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A B S T R A C T

We propose and theoretically demonstrate a single-shot measurement method to measure the ellipticity of
an isolated attosecond pulse (IAP). By solving the time-dependent Schrödinger equation, we calculate the
photoelectron momentum distributions (PMDs) from strong field ionization of argon in an arbitrary polarized
IAP streaked with a linearly polarized infrared pulse. It is shown that the ellipticity of the IAP is encoded in the
PMDs. A linear relation between the angular shift of the three main lobes of the PMDs and the ellipticity of the
IAP is obtained, which provides an efficient and robust way for characterizing the ellipticity of the IAP.

1. Introduction

The recent developments in ultrafast optics have made remarkable
advances in the field of attosecond science [1–8]. In the past two
decades, the generation of isolated attosecond pulses (IAPs) through the
process of high harmonic generation (HHG) provides formidable tools
for the investigation of many important physical processes on attosec-
ond timescale [2,3,9–13]. The IAP has opened the path to track the
electron dynamics in atomic, molecular and solid-state physics or even
follow a chemical reaction. For instance, by using the newly developed
tools of attosecond metrology, one can experimentally observe the elec-
tron tunneling in atoms with sub-femtosecond temporal resolution [14],
and probe the temporal evolution of bound or quasibound electron wave
packets in atoms [15], and so on.

Nowadays, the circularly or/and elliptically polarized HHG and
attosecond pulses have been generated in experiment and attracts
many interests [16–20], owing to the broad application of the pro-
cesses in strong-field physics [21–29]. The circularly and elliptically
polarized attosecond pulses have many potential applications, e.g., it
enables precision differential measurements of circular dichroism of
molecules [16,24], and allows to create attosecond quantum electron
currents and attosecond magnetic field pulses inside molecules [25],
etc. Consequently, the circularly and elliptically polarized attosecond
pulses recently are of considerable interest. On the other hand, although
many schemes have been proposed for the production of the IAP with
polarization from linear through elliptical to circular [18,20], it faces
formidable challenge to characterize the ellipticity of an IAP. Up to
now, the temporal envelope (i.e., the pulse duration) of the linearly
polarized IAP has been successfully characterized in experiment using
phase retrieval and attosecond streaking techniques [9,10,12,13]. And
a strategy to characterize the carrier envelope phase (CEP) of the
circularly polarized IAP using the angular streaking technique has also

∗ Corresponding author.
E-mail address: zhangqingbin@hust.edu.cn (Q. Zhang).

been proposed in theory [30,31]. Measuring the ellipticity of the IAP
based on a set of reflection polarizers is often limited by the narrow
bandwidth in photon energy range and low efficiency [22,32]. Recently,
two alternative methods have also been developed. Chen et al. [32]
proposed to reconstruct the coherent light fields using the photoelectron
interferogram from a copper surface. On the other hand, Jiménez-Galán
et al. [33] theoretically proposed to record the polarization state of
an XUV light by analyzing the asymmetry of the one-photon spectrum
generated in a hydrogen atom. These approaches, however, require one
to scan the IR-XUV time delay in attosecond time interval and need
multi-shot measurement in experiment.

In this work, we theoretically demonstrate a single-shot measure-
ment method to measure the ellipticity of an IAP with the photoelectron
momentum distributions (PMDs). In our method, target atom is ionized
with the two-color laser field synthesized by an arbitrary polarized IAP
and a linearly polarized infrared (IR) pulse. By adjusting the ellipticity
of the IAP from linear to circular polarization, the main lobes of the
PMD show clearly angular shift. Then from the angular resolved PMD,
one can retrieve the ellipticity of the IAP.

2. Theoretical model

In order to demonstrate our method, we calculate the PMD from
strong field ionization of argon in the two-color laser fields by solv-
ing the two-dimensional time-dependent Schrödinger equation (2D-
TDSE) [34] in length gauge (atomic units are used unless otherwise
stated),

𝑖
𝜕𝛹 (𝐫, 𝑡)

𝜕𝑡
= [−1

2
∇2 + 𝑉 (𝐫) + 𝐫 · 𝐄(𝑡)]𝛹 (𝐫, 𝑡), (1)

where, 𝛹 (𝐫, 𝑡) represents the wave function of system, 𝐫 is the position
operator of electron. 𝑉 (𝐫) = −1∕

√

𝐫2 + 𝑎2 is the soft-core potential,
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Fig. 1. The PMDs from argon atom. (a) The PMD with argon atom excited by only the linearly polarized IR pulse. (b), (c), and (d) Same as (a), but for argon atoms excited by both a
linearly polarized IR pulse and an IAP. Here, The IR pulse and the IAP are temporally overlapped, and the ellipticity of the IAP are (b) 𝜀 = 0, (c) 𝜀 = 0.5, and (d) 𝜀 = 1, respectively. (e),
(f), (g), and (h) The integrated signals for the PMDs shown in (a), (b), (c), and (d), respectively. The integrated range is between |𝐩| = 0.15 a.u. and |𝐩| = 0.25 a.u..

Fig. 2. (a) The photoelectron probability distribution as a function of the ellipticity of the IAP. The wavelengths of the IR pulse and the IAP are 800 nm and 79 nm, respectively. The
intensities of the IR pulse and the IAP are 6×1013 W/cm2 and 2×1012 W/cm2, respectively. (b) The integrated signals of the PMDs. The yields of the photoelectron probability are shifted
for clarity. The dash lines mark the shift of the main photoelectron probability peaks.

𝑎 = 0.624 for argon atom. The external laser field 𝐄(𝑡) is combined by
an IR (𝐄0(𝑡)) and an IAP (𝐄1(𝑡)) laser pulses. The IR pulse is linearly
polarized and it is expressed as

𝐄0(𝑡) = 𝐸0𝑓0(𝑡)cos(𝜔0𝑡)�̂�. (2)

𝑓0(𝑡) is the envelope of the IR pulse. The IR pulse has a sine square shape
and its duration is four optical cycles. 𝐸0 and 𝜔0 are the amplitude and
frequency of the IR field, respectively. The wavelength of the IR pulse
is 800 nm. The electric field of the IAP with the ellipticity 𝜀 is expressed
as

𝐄1(𝑡) =
1

√

1 + 𝜀2
𝐸1𝑓1(𝑡)sin(𝜔1𝑡)�̂� +

𝜀
√

1 + 𝜀2
𝐸1𝑓1(𝑡)cos(𝜔1𝑡)�̂�. (3)

𝑓1(𝑡) is the envelope of the IAP. The IAP has a sine square shape and
its duration is four optical cycles. 𝐸1 and 𝜔1 are the amplitude and
frequency of the IAP field, respectively. The wavelength of the IAP is
79 nm. The IR pulse and the IAP are temporally overlapped.

We use the split-operator spectral method on a Cartesian grid to
numerically solve the 2D-TDSE. Following [35], the electron wave
function 𝛹 (𝐫, 𝑡′) at a given time 𝑡′ is split into two parts:

𝛹 (𝐫, 𝑡′) = 𝛹𝑖𝑛𝑛𝑒𝑟(𝐫, 𝑡′) + 𝛹𝑜𝑢𝑡𝑒𝑟(𝐫, 𝑡′), (4)

where, 𝛹𝑖𝑛𝑛𝑒𝑟(𝐫, 𝑡′) = 𝛹 (𝐫, 𝑡′)[1 − 𝐹𝑠(𝑅𝑐 )] represents the wave function in
the inner region and it is propagated under the full Hamiltonian, and
𝛹𝑜𝑢𝑡𝑒𝑟(𝐫, 𝑡′) = 𝛹 (𝐫, 𝑡′)𝐹𝑠(𝑅𝑐 ) stands for the wave function in the outer
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Fig. 3. The integrated signals of the PMDs. The wavelengths of the IR pulse and the IAP are 800 nm and 79 nm, respectively. The intensity of the IR pulse is 6 × 1013 W/cm2. The
intensities of the IAP are (a) 1010 W/cm2, (b) 1011 W/cm2, (c) 1012 W/cm2, (d) 1013 W/cm2, and (e) 1014 W/cm2, respectively. The yields of the photoelectron probability with different
intensities of the IAP are shifted for clarity. The dash lines mark the shift of the main photoelectron probability peaks.

region and it is propagated under the Volkov Hamiltonian analytically.
Here, 𝐹𝑠(𝑅𝑐 ) = 1∕(1 + 𝑒−(𝑟−𝑅𝑐 )∕𝛥) is a split function that separates the
whole space into the inner (0 ⟶ 𝑅𝑐) and outer (𝑅𝑐 ⟶ 𝑅𝑚𝑎𝑥) regions
smoothly. 𝛥 is the width of crossover region and 𝑅𝑐 represents the
boundary of inner space. In the present simulation, 𝛹𝑜𝑢𝑡𝑒𝑟(𝐫, 𝑡) is first
transformed into momentum space,

�̃� 𝑝
𝑜𝑢𝑡𝑒𝑟(𝐩, 𝑡) = ∫ 𝛹𝑜𝑢𝑡𝑒𝑟(𝐫, 𝑡)

𝑒−𝑖[𝐩+𝐀(𝑡)]·𝐫

2𝜋
𝑑2𝑟, (5)

where, 𝐀(𝑡) is the vector potential of the laser pulse and �̃� 𝑝
𝑜𝑢𝑡𝑒𝑟(𝐩, 𝑡) is the

wave function in momentum space. Then we propagate �̃� 𝑝
𝑜𝑢𝑡𝑒𝑟(𝐩, 𝑡) from

time 𝑡 to the end of the laser pulse as

�̃�𝑓
𝑜𝑢𝑡𝑒𝑟(𝐩, 𝑡) = 𝑒−𝑖 ∫

∞
𝑡

1
2 [𝐩+𝐀(𝑡

′)]2𝑑𝑡′ �̃� 𝑝
𝑜𝑢𝑡𝑒𝑟(𝐩, 𝑡), (6)

where, �̃�𝑓
𝑜𝑢𝑡𝑒𝑟(𝐩, 𝑡) is the final wave function in momentum space ionized

at time 𝑡. Finally, the PMD is obtained as

𝑃 (𝐩,∞) = |∫

∞

𝑡
�̃�𝑓
𝑜𝑢𝑡𝑒𝑟(𝐩, 𝑡)𝑑𝑡|

2
. (7)

3. Results and discussions

Fig. 1 shows the PMDs of argon ionized by different external laser
fields. In the simulations of Fig. 1, the intensities of the IR pulse and
the IAP are 6×1013 W/cm2 and 2×1012 W/cm2, respectively. The upper

row is the two-dimensional PMDs. The lower row is the angular resolved
photoelectron probability distributions, i.e. the integrated signals of the
PMDs in the range of |𝐩| ∈ [0.15 a.u., 0.25 a.u.]. Fig. 1(a) displays the
PMD with the linearly polarized IR pulse alone. One can see that the
PMD is symmetric with respect to 𝐩𝑥 = 0 a.u.. The PMD exhibits an
arc-like structure and a clear fork-like structure in the angular range
between 𝜋/6 and 5𝜋/6. The three main lobes of the fork-like structure
are marked as P1, P2, and P3. Fig. 1(b) displays the PMD with the
linearly polarized IR pulse combined with a linearly polarized IAP. Here,
the polarization of the IAP is parallel to that of the IR pulse. In this
case, the arc-like structure is tremendously suppressed and the fork-like
structure becomes clearer. And the three main lobes P1, P2, and P3 are
still symmetric with respect to 𝐩𝑥 = 0 a.u.. In Figs. 1(c) and (d), we
show the PMDs driven by the combination of a linearly polarized IR
pulse and an elliptical polarized IAP. The ellipticity of the IAP used in
Figs. 1(c) and (d) are 𝜀 = 0.5 and 1, respectively. It is clear that the
PMD is sensitive to the ellipticity of the IAP. The PMDs become clearly
asymmetric and the angles of the three main lobes P1, P2, and P3 are
shifted with increasing the ellipticity of the IAP. For clarity, the angular
resolved integrated signals for the PMDs are presented in Figs. 1(e) –
(h). Note that, only the peaks relative to the three main lobes P1, P2,
and P3, i.e., the results within [𝜋/6, 5𝜋/6] are shown in Figs. 1(e) – (h).
One can see that the three main peaks rotate clockwise as the ellipticity
of the IAP increases from 𝜀 = 0 to 𝜀 = 1 (see Figs. 1(f), (g), and (h)).
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Fig. 4. The photoelectron probability distribution as a function of the wavelength of the IAP. The wavelength of the IR is 800 nm. The intensities of the IR pulse and the IAP are
6 × 1013 W/cm2 and 2 × 1012 W/cm2, respectively. The ellipticity of the IAP are (a) 𝜀 = 0 and (b) 𝜀 = 1.

In order to characterize the relationship between the PMD and
the ellipticity of the IAP, we present the photoelectron probability
distribution with the ellipticity of the IAP varied from 𝜀 = 0 to 𝜀 = 1
in Fig. 2(a). One can see more clearly that the photoelectron probability
distribution shift as the ellipticity of the IAP increases. Fig. 2(b) shows
the integrated signals of the PMDs and the integrated range is the same
as that in Fig. 1. For the purpose of clarity, the normalized yield of the
photoelectron momentum are shifted to avoid overlapping of different
lines. One can see that the angle of the peak P2 is 𝜃 = 0.5𝜋 when the
ellipticity of the IAP is 𝜀 = 0 (black solid line). It changes linearly and
reaches 𝜃 = 0.42𝜋 as the ellipticity of the IAP changes from 𝜀 = 0 to 𝜀 = 1.
Such a linear shift are also observed for the peaks P1 and P3. We fit the
angular shift of the main peaks to a linear function 𝑓 (𝜀) = 𝑘𝜀(𝜋) + 𝜃0
by using the least-squares method. Here 𝜀(𝜋) and 𝑓 represent the IAP
ellipticity and the angular distribution of the main peaks, respectively.
For the data shown in Fig. 2, the fitting parameters 𝑘 = −0.0780,
and 𝜃0 = 0.6800 (P1), 0.5000 (P2), and 0.3070 (P3), respectively. The
coefficient of determination (R-Squared) values are 𝑅2 = 0.9546 (P1),
0.9192 (P2), and 0.9047 (P3), respectively. The larger value the better
fits and 1 represents a perfect fit. As a result, the angular shift of the
three main peaks can be used to characterize the ellipticity of the IAP.

The results above focus on the dependence of the PMD on the IAP
ellipticity. Now, we investigate the influence of the IAP intensity and
wavelength on the PMD. First, we calculate the PMDs with different
intensities of the IAP. Fig. 3(a) – (e) show the results of the photoelec-
tron probability distribution with the IAP intensities of 1010 W/cm2,
1011 W/cm2, 1012 W/cm2, 1013 W/cm2, and 1014 W/cm2, respectively.
In our calculation, the intensity of the IR pulse is fixed at 6×1013 W/cm2.
We find that the angular shift is not obvious when the IAP intensity is
below 1010 W/cm2. However, the main lobes present an obvious linear
shift when the IAP intensity is above 1010 W/cm2 and the slope of the
fitted line gradually increases as the intensity of the IAP increases. One

can see that the angular shift is measurable with the intensity of the
IAP in a broad range from 1010 W/cm2 to 1014 W/cm2. In addition, the
linear relationship between the angular shift and the ellipticity of the
IAP always holds well.

Next, we calculate the PMDs with different wavelengths of the IAP.
Fig. 4 shows the results of the photoelectron probability distribution
with the IAP wavelength changes from 60 nm to 120 nm. The ellipticity
of the IAP in Figs. 4(a) and (b) are 𝜀 = 0 and 𝜀 = 1, respectively.
The intensities of the IR pulse and the IAP are 6 × 1013 W/cm2 and
2 × 1012 W/cm2, respectively. As shown in Fig. 4, the angles of the
three main peaks of the photoelectron probability distribution can
remain roughly stable as the IAP wavelength changes in a broad range.
Especially in the wavelength range from 60 nm to 120 nm, where the
IAP can be obtained in many laboratories, all the three main peaks do
not shift with the IAP wavelength. Note that, similar results have also
been observed with the IAP ellipticity 𝜀 within (0, 1) (not shown here).
These results prove that the angles of the main peaks are independent
on the wavelength of the IAP. As a result, this method for characterizing
the ellipticity of an IAP can work well in a broad range of the IAP
wavelength.

We finally test our method in a multicycle regime which is easily
obtained in realistic experimental conditions. We have calculated the
PMD with the duration of the IR laser pulse up to 35 optical cycles, and
find the result is similar to that shown in Fig. 2. The most accurate
measurement for the laser intensity has achieved 1% in experiment
recently [36]. In our calculation, we have scanned the IR intensity
jitter within ±5% which can be easily measured and controlled in
experiment [36]. When the intensity of the IR pulse fluctuate in the
range of ±5%, the angular distribution of the photoelectron probability
remain stable. Meanwhile, to investigate the intensity averaging effect,
we averaged the PMDs over the intensity distribution and find the
intensity averaging effect will not prevent us from linear fitting the
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angular shift of the main lobes. Moreover, we have also changed the
CEP of the IR pulse within ±150 mrad, which can be easily obtained in
experiment [37,38]. We find that the angular distribution of the pho-
toelectron probability remain stable, too. Therefore, it is an advantage
of our strategy because it does not need strictly requirement of the IR
intensity and CEP stable.

For the IAP, on the other hand, it is important to carefully consider
the CEP effect that maybe uncertainty in experiment [30,31]. However,
the duration of the IAP relative to that of the IR pulse is too short to affect
the PMD. In our calculation, to confirm this method works for arbitrary
CEP of the IAP, we scan CEP of the IAP within [0, 2𝜋]. Then we average
the results of different CEPs to consider the CEP average effect. The
calculations show that after averaging PMDs induced by different CEPs
of the IAP, the angular distribution of the photoelectron probability still
hold to that induced by the IAP’s CEP = 0. Therefore, our method paves
an efficient, simplified and robust way to characterize the ellipticity of
the IAP.

4. Conclusion

In conclusion, we theoretically demonstrate a single-shot measure-
ment method for characterizing the ellipticity of an IAP. By adding an
attosecond XUV to a strong linearly polarized IR pulse, the ellipticity of
the IAP has been encoded in the PMD. By measuring the angular shift
of main photoelectron momentum lobes, the ellipticity of the IAP can
be determined with only single-shot measurement.
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