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Pinpointing the macroscopic signatures of attosecond transient absorption in helium:
Reshaped spectral splitting and persistent quantum beating
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Although attosecond transient absorption spectroscopy (ATAS) has been widely used in the study of ultrafast
dynamics of atoms, molecules, and solids, there is a need for further theoretical exploration of macroscopic
effects beyond the response of single atoms. Here, the extreme ultraviolet (XUV) absorbance of He atoms in
the presence of a delayed near-infrared (NIR) pulse is studied theoretically, from the limit of dilute-gas medium
to high densities. By numerically solving the time-dependent Schrödinger equation coupled with Maxwell’s
equations, we elucidate the macroscopic signatures in the absorption spectrum of an optically dense medium,
including previously recognized XUV spectral pulse shaping, a complex spectral splitting, and a persistent
quantum beating, based on the energies of the states involved. An analytical expression for optical density is
deduced directly to pinpoint the physical origins of the various absorption features in a quantitative way, which
helps one grasp the intuitive picture of the macroscopic absorption spectrum and provides guidance to explore
applications such as optical pulse shaping and XUV molecular quantum beat spectroscopy.
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I. INTRODUCTION

Attosecond transient absorption spectroscopy (ATAS) has
been demonstrated to be capable of observing and manip-
ulating ultrafast processes in atoms [1–3], molecules [4–8],
and solids [9–12]. The advancements of this technique have
led to a better understanding of many fundamental physical
phenomena, including valence electron motion [13], autoion-
ization dynamics, electromagnetically induced transparency
(EIT) [14], formation of light-induced states [3,15,16], and
line-shape modification [17,18].

However, in most of the studies of attosecond transient ab-
sorption measurements involving gas samples, the researchers
treat the target gas as a thin medium even though many of
these measurements were performed at relatively large optical
densities. In fact, when the extreme ultraviolet (XUV) pulse
propagates in a dense medium, the polarization created by the
incident XUV is so strong that it can reradiate XUV light, and
this newly generated light field can further excite secondary
polarization by interacting with the medium together with
the original driving field; this process repeats until the pulse
leaves the medium. The final polarization will be temporally
reshaped by this self-consistent dipole-field interaction and
the short XUV pulse would develop a tail with a series of
subpulses [19–23]. This temporal reshaping will affect the
absorption line shape, so when we study a dense medium
with ATAS, understanding macroscopic propagation effects
beyond the single-atom response will become very important.
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So far only a few attempts have addressed the resonant
pulse propagation effects in transient absorption spectrum
[24–28] or in the static absorption spectrum [29,30]. These
investigations have qualitatively analyzed how the tempo-
ral and spectral reshaping evolves while an XUV pulse
passes through a laser-dressed medium, yet it is still diffi-
cult to disentangle the impact of the XUV pulse reshaping
and laser-induced transition on the absorption spectrum, in-
hibiting directly identifying fingerprints of different physical
processes from the macroscopic transient absorption spectro-
gram.

In this article, a theoretical study of XUV absorption in
the presence of a moderately intense near-infrared (NIR)
pulse near the helium 1s2 → 1s2p transition is presented. We
mainly focus on two prototypical processes: One is the Rabi
oscillation in a three-level system, and the other is the pop-
ulation transfer in a four-level system. In the case of the
three-level Rabi oscillation process, apart from the normal
Autler-Townes (AT) splitting in the absorption spectrum, a
complex amplitude modulation on the resonance feature and
a phase jump on the off-resonance feature are observed. In
the calculation of the four-level population transfer process,
our results show an unexpected quantum beating behavior that
lasts for hundreds of femtoseconds in the case of high gas den-
sities. An analytical expression based on a perturbative picture
is deduced to interpret the connection between the absorption
spectral features and the density of the gas medium. The sim-
ple analytical expression intuitively decouples contributions
from different physical processes to the absorption spectrum
and provides guidance on the study of optical pulse shaping
and XUV molecular quantum beat spectroscopy.
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II. THEORETICAL MODEL

A. Numerically solving the time-dependent Schrödinger
equation coupled with Maxwell’s equations

The macroscopic transient absorption spectrum is sim-
ulated by coupling the time-dependent Schrödinger equa-
tion (TDSE) with Maxwell’s equations [24]. The polarization
of a single atom in the presence of laser fields is calculated
from TDSE and serves as a source term for Maxwell’s equa-
tion propagation. Assuming that the pulse propagates in the
z direction, then a one-dimensional wave equation describing
the pulse spectrum Ẽ (ω, z, τ ) can be approximated by [31]

∂

∂z
Ẽ (ω, z, τ ) = −iω

2π

c
P̃(ω, z, τ ). (1)

The atomic response to the attosecond and femtosecond
pulses is described by the wave function |ψ〉, and the polar-
ization P(t, z, τ ) can be obtained by solving the TDSE:

i
∂

∂t
|ψ〉 = Ĥ |ψ〉. (2)

The Hamiltonian Ĥ is defined as Ĥ = Ĥ0 + E (t, z, τ )ẑ, where
Ĥ0 is the unperturbed Hamiltonian and the entire incident
electric field E (t, z, τ ) is the sum of pump field EXUV(t, z)
and the time-delayed probe field EIR(t, τ ). The time domain
polarization is given by

P(t, z, τ ) = N × [〈ψ | �μ|ψ〉], (3)

where N is the atomic number density and �μ is
the dipole matrix operator. The Fourier transformation
of Eq. (3) gives the frequency domain polarization
P̃(ω, z, τ ) = 1√

2π

∫ +∞
−∞ P(t, z, τ )e−iωt dt . The pulse spectrum

Ẽ (ω, z, τ ) can be obtained by solving Eqs. (1)–(3) numeri-
cally.

Then the optical density (OD) is calculated as

OD(ω, z, τ ) = − log10

∣∣∣∣ Ẽ (ω, z, τ )

Ẽ (ω, 0, τ )

∣∣∣∣2

. (4)

Atomic units are used throughout. The OD values are convo-
luted with a Gaussian function with a linewidth of 20 meV to
account for the instrumental resolution.

B. Polarization model and analytical expression
of optical density

The above full numerical treatment of the macroscopic
transient absorption for long-lived states can be further re-
stricted when the computations are too demanding. Thus a
model formula for calculating the polarization response is also
developed.

According to first-order perturbation theory, how the pop-
ulation of any state |n〉 changes along with time can be
approximated as

cn(t, z, τ ) = −i
∫ t

−∞
E (t, z, τ )dnge−iEgnt1 dt1

+ α(z, τ )MIR(t, τ ), (5)

where the first term represents the time evolution of state |n〉
caused by the XUV pulse before the arrival of the NIR pulse.

When the NIR pulse arrives, it perturbs the atomic system and
changes the amplitudes and phases of cn, whichare described
by the second term of Eq. (5) (here, for convenience of cal-
culation, the NIR pulse is fixed at t = 0). α is the complex
amplitude of cn just before the NIR arrives (t = 0) and can be
calculated according to Eqs. (1) and (A5):

C [α(z, τ )] = − 1√
2π

∫ ∞

0

χ (ω)

Ndng
Ẽ (ω, z = 0, τ )e

−i2πω
c χzdω.

(6)
The symbol C represents the complex conjugate. MIR(t, τ )
quantifies the population changes caused by the NIR pulse;
it has different forms for different systems. For example,
MIR(t, τ ) can be written as a cosine function in a three-level
Rabi oscillation system, depicting the population flopping be-
tween the two states resonantly coupled by the NIR field. If
the NIR pulse width is not considered, which can be regarded
as a delta pulse, then MIR(t, τ ) can be represented by a Heavi-
side function, indicating a prompt population change induced
by the NIR pulse.

Then an expression for the frequency-dependent polariza-
tion can be derived according to Eq. (5) (see Appendixes A
and B for a detailed derivation):

P̃n(ω, z, τ ) = χ (ω)Ẽ (ω, z, τ ) + iχ (ω)C [α(z, τ )]√
2πdng

FIR(ω, τ ).

(7)
Here, Eq. (7) has a similar form as Ref. [24] which is derived
from the density matrix theory assuming a zero-duration NIR
pulse. FIR(ω, τ ) is the Fourier transform of dMIR (t )

dt , and its
specific form for different processes is given in Appendixes
A and B. The susceptibility χ (ω) is

χ (ω) = −Nd2
ng

ω − Eng − iγn
, (8)

where Eng and dng represent the energy difference and dipole
matrix element between the excited state |n〉 and the ground
state |g〉, respectively. γn is the lifetime of the excited state |n〉.

With the help of Eqs. (1) and (7), the absorbance can be
calculated. Although the analytical formula of the polarization
in Eq. (7) speeds up the modeling of the macroscopic effect to
a great extent, it is still difficult to gain insight into the phys-
ical processes that lead to the complex absorption spectrum,
especially how to pinpoint the effects of the XUV and NIR
pulses. Thus, by substituting Eq. (7) into Eq. (1), an analytical
expression for the absorption spectrum is further deduced to
explore the origins of macroscopic signatures in a quantitative
way (see Appendix C):

OD(ω, z, τ ) = − log10

[
e

4πωz
c Im(χ ){1 + |H1(ω, z, τ )|2

+ 2 Re[H1(ω, z, τ )]}]. (9)

Equation (9) is the main result of this work, There are
three terms in Eq. (9) and each term has a specific phys-
ical significance. The first term e

4πωz
c Im(χ ) is the XUV
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propagation term in the absence of the NIR pulse, and the
absorption spectrum has a typical Lorentzian line shape.
The integral H1(ω, z, τ ) = A(ω)B(ω,τ )

Ẽ (ω,0,τ )

∫ z
0 C [α(z1, τ )]eiA(ω)z1 dz1

appearing in both the second and third terms represents
the coupling strength of the NIR and XUV pulse, where
A(ω) = 2πωχ

c , B(ω, τ ) = FIR (ω,τ )√
2πdng

. The information on the NIR

pulse is associated with parameter B, while the XUV pulse
information is imprinted in C [α(z, τ )]. If H1 is much smaller
than unity, then the second term |H1|2, which is the modulus
square of H1, can be considered as a small quantity. In this
case the third term 2 Re(H1), which scales linearly with α, is
dominant. Conversely, if the value of the coupling term H1

is very large, then the second term will be dominant over the
third term. Since H1 is proportional to the susceptibility χ (ω),
the second term will normally dominate the near-resonant
absorption features and the third term dominates the off-
resonant absorption features. In the following section, we
will apply these general principles embodied in Eq. (9) to
inspect the macroscopic signatures of a few spectroscopic
features.

III. RESULTS AND DISCUSSION

In this section, we mainly study two basic scenarios in
attosecond XUV transient absorption measurements, the AT
splitting and quantum beating effect, which is performed by
studying a three-level system and then a four-level system,
respectively. When the propagation effect is considered, these
two effects will appear in the absorption spectrum as complex
spectral profiles. How to analyze this complex absorption
spectrum is the key to understanding the propagation effect
and other nonlinear effects. Equation (9) can be regarded as a
bridge to deal with this problem.

A. Macroscopic effects on AT splitting

Figure 1(a) shows the energy diagram of a three-level sys-
tem interacting with a resonant laser pulse. A ground state
1s2 (0 eV) and two excited states 1s2p (21.2 eV) and 1s3s
(22.9 eV) are included in our calculation. The dipole matrix
elements are d12 = 0.42, d23 = 1.87 [24]. The atomic system
is exposed to a weak XUV pulse with a peak intensity of
1 × 1010 W/cm2, a pulse duration of 230 attoseconds (as),
and a photon energy of 21.2 eV. The strong NIR pulse with
a peak intensity of 1 × 1013 W/cm2, a central wavelength of
730 nm, and a pulse duration of 5 fs, is resonant with the
transition between the 1s2p and 1s3s states. Both pulses have
initial Gaussian profiles in the time domain and the NIR pulse
is delayed by τ with respect to the XUV pulse centered at
t = 0. Positive delay indicates that the NIR pulse arrives after
the XUV pulse.

Figures 1(b) and 1(c) are transient absorption spectra in
the vicinity of the 1s2p resonance energy at two different
atomic densities by numerically solving the TDSE coupled
with Maxwell’s wave equation. The typical AT splitting fea-
ture corresponds to the bifurcation of the energy level at
21.2 eV. Figure 1(b) corresponds to the single-atom response
calculated at a pressure of 0.0001 Torr with a propagation
length z = 2 μm. The spacing between the two symmetrically
split energy levels is 
R in Fig. 1(b) at around zero delay,

FIG. 1. (a) Energy diagram of a three-level system of helium
atoms interacting with the XUV-NIR pulse sequence. The transient
absorption spectrum in the vicinity of the 1s2p resonance energy is
calculated at a pressure of 0.0001 Torr with a propagation length
z = 2 μm (b) and a pressure of 50 Torr with a propagation length
z = 200 μm (c) in our numerical calculations.

where 
R =
√

|d23|2E2
0 is the Rabi frequency (E0 is the peak

intensity of the NIR electric field; here, E0 = 0.0168, 
R =
0.85 eV). It has been extensively studied [32–35] in a single-
atom response, and we will not discuss it here specifically.
We mainly focus on the study of the macroscopic absorption
spectrum in Fig. 1(c) calculated at a pressure of 50 Torr
with a propagation length z = 200 μm. After considering the
propagation effect, more complex and richer absorption struc-
tures emerge: In addition to the similar symmetric splitting
of energy levels as in a single-atom response, a strong-weak
alternating absorption at 21.2 eV, and hyperbolic lines ex-
periencing abrupt bending or phase jumps at certain time
delays [i.e., 20 and 55 fs as indicated by the dashed arrows
in Fig. 1(c)] are observed. Further calculations show that the
absorption profile is tunable by adjusting parameters such as
the density of gas, and the intensity and the wavelength of the
NIR pulse, which is of great significance to the study of XUV
optical pulse shaping [36].

Before applying Eq. (9) to explain the complex absorption
structures in Fig. 1(c), we first compare the absorption spec-
trum obtained by the numerical simulation, the polarization
model, and the analytical solution to verify the correctness
of Eq. (9). Figures 2(a) and 2(b) show a comparison be-
tween a full simulation based on Eqs. (1)–(3) and the model
calculation using Eqs. (7) and (1). The same features are
captured by using the model approximation in macroscopic
propagation. By comparing the absorption spectrum calcu-
lated by the analytical expression of Eq. (9) [Fig. 2(c)] with
the model calculation based on Eq. (7) [Fig. 2(b)], it is found
that the sideband structure and absorption characteristic at the
21.2 eV resonance center are also well reproduced. All of
them are calculated using the same parameters as Fig. 1(c).
It should be noted that Eq. (7) is derived assuming that the
NIR pulse arrives after the XUV pulse, therefore Eqs. (7) and
(9) will no longer be applicable when the delay is close to
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FIG. 2. Comparison of transient absorption spectra in the vicinity
of the 1s2p resonance energy calculated with different methods. (a) is
a full numerical simulation based on Eqs. (1)–(3), (b) is the model
calculation with Eq. (7), and (c) is the analytical solution of Eq. (9).
The parameters are the same as in Fig. 1(c).

zero considering a finite pulse duration of the NIR pulse. In
order to circumvent this issue, we block out the results for
delays of less than 10 fs in Fig. 2. The excellent agreement
between the results in Fig. 2 confirms the validity of the
analytical solution in Eq. (9).

According to Eq. (9), a complex absorption spectrum can
be broken down into three parts. The results of the analysis for
each term of Eq. (9) are shown in Fig. 3. Figure 3(a) shows
the absorption spectrum obtained by considering only the first
term. It has a delay-independent Lorentzian line profile, which
is mainly caused by the XUV-induced free induction decay
and obeys Beer’s law in case of a dilute-gas medium [17]. Fig-
ure 3(b) shows the absorption profile attributed to the second
term of Eq. (9); it reveals the near-resonant absorption features
(around 21.2 eV) of an XUV pulse propagating through an op-
tically dense medium. The delay-dependent modulation of the
absorption is determined by the coupling coefficient H1 shown
in Fig. 3(d). The nonperiodic modulation in OD is a typical
result of the interplay between the radiating dipole and the
incident light in a dense medium and has been studied in both
optical and XUV regimes [24–30]. The calculation shows that
this modulation solely follows the delay-dependent quantity
of C [α(τ )], confirming that the absorption at the resonance
energy of 21.2 eV is only associated with the propagation
effect of the XUV pulse. For the off-resonance absorption

FIG. 3. OD spectrum calculated with Eq. (9) (z = 200 μm prop-
agation length and a gas pressure of 50 Torr) with only the first
term (a) or second term (b) included. (c) is 2 Re(H1), the third term
in Eq. (9). The corresponding absolute value of the parameter H1

[Eq. (9)] at 21.2 eV is shown in (d), where A = 2πωχ

c , B = Rbdnk
dng

(see
Appendix A for a detailed derivation).

features, since the susceptibility χ (ω) decreases rapidly, H1

becomes a rather small quantity and the absorption profile is
mainly determined by the third term of Eq. (9). In case of a
laser-driven Rabi-cycling process as shown in Fig. 1, Rb(ω),
which represents the Fourier transform of the Rabi oscillation,
bifurcates about the resonant position (21.2 eV) and con-
tributes significantly to the off-resonance features. Therefore,
the NIR pulse’s effect is mainly imprinted in the off-resonance
structure in the absorption spectrum. The interplay between
Rb associated with the NIR pulse and C [α(τ )] associated
with the XUV pulse gives rise to the complex hyperbolic
absorption features as shown in Fig. 3(c). Thus the absorption
caused by different physical mechanisms can be quantified
separately through Eq. (9), which provides great convenience
for the study of a complex macroscopic absorption spectrum.

B. Macroscopic effects on quantum beats

Next, we apply Eq. (9) to investigate the electronic quan-
tum beating effect in attosecond transient absorption. A
typical quantum beat process is closely related to the popula-
tion transfer via a two-photon transition, as shown in Fig. 4(a).
The dark state 1s3s (22.9 eV) serves as the near-resonant
intermediate state. The NIR pulse with a central wavelength
of 1326 nm assists population transfer from the bright 1s3p
(23.09 eV) state to the other bright state 1s2p (21.2 eV),
and the interference between the three-photon and one-photon
pathway leads to oscillating features in the absorption spec-
trum (i.e., the quantum beat signature), which has been widely
studied in the single-atom response [3,7,8,32,37–39]. Fig-
ures 4(b) and 4(c) are the transient absorption spectra that are
numerically simulated based on Eqs. (1)–(3) in the vicinity of
the 1s2p resonance energy. The quantum beat clearly appears
in both the single-atom response [Fig. 4(b)] and macroscopic
gas medium [Fig. 4(c)]. The simulation shows that the mod-
ulation of OD at the vicinity of the resonance is enhanced
and lasts longer in the case of a dense gas medium; the time
duration of the beating behavior in Fig. 4(b) ends at about
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FIG. 4. (a) Energy diagram for a four-level helium atom interact-
ing with XUV and NIR pulses. (b) and (c) are the transient absorption
spectra on two different color scales simulated based on Eqs. (1)–(3)
in the vicinity of the 1s2p resonance energy, which has the same
parameters as Fig. 1, that the dressing field is a two-cycle, 1326-nm
pulse with a peak intensity of 1 × 1012 W/cm2. The corresponding
model results of the single-atom response (d) and macroscopic prop-
agation (e) are calculated with Eq. (7) combined with Eq. (1).

150 fs while in Fig. 4(c) the beating extends beyond 400 fs.
Such a lengthening of the time of the quantum beat caused
by the macroscopic effect is of great significance to the study
of molecular quantum beat spectra. Recently, the vibrational
quantum beats with a fundamental period of 50 fs persisting
for a picosecond are observed in the b′1�+

u valence state
of molecular nitrogen using attosecond transient absorption
spectroscopy [40]; such a long-lasting quantum beat signal is
necessary to distinguish vibrational levels in molecules since
the spacing between adjacent vibrational levels is very small.
Therefore, molecular time-domain spectroscopies may benefit
from an optically dense medium where the macroscopic effect
is playing a role.

Now we turn to Eq. (9) to interpret the persisting quantum
beating behavior caused by the macroscopic effect. Fig-
ures 4(d) and 4(e) show the model calculation using Eqs. (7)
and (1), where FIR = 1 − C [L(τ )] (see Appendix B for a
detailed derivation), and the same oscillation features are
captured by the model calculation, not only in the single-
atom response but also in macroscopic propagation, indicating
again the validity of Eq. (7) and the analytical solution derived
from it.

Figure 5(a) shows the macroscopic absorption spectrum
versus time calculated with Eq. (9); the oscillating features
are also well reproduced. For the absorption spectrum cor-
responding to the macroscopic quantum beating effect, the
resonant absorption feature and the off-resonance absorption
features can still be separated to analyze the macroscopic
absorption spectra similar to Fig. 3. The calculational result

FIG. 5. OD spectrum in the vicinity of the 1s2p resonance calcu-
lated with Eq. (9) (z = 200 μm propagation length and a gas pressure
of 50 Torr) with only the first term (a) or second term (b) included.
(c) is 2 Re(H1), the third term in Eq. (9). The laser parameters are the
same as in Fig. 4.

of the second term is shown in Fig. 5(b), which mainly con-
tributes to the signal at the resonance center of 21.2 eV, and
the calculational result of the third term is shown in Fig. 5(c),
which dominates the absorption signal away from the reso-
nance.

The persisting oscillation characteristics we pay attention
to are mainly residing in the near-resonance feature shown
in Fig. 5(b). It can be understood in a quantitative way
by analyzing the integral H1 = AB

Ẽ (ω,0,τ )

∫ z
0 C [α(z1, τ )]eiAz1 dz1

appearing both in the second term and third term. In the
case of macroscopic absorption, for the parameters used in
our simulation (i.e., z = 200 μm propagation length and a
gas pressure of 50 Torr), the integral

∫ z
0 C [α(z1, τ )]eiAz1 dz1

is a large quantity, and the absolute value of H1 is on the
order of 1022 as shown in Fig. 6(b), so the second term,
which is mainly localized around the resonance center, is
dominant. The absorption around the resonance center results
from the interplay between the XUV pulse propagation and
the NIR-induced population transfer process. This is different
from the case of AT splitting, where the resonance absorption
is only determined by the XUV pulse propagation. For the
single-atom response, the integral

∫ z
0 C [α(z1, τ )]eiAz1 dz1 is a

small quantity, and the absolute value of H1 is on the order of
10−6 as shown in Fig. 6(a), so the third term, which represents
the absorption away from the resonance center, is dominant.
The above analysis shows that when noticeable population
transfer occurs in an optically dense medium, the absorption
feature is mainly determined by the second term of Eq. (9),

063515-5



LIU, CAO, ZHANG, AND LU PHYSICAL REVIEW A 105, 063515 (2022)

FIG. 6. The absolute value of coupling strength H1 at 21.2 eV, as
a function of the delay τ in the single-atom response [(a), (c)] and in
the macroscopic gas medium [(b), (d)]. Here, A = 2πωχ

c , B = 1−C (L)√
2πdng

.

(a) and (b) are the results convoluted with a Gaussian linewidth
function of 20 meV, while (c) and (d) are the unconvoluted results.

while in the case of a dilute gas, the third term starts to
dominate the absorption spectrum that mimics the single-atom
response.

In the OD calculation throughout this article, the simu-
lated spectra are convoluted with a Gaussian function with
a linewidth of 20 meV to account for the instrumental res-
olution. The convolution operator coherently adds up the
nearby oscillatory features around a resonant energy [41].
The beating frequency at the resonance center (21.2 eV) is
slightly different from that at nearby transition energies due
to the hyperbolic line profiles. For the single-atom response,
the absorption spectrum has a broad feature as indicated by
Fig. 5(c). The convolution operator adds signals with slightly
different oscillating periods coherently within the 20 meV
band, and forms a time-domain wave packet that is much
shorter than the coherence time of the single oscillating energy
component. This is equivalent to artificially adding a fast
decaying factor on the radiation dipole [42], and explains the
earlier termination of the quantum beat feature in Fig. 4(b).
However, the rapid oscillation persists for a much longer time
even after convolution in the case of macroscopic absorption.
This is due to the fact that only the frequency component at
the resonance center is contributing to the absorption profile
according to the second term in Eq. (9), and the beating time
is determined by the coherence time of the radiation dipole,
which is over 500 fs in our simulation.

In order to better compare the influence of instrument
resolution on absorption spectrum, we also calculate the cou-
pling term H1 with and without considering the instrument
resolution, as shown in Fig. 6. In the case of the single-
atom response, the oscillation decays much faster when the
instrumental resolution is considered as shown in Figs. 6(a)
and 6(c). However, the decaying constant of the oscillation is
hardly affected by the instrument resolution in the case of an
optically dense target as shown in Figs. 6(b) and 6(d). There-
fore, in order to observe relatively fine spectral structures that
require very high resolution in a time-resolved spectroscopic

measurement, the propagation effect needs to be properly
considered.

IV. CONCLUSION

In summary, the transient XUV absorption spectroscopy
for an optically dense medium is investigated. An analytical
expression is derived for explaining some new absorption
properties in macroscopic absorption. By using the analytical
expression, a complex absorption spectrum can be divided
into three parts: a delay-independent term that is solely deter-
mined by the XUV-induced free induction decay, a cross term
that scales linearly with the coupling strength H1(τ ) depict-
ing the interplay between XUV and NIR pulses, and a third
term that scales quadratically with the coupling strength and
mainly gives rise to the localized absorption feature around
the resonance energy.

The analytical expression is applied to inspect two proto-
typical scenarios: a Rabi oscillation process in a three-level
system where the NIR pulse width is considered and the
population transfer process in a four-level system where the
NIR pulse width is neglected. The complex spectral splitting
occurring for the three-level system as well as the long per-
sisting oscillation for the four-level system in a macroscopic
absorption spectrum is well explained, and the underlying
physical origins of these macroscopic signatures are success-
fully pinpointed. It should be noted that the application of
the analytical expression of optical density is not limited to
the two prototypical spectroscopic features discussed in this
article. As long as the NIR pulse is short as compared to the
lifetime of the involved excited state, and the NIR-induced
population change function MIR(t, τ ) is known [the analytical
form of MIR(t, τ ) is accessible for the two special cases dis-
cussed in this article; for more complex cases MIR(t, τ ) can
be calculated numerically for a single-atom response], it can
be extended to more general cases of laser-matter interaction.

The current study provides a simple and intuitive approach
for understanding transient absorption spectroscopies in an
optically dense medium. It also offers an effective guidance
for exploring applications such as optical pulse shaping and
time-resolved spectroscopies for systems with congested en-
ergy levels.
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APPENDIX A: THREE-LEVEL RABI
OSCILLATION MODEL

In a three-level Rabi oscillation system, the NIR pulse
has a finite pulse duration and causes periodic inversion of
particle numbers between bright and dark states, it can be
approximately represented by a cosine function cos[
(t )],
where 
(t ) is the area of NIR pulse. Then Eq. (5) can be
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expressed as

cn(t, z, τ ) = −i
∫ t

−∞
E (t1, z, τ )dnge−iEgnt1 dt1

+ α(z, τ ){cos[
(t )] − 1}, (A1)

where 
(t ) = E0
2 dnk

∫ t
−∞ e−t2

1 /T 2
0 dt1, E0 is the peak intensity

of the NIR electric field, T0 represents the pulse width of NIR,
and dnk represents the dipole matrix element between bright
and dark states. c̃n(ω, z, τ ) is obtained by taking the derivative
of both sides of Eq. (A1) first:

c′
n(t, z, τ ) = −iE (t, z, τ )dnge−iEgnt

− α(z, τ )
E0

2
dnk sin[
(t )]e−t2/T 2

0 . (A2)

Then take the Fourier transform of both sides of Eq. (A2),

c̃n(ω, z, τ ) = −iẼ (ω+Egn, z, τ )dng

iω
− α(z, τ )dnkRb(ω)

iω
,

(A3)
where Rb(ω) = E0

2
√

2π

∫ +∞
−∞ sin[
(t )]e−t2/T 2

0 · e−iωt dt repre-
sents the frequency-dependent Rabi-oscillation term.

Consider the dipole moment formed by the coherence be-
tween the ground state |g〉 and the excited state |n〉. The wave
function can be written as follows:

|ψ〉 = e−iEgt |g〉 + cn(t )e−iEnt |n〉. (A4)

Then the dipole moment Dn(t, z, τ ) is defined as

Dn(t, z, τ ) = 〈ψ |r|ψ〉
= C [cn(t, z, τ )]dngeiEngt + cn(t, z, τ )dnge−iEngt .

(A5)

Since Eng is in the XUV region, the first term in Eq. (A5)
represents the positive frequency components and the first
term represents the negative frequency components. Only the
positive frequency is meaningful and will be considered in
the following derivation. Therefore, the Fourier transform of
Eq. (A5) gives

D̃n(w, z, τ ) = 1√
2π

∫ +∞

−∞
C [cn(t, z, τ )]dngeiEngt e−iwt dt

= C [̃cn(−ω + Eng, z, τ )]dng

= Ẽ (ω, z, τ )d2
ng

ω − Eng
− dnkdngC [α(z, τ )]Rb(ω − Eng)

i(ω − Eng)
(A6)

(for the real-valued electric field, Ẽ (ω, z, τ ) =
C [Ẽ (−ω, z, τ )]). Where Eng = En + iγn specifies the energy
range between the excited state |n〉 and ground state |g〉,
it depends on the energy level En and the lifetime γn of
the excited state (γ2p = 5 meV in this article). Then the
frequency-dependent polarization can be derived,

P̃n(ω, z, τ ) = −ND̃n(ω, z, τ ) = N

[−Ẽ (ω, z, τ )d2
ng

ω − En − iγn
+ dnkdngC [α(z, τ )]Rb(ω − Eng)

i(ω − En − iγn)

]

= χ (ω)Ẽ (ω, z, τ )+iχ (ω)C [α(z, τ )]Rb(ω − Eng)
dnk

dng
= χ (ω)Ẽ (ω, z, τ ) + iχ (ω)C [α(z, τ )]√

2πdng

(
√

2πRbdnk )

= χ (ω)Ẽ (ω, z, τ ) + iχ (ω)C [α(z, τ )]√
2πdng

FIR(ω), (A7)

where FIR = √
2πdnkRb(ω − Eng) refers to the modification

induced by the NIR field to the polarization.

APPENDIX B: FOUR-LEVEL POPULATION TRANSFER
MODEL

In a four-level population transfer system, if the NIR pulse
width is not considered, it can be represented by a Heaviside
function S(t ). Then Eq. (5) can be expressed as

cn(t, z, τ ) = −i
∫ t

−∞
E (t1, z, τ )dnge−iEgnt1 dt1

+ α(z, τ )S(t )[L(τ ) − 1]. (B1)

Then c̃n(ω, z, τ ) is obtained by taking the derivative and
Fourier transform to Eq. (B1) as follows,

c′
n(t, z, τ ) = −iE (t, z, τ )dnge−iEgnt+ α(z, τ )δ(t )[L(τ )−1],

iωc̃n(ω, z, τ ) = −iẼ (ω+Egn, z, τ )dng + α(z, τ )[L(τ ) − 1]√
2π

,

c̃n(ω, z, τ ) = −iẼ (ω+Egn, z, τ )dng

iω
+ α(z, τ )[L(τ ) − 1]

iω
√

2π
,

(B2)

where L(τ ) refers to the modification induced by the NIR field
to the polarization. What is different from the three energy
levels discussed above is that, not only should we consider the
coupling process between bright and dark states occurring in
the three energy levels, but also the coupling process of coher-
ent excited states, so a dipole-control model [18,29,43,44] is
used in the calculation of four energy levels, which contains
both processes entirely:

L(τ ) = a1eiφ1 + a2ei�ω(−τ )+iφ2 . (B3)

a1, a2, φ1, φ2 represent the amplitude and phase parameters,
which quantify the value of coherences between the ground
and excited states after the interaction with the NIR pulse.
Here, the full form C [L(τ )] = 0.36ei(0.27π ) + e−i(1.87τ )+i(1.13π )

is used in our calculation to match the numerical results.
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Substitute c̃n(ω, z, τ ) in Eq. (B2) into the expression for
the dipole moment,

D̃n(w, z, τ ) = C [̃cn(−ω + Eng, z, τ )]dng

= Ẽ (ω, z, τ )d2
ng

ω − Eng
+ C [α(z, τ )(L(τ ) − 1)]dng

i(ω − Eng)
√

2π
.

(B4)

Then the frequency-dependent polarization can be derived:

P̃n(ω, z, τ ) = −ND̃n(ω, z, τ ) = N

[−Ẽ (ω, z, τ )dng
2

ω − En − iγn

− C {α(z, τ )[L(τ ) − 1]}dng

i(ω − En − iγn)
√

2π

]
= χ (ω)Ẽ (ω, z, τ )

+ iχ (ω)C [α(z, τ )]√
2πdng

{1 − C [L(τ )]}

= χ (ω)Ẽ (ω, z, τ ) + iχ (ω)C [α(z, τ )]√
2πdng

FIR(τ ).

(B5)

Here, FIR = 1 − C [L(τ )] refers to the modification induced
by the NIR field to the polarization.

APPENDIX C: ANALYTICAL EXPRESSION
OF ABSORPTION SPECTRUM

By substituting Eq. (7) into Eq. (1),

∂

∂z
Ẽ (ω, z, τ ) = −i

2πωχ

c
Ẽ (ω, z, τ )

+ 2πωχ

c

FIR(ω, τ )√
2πdng

C [α(z, τ )], (C1)

where 2πωχ

c = A(ω), FIR (ω,τ )√
2πdng

= B(ω, τ ), Eq. (C1) is further

written as follows:
∂

∂z
Ẽ (ω, z, τ ) = −iA(ω)Ẽ (ω, z, τ )

+ A(ω)B(ω, τ )C [α(z, τ )]. (C2)

Ẽ (ω, z, τ ) can be derived from Eq. (C2):

Ẽ(ω, z, τ ) = Ẽ (ω, 0, τ )e−iA(ω)z + e−iA(ω)z

×
∫ z

0
A(ω)B(ω, τ )C [α(z1, τ )]eiA(ω)z1 dz1.

(C3)

By substituting Eq. (C3) into Eq. (4),

OD(ω, z, τ ) = − log10

∣∣∣∣ Ẽ (ω, z, τ )

Ẽ (ω, 0, τ )

∣∣∣∣2

= − log10

∣∣∣∣ Ẽ (ω, 0, τ )e−iAz + e−iAzAB
∫ z

0 C [α(z1, τ )]eiAz1 dz1

Ẽ (ω, 0, τ )

∣∣∣∣2

= − log10

∣∣∣∣e−i 2πωχ

c z + e−i 2πωχ

c z AB

Ẽ (ω, 0, τ )

∫ z

0
C [α(z1, τ )]eiAz1 dz1

∣∣∣∣2

= − log10

[
e

4πωz
c Im(χ ) + e

4πωz
c Im(χ )

∣∣∣∣ AB

Ẽ (ω, 0, τ )

∫ z

0
C [α(z1, τ )]eiAz1 dz1

∣∣∣∣2

+ 2e
4πωz

c Im(χ ) Re

(
AB

Ẽ (ω, 0, τ )

∫ z

0
C [α(z1, τ )]eiAz1 dz1

)]

= − log10

[(
e

4πωz
c Im(χ )

)
{1 + |H1(ω, z, τ )|2 + 2 Re[H1(ω, z, τ )]}

]
. (C4)

Here, H1(ω, z, τ ) = A(ω)B(ω,τ )
Ẽ (ω,0,τ )

∫ z
0 C [α(z1, τ )]eiA(ω)z1 dz1 appearing in both the second and third terms represents the coupling

strength of the NIR and XUV pulse.
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