− are the electric field along x direction of E+ and E− . Considering

the structure of propadiene with four identical H, we have

H0 (x , y, z) = H0 (y, x , z) . (17)

                                                                                              Vol. 25, No. 19 | 18 Sep 2017 | OPTICS EXPRESS 23513 



H4

H2 H1

H3

H4

H2 H1

H3

α

π/2-α
(c) (d)

(a) (b)

0

30

60
90

120

150

-180

-90

-150

-120

-30

-60

H3→H4H4 H3→ H1→H2H2 H1→ H3→H4H4 H3→ H1→H2H2 H1→

0

30

60
90

120

150

-180

-90
-120

-30

-60

-150

0.525

1.05

0.525

1.05

Fig. 7. (a), (b) The electron momentum distributions calculated by semiclassical model.
The blue and red marks are the results with E+ and E− , respectively. (c) Schematic for
the interaction between propadiene and E+(α). (d) Schematic for the interaction between
propadiene and E− (π/2 − α).

According to Eqs. (15) and (16), one can obtain

HR (x , y, z, t; α) = HL (y, x , z, t; β) . (18)

Therefore, the wave functions in two systems satisfy

ψR (x , y, z, t; α) = ψL (y, x , z, t; β) . (19)

Note that the time-dependtent dipole moment is d (t) = 〈ψ (r, t) |r |ψ (r, t)〉. We can derive the
fowlling results

d (x)
R

(t; α) = d (y )
L

(t; β) , (20)

d (x)
L

(t; α) = d (y )
R

(t; β) . (21)

In Eqs. (20) and (21), d (x/y )
L/R

(t) denote the time-dependent dipole momentum along x/y direc-
tion with left/right BCCP laser fields. Combining Eqs. (20), (21) and (4), one can conclude that
IL (π/2 − α) = IR (α). Thus for 1D oriented propadiene, HHG still does not show CD. The
equation IL (π/2 − α) = IR (α) can also be understood based on the symmetry to the rotation
operation as discussed above. As in Fig. 7, the line y = x in the xoy plane is one C2 axis of
the molecule, and the system shown in Panel (d) (in E−) is right coincident with the 180-degree
rotation of the system in Panel (c) (in E+) around this C2 axis.

The classical electron trajectories can also be applied to verify the equation IR (α) =
IL (π/2 − α). Figures 7(a) and 7(b) show the distributions of the recolliding momentum cor-
responding to the trajectories A→B. Here the recollision angle is defined as the angle between
the recolliding momentum and the A→B axis. As show in Fig. 7(a), the electron momentum
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for the interaction between (Ra )-2,3-pentadiene and E+(α). (h) Schematic for the interac-
tion between (Ra )-2,3-pentadiene and E− (π/2 − α)

distributions for H4→H3 (and H3→H4) with E+(α) (α = 0 ) and H2→H1 (and H1→H2)
with E− (π/2−α) are identical. In Fig. 7(b), The distributions for H1→H2 ( and H2→H1) with
E+(α) are identical to the distribution for H2→H1 (and H1→H2) with E− (π/2 − α). This can
be more intuitively understood from Figs. 7(c) and (d). One can see that, the HHG processes in
the laser fields R̂(α)E+ and R̂(β = π/2 − α)E− are symmetrical about the line, which divides
the first and third quadrant equally (shown by the green dashed line) for any angle α. This well
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explains the fact that the electron momentum distributions with E+(α) and E− (π/2 − α) are
identical and the harmonic emission IR (α) = IL (π/2 − α).

There is a special kind of axial chiral molecules which has the structure: abC=C=Cab (a,b are
different substituents). This kind of axial chiral molecules belongs to C2 point group. Here 2,3-
pentadiene is chosen as a representative to study HHG from this kind of axial chiral molecules.
Figure 8(a) shows the geometry and orientation of (Ra )-2,3-pentadiene. The electric-field vector
E′
+(t) and the molecule are shown in Fig. 8(b). Harmonic spectra with left and right BCCP laser

fields are presented in Fig. 8(c). It is shown that the HHG of 3D oriented (Ra )-2,3-pentadiene
has notable CD at all angles except 45 degree. This is because the molecule has only one C2

axis at 45 degree. This result is the same as that for (Sa )-3-chloropropa-1,2-dien-1-ol. However,
the molecule has a C2 axis in xoy plane and therefore the intensity of HHG is the same in
R̂(α)E+ and R̂(β = π/2 − α)E− laser fields as was shown in Fig. 8(c). Two dashed lines and
a double-headed arrow are used to guide the eyes, where the two dashed lines indicate the two
angles satisfying IL (β) = IR (α). Therefore, as a chiral molecules, HHG from this special kind
of molecule belonging to C2 point group has no CD in 1D orientation as shown in Fig. 8(d).

Similarly, this phenomenon can be explained from the Hamiltonian. For (Ra )-2,3-pentadiene,
one can know

H0 (x , y, z) = H0 (−y, −x , −z) . (22)

Thus Eqs. (20) and (21) can also be derived for (Ra )-2,3-pentadiene, which means that HHG
driven by left and right polarized BCCP light are identical for 1D oriented (Ra )-2,3-pentadiene.
This phenomenon can also be explained by the electron trajectories based on the three-step
model. Here we consider the CH3 substituent as a sphere and calculate the electron momentum
distributions when the electron return the vicinity of the partient molecule ions under E′

+(α) and
E′− (π/2−α). As shown in Figs. 8(e) and 8(f), the electron momentum distributions with E′

+(α)
and E′− (π/2 − α) at the moment of recollision are identical. The symmetry of the recolliding
momentum distributions can be intuitively understood from Figs. 8(g) and 8(h), which show the
projections of (Ra )-2,3-pentadiene with E′

+(α) and E′− (π/2− α) respectively. One can see that
the HHG process in E′

+(α) is symmetrical to that in E′− (π/2 − α).

4. Conclusion

In this work, we have studied HHG from axial chiral molecules with BCCP laser fields. It is
shown that the HHG spectra from 3D oriented molecules shows distinct chiral discriminations.
Moreover, the CD can still be found when the axial chiral molecules like (Sa ) -3-chloropropa-
1,2-dien-1-ol are in 1D orientation. In addition, for a special kind of axial chiral molecules
belonging to C2 point group, there is no CD in HHG when the molecules are only 1D oriented.
The correspondence between the HHG discriminations and the electron trajectories is discussed
based on the semiclassical model. With the trajectory analysis, we can give a clear interpretation
of the CD of HHG from axial chiral molecules. Our method could be applied to more complex
axial chiral molecules, and all the studies would provide insights into the ultrafast chiral dynam-
ics in the widespread axial chiral molecules like biomolecules and pharmaceuticals.
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