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Abstract We theoretically demonstrate the generation of ultrashort isolated attosecond

pulses (IAPs) in the water window region with a multi-cycle inhomogeneous two-color

field synthesized by an 800-nm fundamental pulse and a 2000-nm control pulse. The

results show that the high-order harmonic generation process is effectively controlled in

the temporally and spatially shaped field. An ultra-broadband supercontinuum in the water

window region with the photon energies ranging from 387 to 620 eV is generated. Such a

supercontinuum supports the generation of an ultrashort IAP with a duration as short as 40

attosecond. Moreover, we analyze the influence of the carrier-envelope phases (CEPs) and

the relative phase of the two-color field on the IAP generation. It is shown that our two-

color scheme is robust for the generation of sub-80 as IAPs against variations of the CEPs

and the relative phase.

Keywords Isolated attosecond pulse � High-order harmonic generation � Multi-cycle

inhomogeneous two-color field � Water window

1 Introduction

High-order harmonics are generated when atoms or molecules are irradiated with an

intense laser field. HHG has been used for the production of coherent extreme ultraviolet

(EUV) and soft X-ray sources (Chang et al. 1997; Popmintchev et al. 2012; Teichmann

et al. 2016), as well as the generation of attosecond pulses (Corkum and Krausz 2007;
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Krausz and Ivanov 2009; Lan et al. 2007; Paul et al. 2001; Zhang et al. 2017; Li et al.

2017a). These ultrashort pulses have served as an important tool for probing and con-

trolling electronic dynamics in atoms, molecules and solids (Itatani et al. 2004; Zhai et al.

2016; Qin and Zhu 2017; Zhai et al. 2017; Goulielmakis et al. 2010; Zhu et al. 2016; Ma

et al. 2017; He et al. 2016; Zhou et al. 2017; Li et al. 2017b; Liu et al. 2017a; Cavalieri

et al. 2007) with unprecedented temporal resolution. Owing to these potential applications,

HHG and attosecond pulse generation have been a topic of great interest in the past years.

The physical mechanism of HHG can be well explained by the three-step model

(Corkum 1993): ionization, acceleration, and recombination. During the recombination,

the highest photon energy obeys the cutoff law, Ip þ 3:17Up, where Ip is the ionization

potential, and Up / Ik2 is the ponderomotive energy. This process is restricted to a single

half an optical cycle, which results in the generation of an attosecond pulse train with a

periodicity of half an optical cycle (Paul et al. 2001). Since straightforward attosecond

metrology usually prefers an IAP to an attosecond pulse train, it has stimulated much effort

to produce an IAP. One of the pioneer works is using a few-cycle driving pulse (Hentschel

et al. 2001; Kienberger et al. 2004; Goulielmakis et al. 2008). With this method, the

emission time of the highest harmonic can be confined within half an optical cycle where

the laser field reaches its maximum. This can lead to a supercontinuum at the cutoff and

then an IAP can be filtered out. However, the requirement of the few-cycle driving pulse

for the generation of IAPs is rather stringent: a few-cycle pulse with a stabilized CEP is

required. Therefore, some other methods, such as the polarization gating technique (Chang

2005; Sansone et al. 2006), two-color and multicolor driving fields (Pfeifer et al. 2006;

Lan et al. 2009; Takahashi et al. 2010, 2013; Lan et al. 2010; Haessler et al. 2014, 2015;

Li et al. 2017c), have been proposed. In particular, by using a mid-infrared (MIR) pulse in

combination of the above methods, the harmonic spectrum can be effectively extended,

even to the water window region [a spectral range between the K-absorption edges of

carbon (284 eV) and oxygen (543 eV)] (Takahashi et al. 2008), which has an important

application for imaging living specimens in biology.

Recently, the plasmonic field-enhanced HHG has attracted much attention. When a low-

intensity laser pulse from the femtosecond oscillator is directly focused onto a narrow

metallic nanostructure, the intensity of the incident field is boosted in the vicinity of the

nanostructure due to the surface plasmon resonances (Kim et al. 2008; Sivis et al. 2012;

Zhao et al. 2017; Liu et al. 2017b; Ke et al. 2017). The enhanced laser intensity easily

exceeds the threshold intensity for HHG in noble gases without extra cavities to amplify

the input laser power (Kim et al. 2008; Sivis et al. 2012; Kim et al. 2012; Park et al. 2011;

Sivis et al. 2013). Due to the strong confinement of the plasmonic hot spots, the enhanced

laser field is not spatially homogeneous in the region where the electron dynamics take

place. Consequently, it leads to important changes in the HHG process. By exploiting the

enhanced field based on surface plasmon resonances, Kim et al. (2008) first observed HHG

with bow-tie-shaped nanostructures. The harmonics with wavelengths from 47 nm (17th)

to 114 nm (7th) have been successfully produced. But it should be stressed here that the

outcomes of this experiment are controversial (Sivis et al. 2012; Kim et al. 2012). Using

nearly identical experimental conditions, Sivis et al. (2012) only observed line emission of

neutral and ionized gas atoms, instead of HHG. Fortunately, alternative approaches to

realize plasmonic field enhancement for HHG were explored by employing different kinds

of nanostructures (Park et al. 2011). Due to the spatial variation at a nanometer scale of the

enhanced laser field, HHG driven by the inhomogeneous field shows some different

characteristics (Luo et al. 2013; Yavuz et al. 2012; Ciappina et al. 2012; Pérez-Hernández
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et al. 2013; Shaaran et al. 2013; He et al. 2013), for example, the generation of even order

harmonics, the extension of the cutoff and the selection of a single quantum path. Recently,

it has been proposed to generate IAPs with the inhomogeneous field (Luo et al. 2013;

Yavuz et al. 2012).

In this paper, we propose to generate an ultrashort IAP in the water window region with

a multi-cycle inhomogeneous two-color field, which is synthesized by a near-infrared

(NIR) 800-nm fundamental pulse and a weaker 2000-nm (MIR) control field. Based on the

numerical solution of the time-dependent Schrödinger equation (TDSE) in one spatial

dimension (1D), we demonstrate that the harmonic spectrum generated in this two-color

field is extended to 620 eV, and a 233-eV supercontinuum (387–620 eV) spanning the

water window is straightforwardly produced. By superposing harmonics in the broadband

supercontinuum, a 40-as IAP is obtained in the water window region. Moreover, we have

also discussed the influences of the CEPs and the relative phase of the two incident laser

pulses on the generation of the IAP. The results show that broadband supercontinua

ranging from 543 to 620 eV can be produced for almost all the values of CEPs and relative

phases. Then IAPs with durations below 80 as can be created without the requirement of

the stabilization of both the CEPs and the relative phase.

2 Theoretical model

In our simulations, the harmonic spectrum is calculated by solving the 1D-TDSE, which

reads (atomic units are used throughout)

i
owðx; tÞ

ot
¼Hðx; tÞwðx; tÞ

¼ � 1

2

o2

ox2
þ VatomðxÞ þ Vlaserðx; tÞ

� �
wðx; tÞ:

ð1Þ

Here VatomðxÞ ¼ � 1ffiffiffiffiffiffiffiffi
x2þa

p is the soft-core potential. The soft core parameter a is chosen to

be 0.667 to match the ground ionization potential of the neon atom, which is 0.7925 a.u.

Vlaserðx; tÞ ¼ �Eðx; tÞx is the potential due to the laser-electron interaction. The inhomo-

geneous field is given by Yavuz et al. (2012), Pérez-Hernández et al. (2013)

Eðx; tÞ ¼ EtðtÞð1þ exÞ: ð2Þ

The parameter e determines the strength of the spatial inhomogeneity of the laser field. For

example, e ¼ 0:003 means the field intensity varies by 0.3% over 1 a.u. length. Such a

spatial inhomogeneity parameter can be easily accomplished by using the gold bow-tie-

shaped nanostructure (Ciappina et al. 2012; Pérez-Hernández et al. 2013).

In our simulations, the multi-cycle two-color field is synthesized by a 30-fs, 800-nm

(NIR) fundamental pulse and a 30-fs, 2000-nm (MIR) control pulse, which can be written

as

EtðtÞ ¼E0f ðtÞ cos x0 t � T

2

� �
þ /0

�� �

þ E1f ðtÞ cos x1 t � T

2

� �
þ /1 � D/

� �
:

ð3Þ
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Here E0, E1 and x0, x1 are the amplitudes and the frequencies of the fundamental pulse

and the control pulse, respectively. /0 and /1 are the CEPs of the fundamental pulse and

the control pulse, respectively. D/ is the relative phase between the fundamental pulse and

the control pulse. In experiments, the MIR control pulse can be generated from the white-

light continuum (WLC) seeded optical parametric amplifier (OPA) system. The CEPs of

the fundamental and control pulses obey the phase property of the WLC-seeded OPA, i.e.,

/1 ¼ /0 þ p
2
(Baltuška et al. 2002). f ðtÞ ¼ sin2ðpt

T
Þ is the pulse envelope. T ¼ 30T0, T0 is

the optical cycle of the 800-nm pulse.

We use the split-operator method to solve Eq. (1) (Feit et al. 1982). The neon atom is in

the initial state (ground state) before we turn on the laser. The ground state is obtained by

imaginary time propagation with the soft-core potential. Then time-dependent dipole

acceleration can be obtained by

aðtÞ ¼ d2 xh i
dt2

¼ � wðx; tÞh j Hðx; tÞ; Hðx; tÞ; x½ �½ � wðx; tÞj i: ð4Þ

By Fourier transforming the time-dependent dipole acceleration, we can get the harmonic

spectrum, which is given by

Iq ¼ aqðxÞ
�� ��2 ¼ 1

T

Z T

0

aðtÞe�iqwtdt

����
����
2

: ð5Þ

The attosecond pulse can be obtained by superposing several orders of harmonics,

IðtÞ ¼
X
q

aqe
iqwt

�����
�����
2

: ð6Þ

Here q corresponds to the harmonic order.

It is worth mentioning that a more accurate method to calculate the harmonic spectrum

should be solving the three-dimensional (3D) TDSE. However, in our simulations, the

incident laser is linearly polarized, the dynamics of the atomic electron are mainly along

the polarization direction of the laser field. It is reasonable to model the HHG process by

solving the 1D-TDSE. We have also calculated the harmonic spectrum by the 3D model.

We find that the harmonic spectrum obtained by the 1D model is in good agreement with

that obtained by the 3D model, but the harmonics intensities obtained by the 1D model are

slightly higher than that obtained by the 3D model. This is because the lateral spreading of

the electron wave packet is ignored in the 1D model. However, such a slight difference will

not change our conclusion.

3 Results and discussion

We first investigate the HHG process in a 30-fs, 800-nm (NIR) fundamental field. The

intensity I0 and CEP /0 of the laser pulse are 3:0� 1014 W=cm2
and 0, respectively. The

inhomogeneity parameter e is chosen to be 0.003. The electric field is shown in Fig. 1a.

Figure 1b, c are the calculated harmonic spectrum and the corresponding time-frequency

distribution. As can be seen in Fig. 1c, within per half an optical cycle, there are two

dominant branches with comparable intensity contributing to the harmonic emission,

which are called the short and long quantum paths. Owing to the interference of these
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quantum paths, the harmonic spectrum exhibits modulation structures in the plateau [see

Fig. 1b]. Moreover, one can also see that the energy difference between the highest and

second-highest radiation peaks, which determines the bandwidth of the harmonic contin-

uum, is virtually invisible. Therefore, one can barely obtain a supercontimuum in the

spectrum presented in Fig. 1b. By superposing the harmonics from 124 eV (80th) to

140 eV (90th) in the cutoff region, we can only obtain an attosecond pulse train rather than

an IAP, as shown in Fig. 1d.

To generate an IAP in the multi-cycle regime, we consider modulating the electron

dynamics by adding a 30-fs, 2000-nm (MIR) control pulse to the fundamental pulse. In our

scheme, the intensity of the control pulse is 20% of the fundamental pulse, i.e.,

6� 1013 W=cm2
. The CEPs /0, /1, and the relative phase D/ are set to be 0, 0:5p and

0:5p, respectively. The inhomogeneity parameter e is taken as 0.003. Figure 2a shows the

electric fields of the fundamental field (black dashed line), the control field (green solid

line), and the synthesized two-color field (red solid line). Figure 2b presents the harmonic

spectrum generated in the synthesized two-color field. One can clearly see that, due to the

addition of the 2000-nm control pulse, the cutoff of the harmonic spectrum is extended to

620 eV (400th harmonic) and a smooth supercontinuum with a bandwidth of 233 eV [from

387 eV (250th) to 620 eV (400th)] in the water window region is successfully produced.

For a deeper insight, we have performed the time-frequency analysis of the harmonic

spectrum. As shown in Fig. 2c, the harmonics above 233 eV (150th) are dominated by

three main emission peaks (marked as R1, R2, and R3) around t ¼ 10T0, 15T0, 20T0,

respectively. Among them, the maximum energy of the highest emission peak R2 reaches

620 eV (400th), corresponding to the harmonic cutoff in Fig. 2b. While for the emission

peaks R1 and R3, the maximum energies are only 387 eV (250th). Therefore, harmonics

from 387 eV (250th) to 620 eV (400th) become continuous, forming the broadband
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Fig. 1 (Color online) a The electric field of the 30-fs, 800-nm one-color field. b and c are the harmonic
spectrum and the corresponding time-frequency distribution in the multi-cycle one-color inhomogeneous
field with e ¼ 0:003. d The temporal profiles of attosecond pulses generated by synthesizing the harmonics
from 124 eV (80th) to 140 eV (90th)
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233-eV supercontinuum in the water window region. Besides, we find that for all the three

emission peaks, only short quantum paths survive. This is because the spatial inhomo-

geneity of the laser field can force the long quantum path to converge with the short one.

The flight time of the long quantum path is larger than that of the short one, the efficiency

of the long one is much lower (Yavuz et al. 2012; Ciappina et al. 2012), thus the modu-

lation in the supercontinuum is significantly reduced. Such a smoothly broadband super-

continuum can be used to generate an IAP in the water window region. Figure 2d shows the

IAP obtained by superposing the harmonics from 480 eV (310th) to 605 eV (390th), of

which the pulse duration is as short as 40 attosecond.

Next, we investigate the role of the inhomogeneity of the field with three different

inhomogeneity parameters. In our simulations, except for the inhomogeneity parameter,

other parameters are the same as that in Fig. 2. Figure 3a, b show the harmonic spectrum

and the corresponding time-frequency analysis with the inhomogeneity parameter e ¼ 0,

i.e., the case of homogeneous field. As can be seen from Fig. 3b, the maximum energy of

the highest radiation peak R2 is 23 eV higher than that of the second-highest radiation peak

R1. Thus a 23-eV (140th–155th) supercontinuum is generated as shown in Fig. 3a.

Moreover, due to the coexistence of short and long quantum paths, the supercontinuum

region exhibits modulations. Such a supercontinuum is difficult to produce an IAP with a

duration less than 100 as. While in the case of e ¼ 0:0015 [Figs. 3c, d], the harmonic cutoff

is obviously extended to 372 eV (240th) when compared with that [240 eV (155th)] in

Fig. 3b. This is because that in the spatially inhomogeneous field, the electric field

Eðx; tÞ ¼ EtðtÞð1þ exÞ varies with the distance x between the released electron and its

parent ion (x = 0 refers to the position for the parent ion). Thus the free electrons gain more

kinetic energies in the acceleration process and then give rise to the harmonic cutoff

extension (Yavuz et al. 2012). Moreover, in Fig. 3d, we can see that the maximum kinetic

0 5 10 15 20 25 30

Time (Optical cycle)

-0.2

-0.1

0

0.1

0.2

E
le

ct
ric

 fi
el

d 
(a

.u
)

800nm+2000nm
800nm
2000nm

5 10 15 20 25

Time (Optical cycle)

100

200

300

400

500

H
ar

m
on

ic
 o

rd
er

-100

-80

-60

-40

-20

0

150 200 250 300 350 400 450 500
Harmonic order

-20

-15

-10

-5

lo
g 10

[In
te

ns
ity

 (a
rb

.u
ni

ts
)]

14 14.5 15 15.5 16 16.5

Time (Optical cycle)

0

2

4

6

8

In
te

ns
ity

 (a
rb

.u
ni

ts
)

×10-6

(a)

(c)

250th-400th

150th

(b)

(d)
R2

R1
R3 40as

Fig. 2 (Color online) a The electric fields of the 30-fs, 800-nm fundamental pulse (black dashed line), 30-
fs, 2000-nm control pulse (green solid line) and the synthesized two-color field (red solid line). b and c are
the harmonic spectrum and the corresponding time-frequency distribution in the multi-cycle two-color
inhomogeneous field with e ¼ 0:003. d The temporal profile of the IAP generated by synthesizing the
harmonics from 480 eV (310th) to 605 eV (390th) in the supercontinuum
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energy of the highest radiation peak R2 is 372 eV (240th), while that of the second-highest

radiation peak R1 is 310 eV (200th).

Therefore, a supercontinuum with the bandwidth of 62 eV (200th–240th) is generated

as shown in Fig. 3c. As the e increased to 0.0025, the maximum kinetic energy of the

highest radiation peak R2 is further extended to 543 eV (350th), which is 217 eV higher

than that [326 eV (210th)] of the second-highest peak R1 or R3 (Fig. 3f). Therefore, a

broadband supercontinuum in the region from 326 eV (210th) to 543 eV (350th) is gen-

erated as shown in Fig. 3e.

In the following, we investigate the CEPs dependence of the IAP generation in the

multi-cycle inhomogeneous two-color field. In our simulations, the CEP /0 of the 800-nm

pulse changes from 0 to 2p, in the meantime, the CEP of the 2000-nm pulse /1 is

/0 þ 0:5p. Except for /0 and /1, other parameters are the same as that in Fig. 2. In Fig. 4a,

we show the CEPs-dependent harmonic spectra in the multi-cycle inhomogeneous two-

color field. It is worth mentioning that in a homogeneous field, because of the inversion

symmetry, the harmonic spectra of /0 ¼ 0 and /0 ¼ p are exactly the same.

However, in inhomogeneous field, the inversion symmetry is broken and the harmonic

spectra of /0 ¼ 0 and /0 ¼ p are different (Yavuz et al. 2012). The spectral profiles and

cutoff positions are different when /0 changes from 0 to 2p (see in Fig. 4a). Even so, we

find that supercontinua with the spectral ranges from 543 eV (350th) to 620 eV (400th) can

still be generated for all the values of /0. We further investigate the CEPs effect on the IAP
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parameters are the same as that in Fig. 2
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generation by superposing the harmonics from 543 eV (350th) to 620 eV (400th). As

shown in Fig. 4b, the IAPs can be obtained for all the values of /0. In Fig. 4c, we show that

the temporal profiles of IAPs in the cases of /0 ¼ 0, 0:4p, 0:8p, 1:2p, 1:6p, 2:0p. It is
shown that the IAPs below 80 as can be obtained.

Finally, we investigate the effect of the relative phase on the generation of the IAP. In

our simulations, the relative phase D/ changes from 0 to 2p, other parameters are the same

as that in Fig. 2. Figure 5a shows the relative phase dependence of harmonic spectrum. One

can clearly see that the harmonic spectra show a sensitive dependence on D/. The cutoff

position changes as D/ varies from 0 to 2p. But the supercontinua ranging from 543 eV

(350th) to 620 eV (400th) can still be obtained in a broad range of relative phases. The

relative phase dependence of the IAP generated by superposing the broadband supercon-

tinuum from 543 eV (350th) to 620 eV (400th) is presented in Fig. 5b. One can see that,

Fig. 4 (Color online) a The CEPs dependence of the generated harmonic spectrum in the multi-cycle two-
color inhomogeneous field. The color bar shows the harmonic spectrum in a logarithmic scale. b The CEPs
dependence of the IAP generated by synthesizing the harmonics from 543 eV (350th) to 620 eV (400th). c
Temporal profiles of the IAPs with different CEPs (0p, 0:4p, 0:8p, 1:2p, 1:6p, 2:0p ). In our simulations,
except for /0 and /1, other parameters are the same as that in Fig. 2
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IAPs can be obtained for almost all the values of D/ from 0 to 2p, except the range from
0:7p to 0:88p where the satellite attosecond pulses are generated around 18T0 to 18:5T0
with intensities less than 20% of that of the main attosecond pulses. Moveover, for D/
around 0p (2p), the satellite attosecond pulses can be seen around 12T0. The intensities of

the satellite attosecond pulses are about 10% of the main attosecond pulses around 17T0.

They can be negligible when compared to the main ones (Takahashi et al. 2013). In

Fig. 5c, we show the temporal profiles of the IAPs with Du ¼ 0; 0:4p, 0:8p, 1:2p, 1:6p,
2:0p. It is shown that the IAPs approaching to 50 as can be generated.

Fig. 5 (Color online) a The relative phase dependence of the generated harmonic spectrum in the multi-
cycle two-color inhomogeneous field. The color bar shows the harmonic spectrum in a logarithmic scale. b
The relative phase dependence of the IAP generated by synthesizing the harmonics from 543 eV (350th) to
620 eV (400th). c Temporal profiles of the IAPs with different relative phases (0p, 0:4p, 0:8p, 1:2p, 1:6p,
2:0p). In our simulations, except for D/, other parameters are the same as that in Fig. 2
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4 Conclusion

In conclusion, we propose a temporally and spatially shaped multi-cycle two-color field to

produce IAPs in the water window region. The synthesized multi-cycle two-color field

consists of a 30-fs, 800-nm (NIR) fundamental pulse and a 30-fs 2000-nm (MIR) control

pulse. By using this two-color synthesis, the electron dynamics can be effectively con-

trolled. Then a supercontinuum with the bandwidth of 233 eV (387–620 eV) is generated.

Such a broadband supercontinuum can be successfully used to generate an isolated 40-as

attosecond pulse. By enhancing the spatial inhomogeneity, the harmonic cutoff is extended

to higher harmonics and the supercontinuum is broadened, which benefit the generation of

the ultrashort IAPs. Moreover, the influence of the CEPs and the relative phase on the

generation of IAPs has also been investigated. It shows that the broadband supercontinua

with the bandwidths from 543 to 620 eV and IAPs with durations less than 80 as can be

produced for almost all the values of CEPs and relative phases. Our two-color scheme is

helpful to relax the requirement of CEP stabilization of the laser for the generation of IAP

in the single-shot experiment. It must be emphasized that for HHG in inhomogeneous

fields, the macroscopic propagation is insignificant due to the small propagation length in

the nanostructure (Kim et al. 2008; Park et al. 2011; Sivis et al. 2013; Shaaran et al. 2013).

The small volume of the nanostructure may limit the intensities of the emitted harmonics in

our scheme.
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