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Abstract: Recent experiments on strong-field sequential double ionization (SDI) have reported
several observations which are regarded as evidence of electron correlation, querying the va-
lidity of the standard independent electron approximation for SDI. Here we theoretically study
SDI with a classical ensemble model. The experimental results are well reproduced with this
model. Back tracing of the ionization process shows that these results are ascribed to the sub-
cycle ionization dynamics of the two electrons, not the evidences of the electron correlation in
SDI. Thus, the previously reported observations are not enough to claim the breakdown of the
independent electron approximation in SDI.
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1. Introduction

Strong-field double ionization is a fundamental process in intense laser-matter interaction [1–8]
and has attracted intensive attention during the past decades [9–12]. Generally, strong-field dou-
ble ionization occurs through two different pathways, sequential double ionization (SDI) and
nonsequential double ionization (NSDI). In NSDI, the first tunneling ionized electron returns
back to the parent ion when the electric field of the laser changes its direction, and kicks out the
second electron through an inelastic recollision [13]. Because of this recollision, the electron
pairs reveal a highly correlated behavior [14, 15]. The particular interest in strong-field dou-
ble ionization is the dynamics of this type of electron correlation. Nowadays, the microscopic
dynamics of the correlated electrons in NSDI has been profoundly understood with the state-of-
art experimental techniques and theoretical methods [16–25]. In the elliptically polarized laser
pulses, recollision is strongly suppressed and thus double ionization is dominated by SDI where
the two electrons are ionized one after the other by the laser field. Recently, SDI by the elliptical
laser pulses has also attracted much attention because it could provide much information about
the tunneling ionization of two electrons [26–29]. In SDI it was widely accepted that electron
correlation had no effect on the ionization of the two electrons and they could be treated in-
dependently. However, this independent electron approximation has been questioned by recent
experiments. For example, in a pump-probe experiment, a clear angular correlation between
the two electrons in SDI was observed [30]. While this correlation has been interpreted as the
dynamics of the hole left by the ionization of the first electron [30, 31], two other phenomena
reported in the attoclock experiment are much more confusing [32]. In that experiment, it was
observed that the ratio of the parallel and antiparallel emissions of the two electrons in SDI by
the elliptical laser pulses shows an oscillating behavior as a function of the laser intensity. This is
in contrast with the independent electron approximation which predicts a ratio of unity, indepen-
dent of the laser intensity. We mention that this oscillating behavior has been observed in recent
numerical studies with classical ensemble models but no explanation was proposed [33,34]. An-
other observation is the shapes of the differential momentum spectrum of the two electrons in
the direction of the minor polarization axis of the laser field. The experimental results show that
the distributions exhibit different shapes for the parallel and antiparallel emission events [32],
in contrast to the prediction of the independent electron approximation which predicts the same
shape for the parallel and antiparallel events. These two results, though very faint, shocked peo-
ple’s understanding on SDI. It was speculated that the independent electron approximation for
SDI might break down and the electron correlation should be taken into account [32]. However,
this speculation has not been confirmed. Are the above phenomena really the effects of electron
correlation, and to what extent the SDI dynamics is affected by electron correlation?

In this paper, we theoretically studied SDI by elliptical laser pulses with a classical ensemble
model. The experimental results were well reproduced by this classical model. We explored the
responsible dynamics for these results by back tracing the classical trajectories. It was shown
that both results, which have been regarded as the effects of electron correlation, are ascribed
to the subcycle nature of the ionization dynamics in SDI by elliptical laser pulses. Neglecting
the electron correlation could well explain the experimental results and thus they are not strong
enough to claim the breakdown of the independent electron approximation in SDI.
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2. Numerical method

The difficulty in identifying the physical origin of the subtle effects in SDI is the lacking of accu-
rate theoretical model. The most accurate model for SDI is numerically solving the two-electron
time-dependent Schrödinger equation [35–37]. However, its numerical demand is extremely
huge and at present it has only been applied to double ionization by the linearly polarized laser
pulses. Extending it to the elliptical laser pulses seems impossible in the near feature. Instead,
classical methods have been widely used to study the double and multiple ionizations in strong
laser fields [22–24]. It has been demonstrated that the classical models are very successful not
only in explaining the experimental data [22,23] but also in predicting new phenomena [21,38].
Recently, we have developed a classical ensemble model which is very accurate and efficient
in studying SDI [34]. For example, the experimentally measured ionization times of the two
electrons in SDI by the elliptical laser pulses, for which the standard tunneling model failed,
were well reproduced by our classical model [34]. With this model, we also predicted the multi-
ple ionization bursts in SDI by the elliptical pulses [39, 40] and it was experimentally observed
soon [41]. Here, we employ this classical ensemble model to dissect the experimentally ob-
served features of electron correlation in SDI. In this model, the double ionization process is
governed by the classical equation of motion [34] (atomic units are used throughout unless
stated otherwise),

dri
dt
=
∂H
∂pi

,
dpi

dt
= − ∂H
∂ri
, (1)

where

H =
1

|r1 − r2 | +
∑

i=1,2

[− 2
ri
+

p2
i

2
+ VH(ri , pi)] + [r1 + r2] • E(t) (2)

is the Hamiltonian of the two-electron system in the presence of the laser field E(t). ri and pi

are the position and canonical momentum of the ith electron, respectively. The electric field is
written as

E(t) = f (t)[
1√
ε2 + 1

cos(ωt + ϕ)x̂ +
ε√
ε2 + 1

sin(ωt + ϕ)ŷ], (3)

where ω, ε and ϕ are the laser frequency, the ellipticity and carrier-envelope phase (CEP), re-
spectively. f (t)=E0cos( πt

NT0
)2 is the field envelope (T0 is the laser period and N indicates num-

ber of laser cycles). VH (ri , pi ) is the Heisenberg-core potential, which is expressed as [34],

VH (ri , pi ) =
ξ2

4αr2
i

exp{α[1 − (
ripi
ξ

)4]}. (4)

The parameter α indicates the rigidity of the Heisenberg core and is chosen to be 2 in this paper.
For a given α, the parameter ξ is chosen to match the second ionization potential of the target.
Here we set ξ=1.225 for target Ar [34].

To obtain the initial state, the two electrons were firstly placed at the classical allowed region
and the available kinetic energy was distributed between the two electrons randomly in phase
space. Then the system was evolved at the absence of the laser field for a sufficiently long
time to obtain a stable distribution in the phase space [34]. After the initial state was obtained,
the evolution of the system was governed by Eq. (1). When the laser field was turned off, we
collected the double ionization events, where double ionization is defined if the final energies
of both electrons are positive. In our calculations, the ellipticity of laser pulses is ε = 0.75 so
that recollision is strongly suppressed and all of the double ionizations are SDI.

3. Results and discussions

We first show the momentum distributions of the doubly charged ion in Fig.1. Figure 1(a) dis-
plays the ion momentum distribution in the laser polarized plane, where the laser intensity is 1.5
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Fig. 1. (a) Momentum distribution of the doubly charged ion in the laser polarization plane.
The laser intensity, ellipticity, and pulse duration are 1.5 PW/cm2, ε = 0.75, and N=6,
respectively. The CEP is randomly chosen for each trajectory. (b) The same as (a) but with
the laser focal volume assuming a Gaussian beam profile taken into accounts. (c) (d) The
same as (a) and (b), respectively, but with the laser intensity of 3.0 PW/cm2. (e) Momentum
distribution of the ion along the minor axis of the laser polarization plane as a function of
the laser intensity, where the laser focal volume effect has been considered. The ensemble
sizes are chosen so that more than 104 SDI events are collected at each laser intensity.

PW/cm2 and the pulse duration N=6. The CEP is randomly set for each atom in the ensemble.
Technically, the CEP for each atom in the ensemble was generated by a random number between
0 and 2π. This corresponds to a CEP-unlocked experiment. In Fig. 1(b) the laser parameters are
the same as Fig. 1(a) but with the laser focal volume effect taken into account [42]. It was seen
that the distributions exhibit a three-peak structure along the minor axis of the laser polarization
plane. Figure 1(c) shows the distribution for a higher intensity of 3.0 PW/cm2. The distribu-
tion exhibits a four-peak structure at this laser intensity. When the laser focal volume effect is
considered, the inner two peaks are almost unresolvable and the spectrum shows a three-peak
structure, as shown in Fig. 1(d). The three-peak and four-peak structures are consistent with
the previous experimental data [27, 32] and have been well understood. The outer and inner
peaks correspond to the two electrons emitted into the same and opposite hemispheres, respec-
tively [27]. At low laser intensities, both electrons ionized around the peak of the laser pulses
and thus the magnitude of the two electrons’ final momentum are almost the same. Therefore,
the ion for the antiparallel emission SDI achieved nearly zero final momentum, resulting in the
three-peak structure [34]. Figure 1(e) shows the evolution of this peak structure as a function of
laser intensity. The spectrum always exhibits a three-peak structure when the laser focal volume
effect was taken into account.
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Fig. 2. The ratio of the parallel and antiparallel emission SDI events as a function of the
laser intensity. The pulse parameters are the same as those in Fig. 1. The CEP are randomly
chosen for each trajectory in the ensemble.

To gain deeper insights into the SDI process, in Fig. 2 we show the ratio of the parallel
and antiparallel SDI events as a function of the laser intensity. In the previous experiment,
it was shown that the ratio oscillated with laser intensity [32]. The oscillating behavior from
our calculations in Fig. 2 is also obvious. We mention that this oscillating behavior does not
result from the statistic uncertainty of our calculations, which has been confirmed by enlarging
the ensemble size. It was expected that the emission direction of the second electron did not
depend on the emission direction of the first electron if there was no correlation between the two
electrons. Thus the ratio of parallel and antiparallel emission should be unity and independent of
the laser intensity within the independent electron approximation [32]. The observed oscillation
naturally leads to the speculation of the breakdown of the independent electron approximation
in SDI [32]. As we will show below, this speculation is questionable.

The parallel and antiparallel emissions in SDI depend on the time delay between the ioniza-
tion of the two electrons. In Fig. 3 we show the ionization time distributions of the two electrons.
Here, the ionization time is defined as the instant when the electron achieves positive energy and
it is obtained by back tracing the SDI trajectories. In the elliptical laser pulses, the ionization
picture of SDI is that there is a subcycle ionization burst during each half cycle when the tran-
sient laser electric field vector points along the major axis of the laser polarization plane. Thus,
during the laser pulses there are several subcycle ionization bursts for each electron, as shown
in Figs. 3(a)-3(c). We mention that these subcycle ionization bursts have been observed very
recently [41]. In Figs. 3(d)-3(f) we show the ionization time distributions of the first electron
versus the second electron. A time delay of even half cycles results in the parallel emissions.
The population indicated by the red solid boxes corresponds to this type of emissions. The pop-
ulation indicated by the gray dashed boxes corresponds to the time delay of odd half cycles and
leads to the antiparallel emission SDI events. It is easy to expect that the subcycle ionization
bursts of the two electrons vary with laser intensity [comparing Figs. 3(a)-3(c)], and thus the
distribution of the time delay changes with laser intensity, as shown in Fig. 4. This explains the
oscillating behavior in Fig.2.

The analysis above indicates that the oscillation can be understood as the subcycle nature of
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Fig. 3. (a)-(c) Ionization time distributions for the first (the red lines) and the second elec-
trons (the black lines). The laser intensities in (a)-(c) are 1.0 PW/cm2, 2.0 PW/cm2, and
3.5 PW/cm2, respectively. The blue lines indicate the magnitude of the electric field of
the laser pulses. The yellow squares and the green circles present the ionization time dis-
tributions from the calculations where electron correlation is excluded during SDI (see text
for details). (b)-(d) The ionization time distributions of the first electron versus the second
electron for the SDI events in (a)-(c) respectively. The CEP of the pulses are set to be zero.
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Fig. 4. The time delay between the ionization of the first and the second electrons. The laser
parameters are the same as those in Fig. 3

the ionization in SDI. Very recently, with a semiclassical monte carlo method where the elec-
tron correlation is completely excluded, it has been demonstrated that the subcycle ionization
bursts sensitively depend on the laser parameters, such as pulse envelope, duration, chirp, in-
tensity [43]. Changing these laser parameters (the laser intensity in our case) will significantly
affects the subcyle ionization bursts [43] and thus could result in the laser-parameter-dependent
ratio of parallel and antiparallel emissions. It implies that the electron-correlations is not neces-
sary for the experimentally observed oscillating behavior. Of course, one could expected that the
electron correlation could also affect the subcyle ionization bursts [32]. The uncertainty of the
parameters in experiment makes it impossible to have a quantitative comparison of the numeri-
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Fig. 5. (a) The differential electron momentum distribution. The x̂-axis and ŷ-axis represent
the momenta of the first and second electrons along the minor axis of the laser polariza-
tion plane. Here, the two electrons are not distinguished. (b) The differential momentum
distribution for the “noncoincidence" data (see text for details) where the shapes of the
distributions for the parallel and antiparallel emission SDI events are the same. (c) the dif-
ference between (a) and (b), obtained by subtracting (b) and the CEP is randomly set for
each trajectory. The focal volume effect has been taken into account.

cal and experimental data. Thus, it is difficult to identify to what extent the oscillation is from
the electron correlation and to what extent it is a consequence of the laser-parameter-dependent
subcycle ionization dynamics. Nevertheless, in our classical simulations, we can check the role
of electron correlation by artificially turned off the electron-electron interaction. This is done
by permitting only one electron to be active during the ionization of Ar. After the first electron
is ionized, the second electron is allowed to become active, and subject to removal from Ar+.
In this way the electron correlation is excluded during SDI. The ionization time distributions
of the two electrons in these calculations are presented in Figs. 3(a)-3(c) (the yellow squares
and green circles). It is shown that the distributions are almost the same as these from the cal-
culations where the electron interaction is included. This indicates that in our classical model
electron correlation plays a negligible role in the oscillating ratio of parallel and antiparallel
emissions.

In the previous experiment [32], another evidence of electron correlation was expressed in
the differential electron momentum distribution along the minor axis of the laser polarization
plane. It was expected that the shape of the distribution should be the same for the parallel and
antiparallel emission SDI events if the two electrons are independent. However, the experiment
observed subtle difference in the shapes of the distributions for the parallel and antiparallel emis-
sions [32]. In Fig. 5(a) we show the differential momentum distribution from our calculations.
The distribution is symmetric about the diagonal because we did not distinguish the first and
the second electrons here. The difference of the distributions for the parallel (the first and third
quadrants) and antiparallel (the second and fourth quadrants) emissions is visible in our numer-
ical results. To see this difference more clearly, we first generated a set of data by exchanging
the distributions in the first (third) and second (fourth) quadrants, and then added this set of
new data to Fig. 5(a), which yields the same shape of the distributions in the first (third) and
second (fourth) quadrants, as shown in Fig. 5(b). The difference for the parallel and antiparallel
emission events is now more clearly seen by subtracting Fig. 5(b) from Fig. 5(a), as shown in
Fig. 5(c). This difference could also be explained within the independent electron approxima-
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tion by considering the subcycle ionization bursts as demonstrated above. In the elliptical laser
fields, electron’s momentum is related to the ionization time. The momentum difference of the
two electrons depends on the time delay between the ionizations. For the parallel and antiparal-
lel emission SDI events, the ionization time delay and thus the difference in the two electrons’
final momenta are different, resulting in the slightly different shapes in the differential electron
momentum distributions, as displayed in Figs. 5(a) and 5(c).

4. Conclusion

In summary, we revisited the experimental features of electron correlation in SDI. We show
that the experimentally observed oscillating behavior in the ratio of parallel and antiparallel
emissions, and the difference in the shapes of the differential electron momentum distributions
for the parallel and antiparallel emission SDI events, could be well explained as the subcycle
ionization bursts in SDI. This subcycle ionization dynamics is very sensitive to the laser param-
eters [41,43], . Moreover, our calculations based on the classical model shown that the electron
correlation plays a negligible role in the subcycle ionization dynamics in SDI. Thus, the laser-
parameter-dependent subcycle nature of the ionization dynamics alone can explain these fea-
tures, without resorting to the arguments based on the electron-electron correlation. Therefore,
these features are not enough to claim the breakdown of the independent electron approximation
in SDI. Admittedly, the electron correlation can not be exclusively ruled out in SDI based on
the existing experimental data. It requires more accurate experiments as well as more elaborate
theoretical methods to identify how well the independent electron approximation works in SDI.
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