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Abstract: We investigate the optical exceptional points (EPs) in the graphene incorporated 
multilayer metamaterial manifesting Fano resonance. The system is non-Hermitian and 
possesses EPs where both the eigenvalues and eigenvectors of the Hamiltonian coalesce. In 
the aid of Fano resonance, the reflection may reach minimum approaching to zero, resulting 
in the degeneration of both eigenvalues and eigenvectors and thus the emergence of EPs. The 
transmission and reflection of light through the metamaterial change sharply by varying 
slightly the incident wavelength and chemical potential of graphene in the parameter space 
when encircling the EPs. In addition, the unidirectional invisibility can be achieved at EPs. 
The study paves a way to precisely controlling the transmission and reflection through 
metamaterials and may find applications in optoelectronic switches, modulators, absorbers, 
and optical sensors. 
© 2017 Optical Society of America 
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1. Introduction 

In an open quantum system with parity-time symmetry, the Hamiltonian is non-Hermitian but 
possesses purely real eigenvalues. Once the parity-time (PT) symmetry is broken, the 
eigenvalues are no longer real and become complex. Subsequently, the eigenvalues and 
eigenfunctions of the Hamiltonian coalesce and the exceptional points (EPs) may emerge. 
Therefore EPs are also known as PT symmetry breaking points. EPs have been theoretically 
proposed and experimentally demonstrated in PT systems composed of gain and loss media 
[1–4]. In fact, the formation of EPs requires only non-Hermiticity and the PT symmetry is not 
necessary [5]. Due to the degeneracy of eigenvalues and eigenvectors at EPs, the 
unidirectional zero reflection should happen. The unique characteristic can be applied in turn 
to find EPs [4, 6]. Another interesting feature of EPs lies in its topological property. The 
topological structure of EPs has been intensively investigated in microwave cavities [7], 
waveguides [8], and exciton-polariton billiards [9]. For example, Dembowski et al. have 
observed experimentally the topological structure of EPs in microwave cavities [7], where 
anti-crossing (crossing) of the real and imaginary parts of eigenvalues is presented and the 
eigenvalues and eigenvectors are interchanged from one state to another while encircling an 
EP. 

So far EPs have been observed in a diversity of structures such as metallic films [3], 
metallic gratings [10], and microwave billiards [11]. Of which EPs are realized by tuning the 
real and imaginary parts of dielectric constant or structural parameters. The lossy 
metamaterials are non-Hermitian and can also be utilized to yield EPs [4]. Recently, graphene 
has been widely employed into metamaterials to realize many unique optoelectronic 
functionalities [12–14]. Graphene is lossy due to the limited relaxation time of electrons. As a 
result, the graphene incorporated metamaterials can constitute a non-Hermitian system. On 
the other hand, a convenient approach to realizing EPs is to find the zero reflection points, 
which can be implemented by using Fano resonance. Fano resonance is generated when a 
narrowband discrete state interferes with a broadband continuum. In view of photons, Fano 
resonance is caused when photons take different paths caused by the interference, leading to a 
photon trapping in continuum. The photon trapping annihilates the reflection on one side of 
the system [15], resulting in unidirectional zero reflection and the realization of EPs. 
Consequently, Fano resonance can be applied to graphene metamaterials to realize EPs by 
employing the highly tunable property of graphene. By adjusting the conductance of 
graphene, the peak position and values of the Fano-type reflection can be altered. 

In this work, by employing the unique tunability of graphene [16–20] and the merits of 
Fano resonance [21–25], we exploit the EPs in graphene metamaterials under Fano resonance. 
The structure is a hybrid metamaterial employing double-layer metallic grating structure and 
single-layer graphene nanoribbons. Instead of changing the dielectric constant or structural 
parameters of the system, the chemical potential of graphene is tuned to adjust the valleys of 
Fano-type reflection. Furthermore, the topological structure of the EP is explored while 
encircling the EP in parameter space. The EPs associated with Fano resonance show 
unidirectional reflections and the resonance wavelength change with the optical parameters, 
which may find applications in optical sensors and environment detection [26]. 

2. Fano resonance and EPs in graphene metamaterials 

The metamaterial structure considered to realize EPs is shown in Fig. 1. The structure consists 
of double layers of silver grating and a single layer of graphene ribbons. The heights of upper 
and bottom silver strips are h1 = 220 nm, h2 = 155 nm, respectively. The thickness of the 
spacer between them is h0 = 350 nm. The period of the Ag strips are uniformly set as d = 675 
nm, and the width is wm1 = 600 nm, wm2 = 525 nm. The graphene ribbons have a width of wg 
= 75 nm, which are embedded at the bottom of upper grating grooves. The refractive index of 
the spacer between the two gratings is given by nd = 1.78 [27]. The refractive index of silver 
is obtained from experimental data [28]. The dielectric constant of graphene is εg(ω) = 1 + 
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iσg(ω)/ε0ωΔ [29], where Δ = 1 nm is the equivalent thickness of graphene and ε0 is the 
permittivity in vacuum. The surface conductivity of graphene σg is governed by the Kubo 
formula [30–33], which includes the interband and intraband transition contributions, that is 
σg = σintra + σinter. As ħω < 2μc, the intraband transition dominates and the surface conductivity 
can simplify to a Drude-like formula as σg = ie2μc/πħ

2(ω + iτ−1) with e being the electron 
charge, μc the chemical potential, and τ the momentum relaxation time. Here the momentum 
relaxation time is decided by τ = μμc/eVF

2, while μ is the DC carrier mobility, VF is the Fermi 
velocity of electron. The temperature is 300 K and the Fermi velocity is 108 cm/s. The 
mobility is chosen as 10 000 cm2V−1s−1, which is in accordance with the experimental results 
[30]. It’s worth noting that the surface conductivity σg will be affected by its adjacent 
materials. When applying electric field to graphene, the influence of adjacent materials on the 
chemical potential and surface conductivity can be compensated. The electric field can be 
applied by utilizing the upper metal grating as the front-gate and the spacer as the back. The 
electric field should influence the carrier density and hence change the chemical potential. 

 

Fig. 1. Schematic of the Ag-graphene hybrid structure. The graphene nanoribbons are 
deposited on the slits of the upper Ag strips. The structural parameters are: h1 = 220 nm, h0 = 
350 nm, h2 = 155 nm, wg = 75 nm, wm1 = 600 nm, wm2 = 525 nm and d = 675 nm. Inset is the 
cross section of the design. The structure is excited by TM-polarized incident light with the 
magnetic field parallel to the grating. 

For the structure shown in Fig. 1, the amplitudes of incident and scattered waves can be 
connected by the scattering matrix in the form 

 1 2 1 2

2 1 2 1

,
b a t r a

S
b a r t a

      
= =      

      
 (1) 

where a1 and a2 are amplitudes of incoming waves from positive and negative directions, and 
b1 and b2 are amplitudes of outgoing wave from negative and positive directions, respectively, 
as shown in the inset of Fig. 1. The equation is analogous to the time-independent 
Schrodinger equation with S having the equal status of the Hamiltonian. For simplicity, we do 
not consider the influence of the substrate beneath the metamaterial. Since then the system is 
reciprocal and the transmission coefficients on both sides are the same and represented by t. 
However, the reflection coefficients at different sides should be different and are denoted by 
r1 and r2, respectively. Note that the coefficients r1, r2, and t are all complex values since the 
loss of metal and graphene in the structure. If the system is lossless, the reflection and 
transmission coefficients are all real numbers, thus no EPs can be realized. The eigenvalues of 
Eq. (1) are s1,2 = t ± (r1r2)

1/2, and the corresponding eigenvectors are (r1
1/2, ± r2

1/2). Based on 
the fact that eigenvalues and eigenvectors coalesce at EPs, the EPs are therefore located at 
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(r1r2)
1/2 = 0. As a result, EPs appear when either r1 or r2 is zero. The reflection coefficients at 

the two sides of the metamaterial can be written as r1,2 = |r1,2|exp(iφ1,2), where φ1 and φ2 are 
the reflection phases corresponding to reflection coefficients r1 and r2. Then we have the 
reflections R1,2 = |r1,2|

2. The condition for realizing EPs becomes making R1 or R2 be zero. As 
R1R2 = 0, the related reflection phase φ1 or φ2 has to experience a dislocation, which is a 
unique property of EPs. The zero reflection and phase dislocation can be unitized to seek out 
EPs in turn. Since it is difficult to make both R1 and R2 be zero simultaneously, the structure 
designed in Fig. 1 is asymmetric on the top and bottom. Additionally, such an asymmetric 
configuration supports two EPs that may expand the application of the structure. In 
experiment, the large-area graphene film could be first grown using an optimized liquid 
precursor chemical vapor deposition method. The nanostructure could be made by electron-
beam lithography and a lift-off process [22,34]. The difficulty to realize the Fano resonance in 
our structure is to growth graphene of high quality such that the graphene nanoribbons can 
exhibit prominent resonance when light impinges on them. 

 

Fig. 2. (a) Transmission for the graphene ribbon arrays suspended in air (the red curve), 
metallic structure without graphene (the blue curve), and the hybrid structure (the green curve). 
All parameters are the same as they presented in the hybrid structure. (b) Reflection spectra of 
the hybrid structure. The chemical potential of graphene is 0.479 eV. 

We now focus on the transmission and reflection properties of the metamaterial. The 
green curve in Fig. 2(a) shows the transmission spectrum of the hybrid metamaterial with 
both metal gratings and graphene for μc = 0.479 eV. The calculation is performed by using the 
rigorous coupled wave analysis (RCWA) method [31], which is repeatedly validated in 
resolving grating problems accurately. There is obviously a sharp drop at λ = 5.346 μm, 
which is exactly the Fano resonance generated by the interaction between the surface plasmon 
resonance mode of graphene and the waveguide-resonance mode induced by the current 
densities flowing parallel to the slits walls of metals [32]. Since the proposed metamaterial is 
asymmetric in the z direction, the reflections R1 and R2 for light impinging from the top and 
bottom should be different. Figure 2(b) shows the reflection spectra of the hybrid 
metamaterial with both metals and graphene, from which we can see clearly that the 
reflections R1 and R2 are not identical. Both the spectra R1 and R2 have two valleys with one 
nearly approaching to zero. The near zero points are evidently caused by the Fano resonance, 
which influence both the transmission and reflection spectra. The EPs should locate at the 
valleys due to the zero reflection and can be confirmed by tuning the wavelength of incident 
wave and chemical potential of graphene. In terms of the scaling law, the structure can also 
operate at larger wavelength by enlarging the geometric parameters. For shorter wavelength, 
the interband transition may occur and graphene may not support surface plasmons. 

Next we show how to find the EPs. Figure 3(a) plots the reflection spectra R1 as a function 
of the incident wavelength and graphene chemical potential. A nadir can be observed at μc = 
0.428 eV and λ = 5.346 μm. The reflection arrives at R1 = 4.6 × 10−7 which is fairly equal to 
zero within the calculation accuracy. Moreover, as shown in Fig. 3(b), the dislocation of 
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phase φ1 around the nadir point implies that a sharp change of the phase in the vicinity of the 
EP as the wavelength and chemical potential undergoes a slight variation. In case the light is 
impinging from the bottom, the reflection spectra R2 as a function of the wavelength and 
chemical potential is shown in Fig. 3(c). A nadir at μc = 0.479 eV and λ = 5.53 μm is also 
found, where reflection R2 equals 2.75 × 10−7 in our calculation. And the phase dislocation of 
φ2 (Fig. 3(d)) at the nadir point indicates another EP. Thus two EPs are identified at different 
incident wavelength and chemical potential of graphene, denoted by μc1,2 and λ1,2. It is worth 
noting that the relaxation time τ ranges between 0.4 ps and 0.5 ps when chemical potential μc 
is calculated from 0.4 eV to 0.5 eV since the mobility is chosen as 10 000 cm2V−1s−1. This 
scope of relaxation time is in accordance with simulation [34–36] and has been 
experimentally realized [37]. We have also investigated the influence of the mobility on EPs. 
In our calculation, as the mobility decreases to 7000 cm2V−1s−1, that is τ decreases to range 
between 0.28 ps and 0.35 ps as μc still being from 0.4 eV to 0.5 eV, the EPs can still be 
observed. The positions of two EPs keep unchanged by comparing with the case of mobility μ 
= 10 000 cm2V−1s−1. The reason lies in the fact that the relaxation time or mobility can only 
influence the Q-factor rather than the wavelength of the resonance. In fact, the mobility of 
graphene used in our work is in accordance with the experimental result [30]. Although the 
substrate will reduce a lot the mobility, it is possible to fabricate a spacer film between 
graphene and the substrate. For example, Bolotin et al. have experimentally demonstrated that 
the mobility can reach 60 000 cm2V−1s−1 for graphene on boron nitride [38]. The spacer film 
of BN is supposed to restrain the reduction of mobility. 

 

Fig. 3. (a) Reflection spectra R1 and (c) reflection spectra R2 as a function of the incident 
wavelength λ and chemical potential of graphene μc. (b) and (d) show the reflection phase φ1 
and φ2. The black arrows point to the positions of EPs. 

In addition, the position of EPs can be shifted by changing all the parameters concerned. 
When the chemical potential of graphene at EPs increases, the resonance peak of graphene 
ribbon will undergo a blue shift. To guarantee the Fano resonance, the height of the metallic 
strips should decrease. On the contrary, the height should increase. For example, when the 
height becomes h1 = 240 nm and h2 = 165 nm, the EPs can be observed at μc = 0.419 eV, λ = 
5.458 μm and μc = 0.46 eV, λ = 5.64 μm, respectively. It should be mentioned that the 
chemical potential cannot be lower than 0.2 eV because at which the relaxation time is lower 
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than 0.2 ps [39–41]. The lower relaxation time will be detrimental to the surface plasmon 
resonance of graphene ribbons. 

3. Topological structure of EPs 

To further verify the EPs, the topological structure has also been investigated. Figures 4(a) 
and 4(b) illustrate the real and imaginary parts of eigenvalues as a function of the incident 
wavelength λ and chemical potential of graphene μc in the vicinity of EP1 and EP2. There are 
two surfaces in each figure corresponding to the two eigenvalues, that is, the Riemann surface 
in the parameter space constituted by μc and λ. Since the transmission coefficients t and 
radicand (r1r2)

1/2 share the similar change trend, the eigenvalues equaling the summation and 
difference between them manifest very different shape of Riemann surface. The upper surface 
suffers significantly more prominent curvatures while the lower is comparatively flat. At EP1, 
as indicated by black arrows in Fig. 4(a) and 4(b), the real and imaginary parts of two 
eigenvalues coalesce simultaneously. It is the same to EP2, as indicated also in Figs. 4(a) and 
4(b). The coalescence for the real and imaginary parts of two eigenvalues suggests the 
degeneracy of eigenvalues, which is the basic property of EPs. 

In the vicinity of EPs, the Riemann surfaces experience crossing or anti-crossing. As far 
as EP1 is concerned, when μc < μc1, the eigenvalues as a function of wavelength λ show level 
crossing in the real parts and anti-crossing in the imaginary parts. When μc > μc1, however, 
they show anti-crossing in the real parts and crossing in the imaginary parts. While in the 
vicinity of EP2, the eigenvalues as a function of wavelength λ show level anti-crossing in the 
real parts and crossing in the imaginary parts when μc < μc1. When μc > μc1, the eigenvalues 
show level crossing in the real parts and anti-crossing in the imaginary parts. The position of 
level crossing has been denoted by red curves in Fig. 4 in the vicinity of EPs. 

 

Fig. 4. Eigenvalues s1,2 as a function of incident wavelength λ and chemical potential of 
graphene μc. Re(s) indicates the real parts of s1,2, and Im(s) indicates the imaginary parts of s1,2. 
The red curves indicate the intersection of two surfaces. The black arrows point to the 
positions of EP1 and EP2. 

Another feature of the topological structure is examined when encircling the EPs in the 
parameter space constituted by the wavelength λ and chemical potential μc. As shown by the 
blue loop in Fig. 5(a), only one EP is encircled within a loop in the parameter space. While 
the system parameters change in the clockwise direction along the loop from the initial 
position A, the trajectories of real and imaginary parts of eigenvalues are depicted in Figs. 
5(b) and 5(c), respectively. After a whole loop, the real and imaginary parts of the 
eigenvalues exchange to each other. Additionally, the eigenvalues will return back to their 
initial values after two loops through the same direction of encircling. The result is different 
when two EPs are encircled within the same loop in the parameter space. As shown in Fig. 
5(a), a red loop starting from point B encircles both EP1 and EP2. As the parameters change 
along the loop in the clockwise direction, the evolution of real part of eigenvalues s1,2 is 
plotted in Fig. 5(d). After a loop, the real parts of two eigenvalues return to their original 
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values. The imaginary parts of two eigenvalues also return to their origin, as shown in Fig. 
5(e). The results indicate that this metamaterial structure may find applications in optical 
switches by encircling one EP or two in the parameter space. 

Generally, the reflection and transmission coefficients should be precisely measured in 
order to find EPs. The crucial evidence is to find zero reflection and abrupt phase change. In 
practice, exactly locating EP is very difficult as the parameters should be accurately designed. 
The topological structure is actually more helpful to locate EPs. The cross and anti-cross 
Riemann surfaces is unique to EPs, which can relax the critical requirement of accurate 
parameters. Additionally, encircling EPs or not will lead to different destination states when 
the system evolves in parametric space. Consequently, it is feasible to locate EPs by tracing 
the eigenvalues as the system evolves along a closed loop in parametric space. 

 

Fig. 5. The topological property while encircling the EPs. (a) Two loops in the parameter space 
of wavelength λ and chemical potential μc. The two black stars indicate the location of EP1 and 
EP2, respectively. The two black dots present the starting position of the two loops, denoted by 
capital A (λ = 5.396 μm, μc = 0.428 eV) and B (λ = 5.58 μm, μc = 0.4535 eV). (b), (c) The 
trajectories of real and imaginary parts of eigenvalues along the clockwise orientation of the 
blue loop in (a). (d), (e) The trajectories of real and imaginary parts of eigenvalues along the 
clockwise orientation for the red loop in (a). The red and blue curves in (b), (c), (d) and (e) 
mean two eigenvalues s1,2 but not refer to the red and blue curves in (a). 

4. Applications of EPs in graphene metamaterials 

The Fano resonance associated EPs could have important applications in controlling light 
propagation such as unidirectional invisibility. Unidirectional invisibility means that the light 
cannot be reflected back when impinging from one side of the system. This property has been 
widely studied in optical imaging, caused by the zero reflection at EPs. For the metamaterial 
structure proposed here, the unidirectional invisibility can be visualized by simulating the 
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electric field intensity (|E|2) distribution inside the system. As shown in Fig. 6(a), when the 
incident light is impinging from the top with the chemical potential being μc1 and the incident 
wavelength being λ1, there are no interference fringes above the structure. As the structure is 
illuminated from the bottom, instead, one sees clearly the interference fringes at the bottom of 
the structure, which indicates the part of the incident light is reflected back by the 
metamaterial. Furthermore, when the incident light is impinging from the bottom with the 
chemical potential being μc2 and the incident wavelength being λ2 as shown in Fig. 6(c), there 
are no interference fringes below the structure. But when the structure is illuminated from the 
top, one sees clearly the interference fringes at the top of the structure. This asymmetric 
reflection property can be utilized in realizing unidirectional invisibility. 

 

Fig. 6. Normalized electric field intensity (|E|2) distribution when normal incident light 
illuminates to the metamaterials at EPs while (a), (d) the structure is illuminated from the top 
and (b), (c) from the bottom. The wavelength of incident light and the chemical potential of 
graphene at (a), (b) are μc = μc1 and λ = λ1 and at (c), (d) are μc = μc2 and λ = λ2. The white 
arrows imply the incident direction. 

 

Fig. 7. (a) Reflection spectra R1 for different refractive index of the surrounding environment 
as μc = 0.428 eV. (b) Reflection spectra R1 for different chemical potential of graphene as n = 
1. (c) Resonance wavelength as a function of the refractive index for different chemical 
potential. (d) Resonance wavelength as a function of the chemical potential for different 
refractive index. 

The EPs may also be used in environment detection and sensor. As shown in Fig. 2(b), the 
Fano resonance leads to a significant variation of reflection near EPs. The reflection spectra 
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for different refractive index of the surrounding environment are plotted in Fig. 7(a). When 
the refractive index increases by 2%, the resonance wavelength undergoes a shift of near 50 
nm which is readily detectable. At the same time, the Q-factor of the resonance peak 
decreases dramatically as the resonance condition is distant from the EP. We also consider the 
influence of chemical potential. As shown in Fig. 7(b), the resonance peak experiences a 
remarkable blue shift as the chemical potential increases. A wavelength shift of 20 nm is 
obtained as the chemical potential undergoes a change of 0.01eV around the EP with μc = 
0.428 eV. The Q-factor also decreases largely as the chemical potential deviates from the EP. 
The resonance wavelength increases almost linearly as the refractive index increases, as 
shown in Fig. 7(c). By increasing the chemical potential, the resonance wavelength remains 
the linear relation with refractive index but undergoes a blue shift. On the other hand, the 
resonance wavelength decreases as the chemical potential increases, as depicted in Fig. 7(d). 
The increase of refractive index leads to red shift of the resonance. By measuring the 
variation of the resonance wavelength, it is possible to detect the environment change of 
refractive index and chemical potential brought by contacting materials. 

5. Conclusion 

In conclusion, we have studied the optical EPs in the hybrid metal and graphene 
metamaterials. The EPs are located at the valley of Fano-type reflection spectrum. The 
realization of the EP is implied by unidirectional reflectionless light transport and the 
corresponding phase dislocation. Moreover, the topological structure of EP is studied and two 
results are identified. Two eigenvalues of the scattering matrix are interchanged while 
encircling an EP in parameter space and the eigenvalues show changes of level crossing and 
anti-crossing in the vicinity of EP. The unidirectional invisibility is visualized by simulate the 
electric field intensity distribution inside the system. Furthermore, The EPs may also be used 
in environment detection. 
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