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Abstract: We investigate the topological bound modes in a binary optical waveguide array 
with anti-parity-time (PT) symmetry. The anti-PT-symmetric arrays are realized by 
incorporating additional waveguides to the bare arrays, such that the effective coupling 
coefficients are imaginary. The systems experience two kinds of phase transition, including 
global topological order transition and quantum phase transition. As a result, the system 
supports two kinds of robust bound modes, which are protected by the global topological 
order and the quantum phase, respectively. The study provides a promising approach to 
realizing robust light transport by utilizing mediating components. 

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement 

1. Introduction 

Topological photonics have attracted considerable attention as they provide additional degree 
of freedom to reveal new states of light [1–9]. They are also utilized for controlling light 
flows that is insensitive to disorder [1]. The simplest model to investigate topologically 
protected modes is the Su–Schrieffer–Heeger (SSH) model, which consists of binary arrays 
[10,11]. By tuning the intra- and inter- cell coupling, topological order of the array changes 
when a bandgap closes and then reopens. Topological protected modes appear at the gap of 
band structure when two structures with different topological orders are interfaced [1,11]. The 
SSH model is theoretically and experimentally reported in various optical systems, including 
metallic resonators [9], photonic superlattices [10], silicon waveguides [11], semiconductor 
micropillars [12], and plasmonic waveguides [13–17]. 

Studies of topological photonics have so far mostly dealt with Hermitian systems. 
Recently, a growing interest is paid to investigating topological properties of non-Hermitian 
systems with gain and loss, especially the Parity-Time (PT) -symmetric systems [18–27]. The 
PT symmetry is introduced to optics in 2008 for the first time [28], which requires the system 
Hamiltonian H obeys relation [PT, H] = 0. The system can possess real spectrum in the 
presence of gain and loss below PT-broken threshold [28–31]. The first experimental 
observation of PT symmetry is by utilizing two coupled semiconductor waveguides [29], 
where optical gain is provided though nonlinear two-wave mixing. Many fascinating 
phenomenon are reveled in PT-symmetric systems [31–35], such as double refraction [28], 
loss induced transparency [36], non-reciprocal propagation [29], and chiral mode switching 
[37–39]. Topological phase transition also emerges in PT-symmetric systems, which is 
closely related to the system degeneracy, known as exceptional point (EP) [19,21,23,40]. The 
topological bound modes with PT symmetry are firstly observed in coupled waveguide arrays 
[19], which are Hermitian-like and can be sustained with vanished gain and loss factor. 
Interestingly, PT-symmetric systems support unique robust bound mode with no Hermitian 
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and also in open ring resonator with asymmetric scattering [59]. However, the imaginary part 
of coupling coefficient is small compared with its real part. Complex coupling is also realized 
by dynamically modulating refractive index along wave propagation direction [60,61]. 
However, it increased difficulties for experimental implementation. We follow another 
approach by incorporating assistant waveguides into the bare array to realize imaginary 
coupling [45,62,63]. The static on-site complex potentials simplify its practical 
implementation and the coupling strength can be tuned by the amount of gain and loss. As 
shown in Fig. 1(a), the proposed weekly coupled array have four waveguides in each unit cell, 
which are labeled as A, B, C, and D with C and D being the assistant waveguides. The 
corresponding effective detuning of propagation constants is denoted as δ1, δ2, δ3, and δ4. 
Only nearest coupling is considered. The coupling is represented by J1 and J2, which are 
assumed to be real and positive. The wave should evolve according to the coupled mode 
equation (CMT), which is given by 
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2 1 2

3 1

4 2 1

( )

( )
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n n n

n
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 (1) 

where an, bn, cn, and dn denote the field amplitudes in respect waveguide in nth unit cell. If the 
absolute value of detuning |δ3| and |δ4| are much larger than the coupling J1 and J2, the 
assistant waveguides C and D can be eliminated adiabatically [45], that is, 
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( ) ( )
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Substituting Eq. (2) into the first two terms of Eq. (1), the corresponding CMT reduces to 
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Therefore, after setting 
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Equation (3) can be written as 

 
1 2 1

1 2 1

,
2

.
2

n
n n n

n
n n n

da
i a ic b ic b

dz
db

i ic a ic a b
dz

−

+

Δ− = − + +

Δ− = + +
 (5) 

The equivalent system described by Eq. (5) is depicted in Fig. 1(b). Each unit cell contains 
two waveguides A and B with effective detuning of propagation constants being ± ∆/2, 
respectively. The intra- and inter- coupling coefficients are ic1 and ic2, which are purely 
imaginary values. In order to realize the imaginary coupling, Eq. (4) indicates that the bare 
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arrays should be with gain and the assistant waveguides are with loss. Moreover, the amount 
of loss significantly exceeds the amount of gain, that is, |δ3|, |δ4|  |δ1|, |δ2|. As the adiabatic 

elimination requires |δ3|, |δ4|  J1, J2, the bare coupling strength should also be much larger 

than effective imaginary coupling, that is, J1, J2  c1, c2. 

For periodic boundary, the Bloch theorem can be utilized and the system Hamiltonian is 
given by 

 1 2

1 2

/ 2 exp( )
.

exp( ) / 2

ic ic i
H

ic ic i

ϕ
ϕ

−Δ + − 
=  + Δ 

 (6) 

The time-reversal operation T transforms a z-independent operator to its complex conjugate, 
while the parity operator P exchanges locations of the modes [45]. Thus, the system 
Hamiltonian fulfills the relation (PT)H(PT)−1 = −H, which implies the system is anti-PT-
symmetric. The anti-PT symmetry can be also defined by Pauli matrix σi, which requires 
σxH(φ)σx = −H*(φ) [23]. Chiral symmetry is also important in determining topological 
properties of the system, which is defined by σzH(φ)σz = −H(φ). The system possesses chiral 
symmetry only when the detuning is Δ = 0. This ensures the Berry phase of individual band is 
quantized. The eigenvalues of Eq. (6) are solved to be 

 2 2 2
1 2 1 2/ 4 2 cos .c c c cλ ϕ± = ± Δ − − −  (7) 

The corresponding right and left eigenvectors are figured out as 
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where Δk = arctan(−2iρk/Δ) and ρ(φ) = c1 + c2exp(−iφ) = ρkexp(iφk). The system has three 
different phases according to anti-PT symmetry. When |c1 − c2| > Δ/2, the system is in anti-
PT-symmetric phase and eigenvalues are purely imaginary across the Brillion zone. When |c1 
− c2| < Δ/2, the system is in mixed anti-PT-symmetric and broken phases and eigenvalues 
become complex-valued at the edge of Brillion zone. When |c1 + c2| < Δ/2, the anti-PT 
symmetry is fully broken and the eigenvalues develop into purely real values in the entire 
Brillion zone. 

We now investigate the topological invariant and show the topological transition arises in 
anti-PT-symmetric systems. In non-Hermitian systems, the Berry phase for individual band is 

defined by /B k
i d dk dkϕ μ λ±

± ±=   [41], where ± labels the upper and lower bands and k 

represents Bloch momentum. The integration is taken over the 1D Brillouin zone. 
Substituting Eq. (8) into the expression for φ ± B, the Berry phase is derived as 

 / 2 cos( ) / 2B k k kd dϕ φ γ φ± = − ±    (9) 

When the chiral symmetry holds, that is, Δ = 0, the second term of Eq. (9) is vanished. φ ± B 
is quantized to be an integer multiple of π, which is φ ±B = π for c1 < c2 and φ ± B = 0 for c1 > 
c2. In this situation, the Berry phase of individual band can be still regarded as topological 
invariant and utilized to indicate the topological phase transition. However, as Δ ≠ 0, the 
second term is not vanished. The Berry phase of a given band is not quantized and becomes 
complex-valued. Interestingly, the global Berry phase φGB = φB

− + φB
+ [41–43], which is 
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