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We investigate theoretically and experimentally the efficient control of the light spectrum in a fiber-
loop circuit with two incorporated phase modulators (PMs). By varying the modulation phases in the
PMs, photonic gauge potentials can be introduced in the loop, enabling full control of spectrum shift
and band width. The spectrum evolution also depends rigorously on the resonant modulation condition,
which suggests that the time delay of light in one circulation equals integer multiples of the modulation
period such that the gauge potentials remain constant in distinct circulations. As the two PMs possess the
same gauge potentials under resonant conditions, a 50-GHz frequency shift and three-fold band expansion
are experimentally realized. For the out-of-phase modulation under resonant conditions, we also achieve
the frequency analogue of perfect imaging for arbitrarily input spectra. As the resonant condition is bro-
ken, both the spectrum shift and band width are dramatically suppressed. This study may find potential
applications in the spectrum management for both optical communications and signal processing.
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I. INTRODUCTION

Frequency control such as manipulating the shift and
shape of a frequency spectrum has enabled a wide range
of applications. A larger frequency shift helps to match
the frequency gap between quantum systems and increase
the channel capacity of quantum communications, lead-
ing to prospective applications in quantum information
processing and networking [1–6]. By expanding the spec-
trum band width, one also can boost the capacity and
speed of optical communications [7–11]. After all, the
frequency spectrum contains abundant physical infor-
mation and has been widely exploited in precise opti-
cal metrologies and spectroscopies [12–18]. Conventional
methods to manipulate the spectrum rely on nonlinear
optical effects, such as the sum- or difference-frequency
process and four-wave mixing [19–22]. A drawback of
nonlinear approaches is the required high pump power
to induce efficient frequency conversion [23]. To over-
come this limitation, recent efforts have been dedicated
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to time-modulation methods, such as electro-optic mod-
ulations [24–27], acousto-optic modulations [28–31], and
optomechanical vibrations [32–34]. Nevertheless, the con-
version efficiency of time modulation is still hindered by
the finite modulation depth, which, in turn, limits the
ability to manipulate the spectrum. To improve the con-
version efficiency, a straightforward way is to utilize more
modulators arranged in parallel and/or cascade configura-
tions in order to increase the effective modulation depths.
However, this scheme will inevitably increase the system
complexity and operation difficulty in synchronizing the
modulators.

It was recently revealed that the phase of time modu-
lation is associated with an effective gauge potential for
photons [35,36]. The gauge potential can impose an addi-
tional phase factor to the photon wave function, analogous
to how the electromagnetic vector potential affects the
electron wave function [31,35–42]. The gauge potential
provides an alternative mechanism to control light propa-
gation in real space, such as realizing one-way edge states
[35,43–46] and nonreciprocal light transmission [38–42].
Moreover, it is also possible to create gauge potentials in
frequency space by controlling the modulation phases in
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optical phase modulators (PMs). The frequency domain
gauge potentials can be used to control the frequency
analogues of diffraction and refraction, providing an alter-
native approach to manipulate the spectrum of light
[25,47–50]. However, the spectrum manipulation based
on gauge potentials is still limited by the low modulation
depths due to the single pass of light through the PMs.

The fiber-loop configurations with phase and inten-
sity modulators have been proposed to improve the effi-
ciency of spectrum manipulation and find applications in
generating flat and broadband frequency combs [51–53].
Here, we design a fiber-loop circuit with a tunable loop
length and incorporate two PMs in the loop such that the
gauge potential can be introduced in the system. Further-
more, the modulation efficiency is remarkably enhanced
in the loop configuration. By turning the loop length,
we can achieve the resonant condition such that light
undergoes constructive phase modulations with constant
gauge potentials from one circulation to another. Such res-
onant modulation can increase the effective modulation
depths in the two PMs, giving rise to a larger spectrum
shift and band-width expansion compared to a single-
pass phase modulation. Moreover, as the two PMs in the
fiber loop undergo out-of-phase modulations, we can also
achieve perfect reconstruction for an arbitrarily input spec-
trum. Furthermore, we experimentally verify that, as the
resonant condition is broken, the spectrum manipulation
efficiency will dramatically decrease, giving rise to the
suppression of spectrum shift and band expansion. This
study applies the concepts of photonic gauge potentials
and resonant modulation condition to the manipulation of
the light spectrum, which may find applications in spec-
trum management for optical communications and signal
processing.

II. THEORETICAL MODEL

A schematic diagram of a dynamically modulated fiber
loop is shown in Fig. 1(a), which comprises two incor-
porated PMs and a tunable time delay line (TDL) in the
loop. The input light can couple into and out of the loop
through a directional coupler. The PMs (PM1 and PM2)
are modulated by sinusoidal radio frequency (rf) signals
with the same modulation frequency �, but generally dif-
ferent modulation depths m1, m2 and phases φ1, φ2. Here,
two PMs are utilized to enhance the modulation and pro-
vide more flexibility to control the frequency spectrum.
As the modulation depths and phases are tunable in two
PMs, the output spectrum could have a greater variety of
evolution processes than that in the loop with only one
PM. The output spectrum will be reshaped through mul-
tiple phase modulations as light circulates in the loop. As
shown in Fig. 1(b), the process of phase modulation can be
equivalently described in terms of photonic transitions in a
frequency lattice with ωn = ω0 + n� (n = 0, ±1, ±2,. . . ).
The modulation frequency and depth correspond to the lat-
tice constant and hopping strength between adjacent lattice
sites. It has been recently revealed that the modulation
phase φ (φ1 or φ2) is associated with an effective gauge
potential in the frequency lattice, which can induce a non-
reciprocal phase shift of ±φ during photonic transitions
[25,47,48]. The spectrum evolution in the PMs can thus
be manipulated by the gauge potentials through controlling
the modulation phases. The notation of gauge potential in
the loop circuit is the same as that in a single-pass circuit.

Since the PMs are incorporated in the fiber loop where
light can pass through multiple times, the loop length will
also have influence on the spectrum evolution. For quanti-
tative analysis, we denote τ as the delay time for light to
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FIG. 1. (a) Schematic sketch of a fiber loop with two phase modulators (PM1 and PM2) and a tunable time delay line (TDL). m1,
m2 and φ1, φ2 denote the modulation depths and phases of the two PMs. E1–E4 represent the field amplitudes at different ports. The
input light couples into and out of the loop through a directional coupler with coupling ratio r2/t2. (b) Nonreciprocal phase shift of φ

and −φ during upward and downward transitions. (c) Parallel optical circuits equivalent to the loop circuit shown in (a). Mjn and �jn
are effective modulation depths and phases given by Eqs. (4) and (5), where j = 1, 2 denotes PM1 and PM2, n = 1, 2, . . . , N with N
being the total circulation times in the loop.
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accomplish a complete circulation in the loop. In practice,
the delay time can be continuously tuned by the incor-
porated TDL. For a general choice of loop length, the
delay time and modulation frequency obey the following
equation

�τ = 2qπ + θ , (1)

where q is an integer and θ represents the modulation
phase shift and equals the deviation of the gauge poten-
tial between adjacent circulations. Specifically, with θ as
an integer multiple of 2π , the light will experience a con-
stant modulation phase in each circulation, indicating the
constructive phase modulation in the loop. Thereafter, we
denote this situation as the resonant modulation condi-
tion. While for θ not an integer multiple of 2π , the light
should undergo a linear shift of modulation phase as the
circulation time increases, which is referred to as the off-
resonance modulation condition. Generally, the electrical
field components at different ports of the coupler can be
linked by the following equations

⎧⎨
⎩

E2(t) = rE1(t) + itE4(t),
E3(t) = itE1(t) + rE4(t),
E4(t) = eim2 cos[�(t−τ)+φ2]eim1 cos[�(t−τ)+φ1]E3(t − τ),

(2)

where r2/t2 is the coupling ratio of the directional coupler.
E1(t) and E2(t) denote the electrical fields at the input and
output ports. E3(t) and E4(t) represent the electrical fields
before and after the PMs in the fiber loop, respectively.
From Eq. (2), we can obtain the relation between the input
and output fields (see the Appendix)

E2(t) = rE1(t) −
N∑

n=1

r2
neiM2n cos(�t+�2n)eiM1n cos(�t+�1n)

× E1(t − nτ). (3)

The total output field is the superposition of each out-
put contribution, which has circulated n times in the loop.
Here, n = 1, 2, . . . , N, with N being the total number of
circulation times. The corresponding weight coefficient is
r2

n = t2r(n−1). As shown in Fig. 1(c), the process of light
circulation in the loop for n times is equivalent to the
process of a single phase modulation, with the effective
modulation depths and phases given by (see the Appendix)

Mjn =
{

nmj , (θ = 0)
sin(nθ/2)

sin(θ/2)
mj , (θ �= 0)

(4)

�jn = φj − 1
2
(n + 1)θ , (5)

where j = 1, 2 denote PM1 and PM2, respectively. Specif-
ically, for the resonant modulation condition θ = 0, the

light will experience a constant gauge potential with a
fixed modulation phase �jn =φj ( j = 1, 2) in each circu-
lation. As a result, these n times of circulation give rise
to a modulation depth of nmj . On the other hand, for the
off-resonance condition, the gauge potential exhibits a lin-
ear shift as n increases. The modulation depth becomes
sin(nθ /2)/sin(θ /2) times that in a single-pass circuit. In fact,
the loop circuit may enhance the modulation as the phase
modulators are passed through for many times due to mul-
tiple circulations. By adjusting the resonant condition, the
phase of the frequency comb in each circulation of the loop
can be tunable, providing more flexibility for frequency
control.

We first consider the case of inputting a single-
frequency light. The incident electrical field is given
by E1(t) = a0exp(iω0t), where a0 is the input amplitude.
Assume the two PMs possess the same modulation depths
m1 = m2 such that M 1n = M 2n. Substituting the input field
into Eq. (3), we can obtain the output electric field

E2(t) = ra0eiω0t −
∞∑

s=−∞

{
(i)seis(�1n+	φ/2)

N∑
n=1

r2
n

× Js

[
2M1n cos

(
	φ

2

)]}
a0e−inω0τ ei(ω0+s�)t,

(6)

where 	φ =φ2 − φ1 and s is an integer. The output field
can also be written as E2(t) = ∑

sasexp[i(ω0 + s�)t] with
as being the amplitude at frequency s� and having the
form

as = ra0δs,0 − (i)seis(�1n+	φ/2)

N∑
n=1

r2
n

× Js

[
2M1n cos

(
	φ

2

)]
a0e−inω0τ . (7)

Therefore, as the modulation depths in both PMs are fixed,
the output spectrum is only determined by the phase dif-
ference of modulation in the two PMs. For other kinds
of input light, the output spectrum can be obtained by
performing Fourier transformation using the time-varying
output electric field in Eq. (3). For example, if we input a
frequency comb instead of a single frequency into the sys-
tem, the output spectrum will also manifest as a frequency
comb with the profile being reshaped by the phase modu-
lations in the fiber loop. The theoretical deduction of the
output spectrum is provided in the Appendix.

To quantitatively show the spectrum manipulation effi-
ciency, we compare the spectrum evolutions in the loop
circuit with two PMs to those in a single-pass one. In
the calculation, we vary the total modulation depth m
(=m1 + m2) linearly in the two situations. The coupling
ratio is fixed as r2/t2 = 50/50. The input frequency is
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ω0/2π = 193.5 THz, corresponding to λ0 = 1.55 µm. The
modulation frequency is �/2π = 10 GHz and the reso-
nant modulation condition is satisfied. Figures 2(a) and
2(b) show the frequency comb generations under a single-
frequency light input in the single-pass and the fiber-loop
systems, respectively. As m = 2, the fiber-loop system can
generate a total of 33 comb teeth, which is three times
larger than the single-pass system. Thus, the fiber loop
can remarkably increase the band width of the frequency
comb. In Figs. 2(c) and 2(d), we input a frequency comb
with a Gaussian envelope into the two systems. The ini-
tial Bloch momentum φ0 −φ1 =−π /2 and Gaussian width
W = 5�. In both situations, the frequency combs experi-
ence a blue shift as the modulation depth increases. In the
single-pass circuit, the center of the spectrum undergoes
a blue shift of 2� while the shift becomes 6� when the
loop is employed. At the same time, the comb width has
been increased by 2.5 times. Comparably, the comb width
in the single-pass circuit almost remains constant. The rea-
son lies in the uniform direction of group velocity around
φ0 − φ1 = −π /2 [25]. Concerning the loop circuit, the final
output spectrum derives from the superposition of the
spectrum in each circulation. The spectra may experience
coherent interference as the PMs will modulate the phase
of the frequency comb in each circulation of the loop,
resulting in the deformation of the spectrum, as shown in
Fig. 2(d). Note that the intensity of the spectrum becomes
gradually lower as the circulation times increase. It is
the spectra passing through the first several circulations
of the loop that will largely contribute to the output
spectrum.

III. EXPERIMENTAL RESULTS AND
DISCUSSIONS

The experimental setup is shown in Fig. 3, which com-
prises a fiber-loop circuit with two incorporated LiNbO3
PMs. The fiber loop is excited by using a continuous
laser or mode-locked laser through a 50/50 optical fiber
coupler. The two PMs (EOSPACE, 12.5+ Gb/s) are iden-
tical with a half voltage of Vπ ∼ 4.9 V, which are driven
by the radio frequency (rf) signals with fixed modula-
tion frequency �/2π = 10 GHz. In the rf circuit, the rf
phase shifters (Weinschel 981) and rf attenuators (Narda
4745-69) are employed to adjust the modulation phases
and depths of the two PMs, respectively. The phase dif-
ference between the mode-locked laser and the two PMs
can be continuously tuned by the rf phase shifter PS0.
The modulation phase difference of the two PMs is var-
ied by PS1 and PS2. The modulation depths of the two
PMs are controlled by the tunable rf attenuators (VA1,
VA2) and rf amplifiers (EA1, EA2). In the optical cir-
cuit, a programmable band-pass filter (Finisar 1000S) is
utilized to reshape the initial spectrum profile to form a
Gaussian envelope. A fiber connector A or B is used for
choosing the continuous or mode-locked laser. In the fiber
loop, a TDL is applied to fulfill the resonant modulation
condition. Two polarization controllers (PCs) are used to
control light polarization states in the PMs. The erbium-
doped fiber amplifier (EDFA) and the variable optical
attenuator (VOA) are used to control the insertion loss.
The output spectrum is detected by the optical spectrum
analyzer.

(d)(c)

m =

m =

m =

m =

m =

(b)(a)

FIG. 2. (a),(b) Spectrum evolutions in two cascaded PMs of a single passage (a) and in the fiber loop (b) for incidence of a single
frequency as the total modulation depth increases from m = 0 to 2. Here �/2π = 10 GHz, λ0 = 1.55 µm, θ = 0, φ1 =φ2. (c),(d) Corre-
sponding spectrum evolutions for incidence of frequency comb with a Gaussian envelope. The width of the frequency comb is W = 5�

and φ0 −φ1 =−π /2.
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FIG. 3. Schematic diagram
of the experimental setup. BPF,
band-pass filter; EDFA, erbium-
doped fiber amplifier; VOA,
variable optical attenuator; PC,
polarizer controller; TDL, tunable
optical delay line; PS, phase
shifter; EA, electrical amplifier;
VA, variable attenuator. Mode-
locked laser and continuous laser
are utilized separately when only
one of the fiber connectors A or
B is switched on in each experi-
mental implementation. The inset
on the right below shows the way
of varying modulation depths m1
and m2 of the two PMs. At first,
m1 increases linearly and m2 = 0.
Then m1 is fixed at its maximum
and m2 increases linearly before
reaching its maximum.

First, we consider the spectrum evolution for a single
frequency input under the resonance condition. For prac-
tical implementation, the fiber connector A is switched on
to inject the continuous laser light. The resonant condition
can be tuned by continuously varying the TDL, which is
fulfilled as the output spectrum width reaches maximum.
Figures 4(a) and 4(b) show the output spectrum evolutions
versus the modulation phase difference 	φ = φ2 − φ1
under equal modulation depths m1 = m2 = 0.9 in the two
PMs. The experimental results agree well with the theo-
retical analysis of Eq. (A11) (see the Appendix). As the
modulation phase difference varies from 	φ = 0 to π ,
the width of the output spectrum should vary from its
maximum to its minimum.

Then we fix 	φ = 0 and successively increase m1 and
m2. The measured output spectrum evolution is shown in
Fig. 4(c). The spectrum width increases linearly with the
modulation depth m1 + m2. The amplitude of the spectrum
is given by

as = ra0δs,0 − (i)seisφ1

N∑
n=1

r2
nJs(nm1 + nm2)a0e−inω0τ .

(8)

In the calculation, the modulation depths m1 and m2 are
measured through an oscilloscope. Although the resonance
condition Eq. (1) can be easily satisfied in the experiment
by detecting the maximum band expansion, the circulation
time of light in the loop τ is hard to determine and has to
be fitted according to the experimental data. The theoreti-
cal fitted results are shown in Fig. 4(d), which agree well
with the experimental data. For out-of-phase modulation

as 	φ = π , the amplitude of the spectrum is

as = ra0δs,0 − (i)seis(φ1+π/ 2)

N∑
n=1

r2
nJs(nm1 − nm2)a0e−inω0τ .

(9)

We have as = ra0 −
N∑

n=1
r2

na0e−inω0τ for s = 0 and as = 0 for

s �= 0, verifying that the output spectrum contains only the
zeroth order when m1 = m2. The measured spectrum evo-
lution is illustrated in Fig. 4(e). One sees that the input
single frequency expands to a wide frequency comb when
m1 increases linearly. Then the spectrum is compressed
as m2 increases and ultimately returns back into a sin-
gle frequency. The theoretical fitted results are shown in
Fig. 4(f), which also coincide well with the experimental
data. The effect shows perfect imaging of the frequency
and may find great applications in optical communications
and information processing.

Furthermore, we investigate the spectrum evolution for
incidence of a frequency comb. By switching on the fiber
connector B, we can inject a frequency comb into the
fiber loop generated from the mode-locked laser. A band-
pass filter (BPF) is used to modulate the frequency comb
with a Gaussian envelope. The initial Bloch momentum
of the frequency comb is denoted as φ0. In the experi-
ments, we first fix φ1 =φ2 and m1 = m2 = 1.1 for the two
PMs and continuously vary the phase shifter PS0 to change
the modulation phase difference φ0 −φ1. The experimen-
tal output spectrum evolution versus φ0 −φ1 is shown in
Fig. 5(a). The center of the spectrum envelope manifests a
periodical oscillation as the phase difference varies. The
analytical results according to Eq. (A14) are shown in
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FIG. 4. (a) Experimental and (b) simulated spectrum evolutions versus the phase difference φ2 − φ1 for m1 = m2 = 0.9 and θ = 0. (c)
Experimental and (d) simulated spectrum evolutions for φ2 − φ1 = 0 and θ = 0. (e) Experimental and (f) simulated spectrum evolutions
for φ2 −φ1 = π and θ = 0.

Fig. 5(b). They coincide well with the experimental data.
The center position of the frequency comb is depicted in
Fig. 5(c). Both the experimental and theoretical results
show that the spectrum reaches the maximum red and blue
shifts of approximately 50 GHz (approximately 0.4 nm)
as φ0 − φ1 = ±π /2. At the same time, the bandwidth of
the frequency comb varies between 0.52 and 0.67 nm, as
shown in Fig. 5(d). As φ0 −φ1 =π , the spectral shift van-
ishes and the band width returns to its initial value. For
φ0 − φ1 = −π /2, the spectrum evaluation is shown in Fig.
5(e) as φ2 −φ1 varies from 0 to 3π . The results can also be
predicted by the theoretical calculation, which is shown in
Fig. 5(f). The center position of the frequency comb enve-
lope also experiences periodic oscillations with φ2 −φ1,
but with the opposite phase compared with the case of
varying φ0 −φ1. As φ2 −φ1 = 0, both the spectrum shift
and band width reach their maxima, as shown in Figs. 5(g)
and 5(h). The maximum spectrum shift is approximately
50 GHz (approximately 0.4 nm) and the spectrum band
width increases from 0.48 to 0.66 nm. As φ2 − φ1 =±π ,
the output spectrum remains unchanged with respect to the
input spectrum, manifesting the perfect imaging for the
input frequency comb.

The frequency shift in the loop can be qualitatively
explained by the band structure of a single-pass circuit
with PMs [25]. The frequency comb is regarded as a Bloch
mode in the frequency lattice created by the phase modu-
lators, where the band structure follows a sinusoidal curve.
As the incident Bloch momentum φ0 − φ1 reverses its
sign, the group velocity will also change direction in the
frequency dimension, resulting in a red or blue shift for
the frequency comb with a finite width. Under resonant
condition, the Bloch momenta of the frequency combs in

different circulations of the loop are equivalently valued.
Consequently, all the combs have to experience a uniform
red or blue shift. Since the final output spectrum is obtained
by the superposition of the frequency combs in all circula-
tions, it will undergo a blue or red shift just as that in a
single-pass circuit.

To explore the spectrum evolution for specific gauge
potentials, we fix the modulation phases in the PMs and
increase the corresponding modulation depths m1 and m2.
First, we choose the same gauge potentials in the two PMs
such that φ1 =φ2. The increase of the effective modula-
tion depths is implemented according to the scheme shown
in the inset of Fig. (3). Figures 6(a) and 6(b) illustrate
the spectrum evolutions versus the total modulation depth
m1 + m2 for a frequency comb input as φ0 −φ1 =−π /2
and π /2. The spectra manifest blue and red shifts, respec-
tively. The maximum shift of the spectral envelope reaches
approximately 50 GHz (approximately 0.4 nm), cover-
ing more than five comb lines. Meanwhile, the width of
the spectrum in both cases is broadened by three times
as the modulation depth increases. For φ0 −φ1 = 0, as
shown in Fig. 6(c), the shift of the spectral envelope
vanishes, but the width is still remarkably expanded. In
Fig. 6(d), we choose different gauge potentials in the two
PMs as φ0 − φ1 = −π /2 and φ0 − φ2 =π /2. The input
frequency comb experiences a blue shift and expansion
at first and then the process is reversed until the spec-
trum returns to its origin. The theoretical calculation is
performed by solving Eq. (3) under a frequency comb
input. The details are provided in Eqs. (A15) and (A16)
of the Appendix. The simulated results are shown in Figs.
6(e)–6(h), which agree fairly well with the experimental
data.
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FIG. 5. (a) Experimental and (b) simulated spectrum evolutions versus the phase difference φ0 − φ1 for φ1 = φ2, θ = 0, and
m1 = m2 = 1.1. (c) Center position of the frequency comb as a function of φ0 −φ1. The red and blue circles indicate the experi-
mental and theoretical results. (d) Band width of the frequency comb as a function of φ0 −φ1. (e) Experimental and (f) simulated
spectrum evolutions versus the phase difference φ2 −φ1 for φ0 −φ1 =−π /2. Other parameters are kept the same as those in (a) and
(b). (g) Center position of the frequency comb as a function of φ2 −φ1. (h) Band width of the frequency comb as a function of φ2 −φ1.

All of the above results are based on the resonant mod-
ulation condition with constant gauge potentials in the
PMs. Now we consider the off-resonance condition as
θ varies when the gauge potentials experience a linear
shift as the circulation time increases. Figure 7(a) shows
the output spectrum evolution under a single frequency
input as the detuned phase θ varies. Here, the modulation

depths m1 = m2 and the initial modulation phases φ1 =φ2
in the two PMs. The output frequency comb undergoes a
remarkable expansion in band width under the resonant
modulation condition. For the off-resonant condition, the
width of the frequency comb is largely suppressed. The
theoretical results are shown in Fig. 7(b), which agrees
well with the experimental data. Figure 7(c) illustrates the

(f)

(a) (c)(b) (d)

(e) (g) (h)

m
2

m
1
+

m
2

m
1
+

FIG. 6. (a)– (c) Experimental spectrum evolutions for φ0 − φ1 = –π /2, π /2, and 0, respectively. Here, φ1 =φ2 and the resonant
modulation condition is satisfied. (d) Experimental spectrum evolutions for φ0 − φ1 = –π /2 and φ0 − φ2 = π /2. (e)– (h) Simulated
results corresponding to (a)– (d).
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(a)
4

FIG. 7. (a) Experimental and
(b) simulated results of spectrum
evolutions as θ varies for single-
frequency input. Here, φ1 =φ2
and m1 = m2 = 0.9. (c) Experi-
mental and (d) simulated results
of spectrum evolution as θ varies
for frequency comb input. Here,
φ0 −φ1 =−π /2, φ1 =φ2, and
m1 = m2 = 1.1.

measured evolution of the output spectrum with the vari-
ation of θ for the input of the frequency comb. One sees
that the spectrum shift and band expansion both reach the
maxima as θ reaches an integer multiple of 2π , while it
dramatically decreases for other values. The experimen-
tal data are predicted well by the theoretical computations
shown in Fig. 7(d). The results can be explained as follows.
In the nth circulation of the loop, the shift of the spec-
trum is given by |	ω| = |sin(nθ /2)/sin(θ /2)|m�. As the
circulation time n increases, a very small θ around an inte-
ger multiple of 2π will cause a large frequency shift. The
spectrum modulation in the loop is quite sensitive to the
resonant condition. The dramatic expansion of the spec-
trum under the resonant condition should be attributed to
higher-order circulations in the loop.

IV. CONCLUSIONS

In summary, we demonstrate efficient manipulation of
the light spectrum using photonic gauge potentials in a
resonant-modulated fiber-loop circuit with two incorpo-
rated PMs. The gauge potentials are introduced by control-
ling the modulation phases in the PMs and the resonant
condition is controlled by tuning the length of the fiber
loop. Under the resonant modulation condition, we achieve
a maximum spectrum shift of up to 50 GHz and a band-
width expansion up to three fold for the frequency comb
input. As the two PMs are under out-of-phase modulation,
we also realize spectrum perfect imaging for both single
frequency and frequency comb inputs. As the resonant

condition is broken, the efficiency of spectrum manipula-
tion will decrease dramatically, giving rise to the suppres-
sion of spectrum shifting and band-width expansion. The
study reveals the significance of resonant condition in the
control of spectrum evolution in time-modulated circuits,
which may find applications in spectrum and signal reshap-
ing and management for both optical communications and
information processing.
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APPENDIX: DERIVATION OF THE LOOP
OUTPUT ELECTRICAL FIELD

Here, we provide the detailed derivation of the input-
output relation of Eq. (3) in the main text. The original
iterative equations read as follows

⎧⎨
⎩

E2(t) = rE1(t) + itE4(t),
E3(t) = itE1(t) + rE4(t),
E4(t) = eim2 cos[�(t−τ)+φ2]eim1 cos[�(t−τ)+φ1]E3(t − τ),

(A1)
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which gives rise to the input-output relation

E2(t) = rE1(t) − t2
N∑

n=1

rn−1eim1Fn(�t)eim2Gn(�t)E1(t − nτ),

(A2)

where Fn(�t) and Gn(�t) are given by
⎧⎪⎪⎨
⎪⎪⎩

Fn(�t) =
n∑

k=1
cos(�t − kθ + φ1),

Gn(�t) =
n∑

k=1
cos(�t − kθ + φ2).

(A3)

For the resonant modulation condition θ = 0, we have

E2(t) = rE1(t) − t2
N∑

n=1

rn−1einm1 cos(�t+φ1)einm2 cos(�t+φ2)

× E1(t − nτ). (A4)

For the off-resonance condition θ �= 0, by using Chebyshev
polynomials of the first kind Tk(cosθ ) = cos(kθ ) and the
second kind Uk−1(cosθ ) = sin(kθ )/sinθ , Eq. (A3) can be
simplified as

Fn(�t) = cos(�t + φ1)

n∑
k=1

Tk(cos θ) + sin θ sin(�t + φ1)

n∑
k=1

Uk−1(cos θ)

= 1
2

cos(�t + φ1)

n∑
k=1

(eiθk + e−iθk) − i
2

sin(�t + φ1)

n∑
k=1

(eiθk − e−iθk)

= 1
2

cos(�t + φ1)

[
eiθ − ei(n+1)θ

1 − eiθ + e−iθ − e−i(n+1)θ

1 − e−iθ

]
− i

2
sin(�t + φ1)

[
eiθ − ei(n+1)θ

1 − eiθ − e−iθ − e−i(n+1)θ

1 − e−iθ

]

= 1
2

e−i(�t+φ1)

(
eiθ − ei(n+1)θ

1 − eiθ

)
+ 1

2
ei(�t+φ1)

(
e−iθ − e−i(n+1)θ

1 − e−iθ

)

= sin(nθ/2)

sin(θ/2)
cos

[
�t + φ1 − 1

2
(n + 1)θ

]
. (A5)

Similarly, Gn(�t) can be rewritten as

Gn(�t) = sin(nθ/2)

sin(θ/2)
cos

[
�t + φ2 − 1

2
(n + 1)θ

]
. (A6)

Denoting Cn = sin(nθ /2)/sin(θ /2) and substituting Eqs.
(A5) and (A6) into (A2), we have

E2(t) = rE1(t) − t2
N∑

n=1

rn−1eiCnm1 cos[�t−(1/2)(n+1)θ+φ1]

× eiCnm2 cos[�t−(1/2)(n+1)θ+φ2]E1(t). (A7)

Eqs. (A4) and (A7) can thus be written in the unified
formula

E2(t) = rE1(t)

−
N∑

n=1

r2
neiM2n cos(�t+�2n)eiM1n cos(�t+�1n)E1(t − nτ),

(A8)

where r2
n = t2r(n−1) is a weight coefficient and Mjn, �jn

(j = 1, 2) are the effective modulation depths and phases,
respectively, which are given by

Mjn =
⎧⎨
⎩

nmj , (θ = 0)

sin(nθ/2)

sin(θ/2)
mj , (θ �= 0)

(A9)

�jn = φj − 1
2
(n + 1)θ . (A10)

Consider a single-frequency light signal input with the
electrical field E1(t) = a0exp(iω0t), where the output field
is given by

E2(t) = ra0eiω0t −
∞∑

s=−∞

{
(i)seis(�1n+	φ/2)

N∑
n=1

rn
2

× Js

[
2M1n cos

(
	φ

2

)]}
a0e−inω0τ ei(ω0+s�)t.

(A11)
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Denoting 	φ = φ2 − φ1 and m1 = m2 such that M 1n = M 2n,
the complex amplitude of the output spectrum is

as = ra0δs,0 − (i)seis(�1n+	φ/2)

N∑
n=1

rn
2

× Js

[
2M1n cos

(
	φ

2

)]
a0e−inω0τ . (A12)

Specifically, under in-phase and out-of-phase modulations
in the two PMs, the output spectra are

as =

⎧⎪⎪⎨
⎪⎪⎩

ra0δs,0 − (i)seis�1n
N∑

n=1
rn

2Js(M1n + M2n)a0e−inω0τ , (	φ = 0)

ra0δs,0 − (i)seis(�1n+π/ 2)
N∑

n=1
rn

2Js(M1n − M2n)a0e−inω0τ . (	φ = π)

(A13)

Similarly, we consider a Gaussian wave packet
input with the electrical-field distribution E1(t) =∑

ma0
exp[−(m�/W)2]exp(imφ0)exp[i(ω0 + m�)t], where W is
the width of the Gaussian envelope and φ0 is the initial
Bloch momentum. Denoting m1 = m2 and 	φ =φ2 −φ1,
we have

as = r
∑

m

a0e−(m�/W)2
eimφ0δs,m

−
∑

m

(i)s−mei(s−m)(�1n+	φ/2)

×
N∑

n=1

r2
nJs−m

[
2M1n cos

(
	φ

2

)]
a0e−(m�/W)2

× ei(mφ0−nω0τ−mnθ)
. (A14)

In particular, under in-phase modulation, the output spec-
trum is

as = r
∑

m

a0e−(m�/W)2
eimφ0δs,m −

∑
m

(i)s−mei(s−m)�1n

×
N∑

n=1

r2
nJs−m(M1n + M2n)a0e−(m�/W)2

× ei(mφ0−nω0τ−mnθ)
. (A15)

Similarly, under the out-of-phase modulation, the output
spectrum is given by

as = r
∑

m

a0e−(m�/W)2
eimφ0δs,m −

∑
m

(i)s−mei(s−m)�1n

×
N∑

n=1

r2
nJs−m(M1n − M2n)a0e−(m�/W)2

ei(mφ0−nω0τ−mnθ)
.

(A16)

All the above theoretical analysis is verified by the experi-
mental results in Figs. 4–7.

[1] S. Zaske, A. Lenhard, C. A. Keßler, J. Kettler, C. Hepp, C.
Arend, R. Albrecht, W. Schulz, M. Jetter, P. Michler, and C.
Becher, Visible-to-Telecom Quantum Frequency Conver-
sion of Light from a Single Quantum Emitter, Phys. Rev.
Lett. 109, 147404 (2012).
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