RESEARCH ARTICLE

W) Check for updates

www.lpr-journal.org

Polarization-Locked Floquet Higher-Order Topological

Insulators in Synthetic Dimension

Zhuoxiong Liu, Weiwei Liu,* Lingzhi Zheng, Shuaifei Ren, Xiaolong Su, Yufan Ding,

Bing Wang,* and Peixiang Lu*

Floquet engineering provides a powerful tool for exploring topological
physics. Systems incorporating Floquet driving can exhibit intriguing
topological phenomena without correspondence with static counterparts.
Recently, following the development of higher-order topology, Floquet
higher-order topological insulators have drawn great attention since its
peculiarity in the band structure and topological states. Here the higher-order
topological insulator is theoretically demonstrated via Floquet engineering in
synthetic frequency dimension. To this end, a 1D Floquet topological insulator
is first constructed by introducing periodic driving to the frequency lattice,
and the corresponding 0 and 7 edge states are demonstrated. On this basis, a
Floquet higher-order topological insulator supporting 0 and 7z corner states is
realized by stacking the chains of the 1D Floquet topological insulators with
dimerized couplings. Particularly, it is found that the distributions of 0 and =
modes occupy the frequency lattices with orthogonal polarizations, which

nontrivial higher-order bulk topology.®!
Recently, following the development of
higher-order topological insulators, Flo-
quet higher-order topological insulators
(FHOTIs) gradually came into the views
of people.l**] The core concept of FHO-
TIs is “Floquet engineering,” which en-
ables FHOTIs to possess many intrigu-
ing phenomena, such as anomalous Flo-
quet = corner modes!®”*! and oscillated
corner state.l'®] In photonics, previous
works concerning higher-order topology
in Floquet systems mainly focus on the
real-space physical structures.''l How-
ever, the Floquet systems generally pos-
sess various topological phases demand-
ing different physical parameters and

indicate polarization-locked topological states and enable selective excitation
of the topological edge/corner states with specific polarizations. This work
lays the foundation for realizing controllable Floquet systems and opens an
avenue for exploring higher-order topological physics with synthetic
dimension, which shows great promise for applications in polarization

conversion and quantum information processing.

1. Introduction

Higher-order topological insulators represent a recently discov-
ered class of topological phase, which shows that not only
edge and surface states but also states localized to corners can
possess robust properties.'# For example, a 2D second-order
topological insulator can host 0D corner states protected by
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structures. To access different topologi-
cal phases, the refabrication of the phys-
ical structures is necessitated, which in-
creases the difficulty of experiments and
hinders their feasibility in applications.

The recently proposed synthetic di-
mensions provide a powerful approach to
realize controllable Floquet systems since
the flexibility and programmability in
manipulating system parameters.['-31]
Synthetic dimensions are used to mimic the dynamics in real
space, where the high-dimensional physical phenomena could
be simulated with fewer geometric dimensions.['”1¥3% [n pho-
tonics, synthetic dimensions are formed by utilizing external de-
grees of freedom of photonics such as frequency,?*%! orbital
angular momentum,**#! transverse spatial super-modes,!**¢]
and time of arrival light pulses.l*-52] Among these approaches,
the synthetic frequency dimension has become a versatile plat-
form for exploring topological physics since its feasibility and
flexibility in realizing artificial gauge potential.’*>*] Numer-
ous topological phenomena have been demonstrated in syn-
thetic frequency dimension, such as 3D topological insulators,*]
photonic Weyl semimetals,!*?] non-Hermitian topological bands
braiding,*®! topological spin pump,*®! and higher-order topolog-
ical insulators.3*l The versatility of synthetic frequency dimen-
sions not only enriches the understanding of topological physics
but also opens new avenues for designing advanced photonic
devices with tailored functionalities and unprecedented capabili-
ties.

In this work, we construct FHOTIs in the synthetic fre-
quency dimension. We first illustrate the theoretical model of 1D
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Figure 1. a) Driving protocol of three-step model in a 1D lattice. During the steps 1and 3, the intercell coupling is zero and hopping occurs within the
unit cell. In step 2, the intercell coupling is activated and intracell coupling is zero. The evolution length of steps 1and 3 is L/4 and the evolution length
of step 2 is L/2. b) The Floquet band structure of 1D FTI, with the occurrence of 0 and z gap. c) The topological invariants Gy and G, as the function of
J, with J, = 7 | L, manifest the processes of topological phase transition. d) The Floquet quasi-energy is the function of J, with J, = = / L, which clearly

features 0 and 7 edge states.

Floquet topological insulator (FTI) and its photonic implemen-
tation, which utilizes the synthetic frequency dimension in a dy-
namically modulated waveguide. The employed synthetic lattices
are created through polarization inter-band transition, which
introduces additional polarization freedom and presents a sig-
nificant distinction from those utilizing photonic intra-band
transitions.[”*8] Based on this, we construct the FHOTIs in a
1D periodically modulated waveguide array and demonstrate the
topological 0 and z modes. Interestingly, we find that the distri-
butions of 0 and # modes occupy the frequency lattices with or-
thogonal polarizations, which indicate polarization-locked topo-
logical states and enable selective excitation of the topological
edge/corner states with specific polarizations.

2. Results and Discussion

2.1. Theoretical Model of 1D Floquet Topological Insulator

We start from the theoretical model of our 1D FT1, which serves
as the basic building blocks for constructing FHOTIs. As shown
in Figure 1a, we consider a 1D discrete lattice with two site species
A and B (marked by red and blue sites). To get the desired topo-
logical phases, the couplings in the lattice are subjected to a time-
dependent modulation scheme, where a full driving cycle com-
prises a sequence of three individual steps. These steps are di-
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vided into two types of operation: steps 1 and 3 realize the hop-
ping within the unit cell, whereas the coupling between the unit
cell is accomplished in step 2. The evolution length of steps 1, 2,
and 3 is T/4, T/2, and T/4 respectively (T is the driving period).
This arrangement is vital for realizing chirality in our model
(see Section S1, Supporting Information). The associated Bloch
Hamiltonian H(k, t) is therefore time-periodic, H(k, t) = H(k, t +
T), which is given by

H,(k), JT<t<(j+1/4T
H(k,t) =3 Hy(k),(j+1/4T<t< (j+3/4Tj€ Z, (1)
H,(kk), +3/4T<t<(+1)T

where H, (k) = ],0, and H, (k) = J,cos(k,a)o, + J,sin(k,a)o, with
o, and o, being Pauli matrix. ], (J,) represents the strength of
intracell (intercell) coupling and a is the lattice constant. H(k, t)
possesses chiral symmetry with TH(k, t)[' = —H(k, —t), where I"
is the chirality operator. Due to periodicity in t, the Floquet the-
ory can be applied to derive a band structure of so-called quasi-
energy, the corresponding band structure of our model under pe-
riodic boundary conditions is presented in Figure 1b. The Flo-
quet spectrum is periodic in its quasi-energies, in full correspon-
dence to the periodicity in the transverse momentum caused by
Bloch’s theorem. Consequently, the 0 and z gap can be defined
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Figure 2. a) The diagram of a photonic waveguide undergoing periodic modulation, which is realized by periodically cascading the electrodes along the
propagating directions. b) Polarization inter-band transition between TE and TM modes. c) The distributions of 0 edge state, which has components
only on TE (TM) polarization at left (right) edges. d) The distributions of 7 edge state, with components only on TM (TE) polarization at left (right)

edges.

in our model due to the periodicity of the quasi-energy, as shown
in Figure 1b.

To characterize the topology of this model, a Z-valued invari-
ant can be defined for the quasi-energy gap at 0 or z. This Z-
valued invariant is used to define the topology of 1D periodically
driven system with chiral symmetry, which is also appropriate
to our model.’*% To calculate this invariant, we first resort to

. . . —i /l H(k, 7)dr .
the time-evolution operator, given by U (k, t) = Pe e (Pis

the time-ordering operator). Then we can get a time-independent
effective Hamiltonian Hg(k) = (i/T)InU(k, T), describing the ef-
fective stroboscopic dynamics after multiples of the period. A pe-
riodized evolution operator V., (k, t) combining the effect of Uik,
t) and H,g(k) could be then defined, which is expressed as

V. (k, ) = U(k, e ® 2)

where the subscript € = 0, z is employed to indicate the gap of
the band structure. It could be found that both 0 and z gaps could
exist in our model, the corresponding topological invariant is cal-
culated by

— L + *1i +
G, = o tr((V7) 5F VI)dk (3)
BZ

Laser Photonics Rev. 2025, 2401156

2401156 (3 of 8)

where V+ ¢ is obtained from the periodized evolution operator
at half period. The numerical results of G, and G, as a function
of J, is presented in Figure 1c, where the intercell coupling J, is
fixed to 7/T. When 0 < J, < /T, G, =1, G, = 0, whereas G, =
0, G, =1while /T < J, < 3z/T (full phase diagram is displayed
in the Section S1, Supporting Information). A non-zero G, (G,)
indicates a topologically nontrivial phase and through bulk-edge
correspondence, it corresponds to the edge 0 (r) modes within
the 0 (7) gap, as verified by the open boundary quasi-energy spec-
trum in Figure 1d.

2.2. Photonic Implementation of 1D Floquet Topological Insulator

The photonic realization of this 1D FTT requires a high degree
of control over the couplings presented in the lattice. Synthetic
frequency dimension provides a convenient approach to ma-
nipulating the coupling between individual sites, thus showing
great promise for constructing photonic topological insulators.
Figure 2a displays our scheme for realizing the 1D FTI utilizing
synthetic frequency dimension. Consider a photonic waveguide
undergoing travelling wave modulation V(y, t) = V,(y)cos(Q,t —
Gy) + V,(y)cos(Q,t—g,y), where V, (y) and V,(y) are amplitude of
modulations with frequencies and wavevectors being Q,, Q, and
41, q, respectively. The waveguide is assumed to support a pair
of transverse-electric-like (TE) and transverse-magnetic-like (TM)
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modes. The travelling wave modulation would cause an optical
permittivity perturbation Ae(y, t) = Ae,(y, t) + Ae,(y, t), which
induces the polarization inter-band transitions between TE and
TM modes.l"*] The corresponding coupled-mode equation is
given by (see Section S2, Supporting Information)

%8 = [ (b, + L )b,
. ob,,

_ (4
Yo T JiWa, + 12104

where a, and b, represent the complex amplitudes of TE and TM
modes. Here y plays the role of “time” as in the Schrodinger equa-
tion. Equation (4) describes a 1D lattice with sites represented
by TE and TM modes with different frequencies alternatively, as
shown in Figure 2b. The structure of this synthetic lattice can be
actually modeled as that in Figure 1a, where a pair of TE and TM
modes constitute two site species A and B. With this framework,
J1(y) and J,(y) represent intracell and intercell couplings respec-
tively, with J; (y) = ieqo,[f € 1A€;(y)e,dxdy/2, J,(y) = ieow,f] €
1Ae,(y)e,dxdy/2.

As mentioned above, to realize FTI in the synthetic lattice,
the couplings between lattice sites need to be subjected to time-
dependent modulations comprising three individual steps in a
driving cycle. To this end, we cascade three modulators within
one period, the length of which are L/4, L/2, and L/4 respectively
(L represents the periodicity), as shown in Figure 2a. The form of
travelling wave modulations in three modulators are set as

Vilp) = Vo, Va(y) = 0,jL < y < (j + 1/4)L,
Vi) =0, V,(0) = Vi, +1/4L <y < (+3/4Lj€ Z, ©)
Vi) = Vo, Vi) =0, +3/4) L <y < (+ 1)L

Under this arrangement, V,(y) is 0 within the first and third
modulators so that the intercell couplings J,(y) is zero, and the
associated coupling occurs within the unit cell, i.e., TE, to TM,,.
In contrast, V;(y) is 0 in the second modulator and the coupling
only exists between the unit cell, i.e., TE, to TM,,,. The corre-
sponding Hamiltonian governing the system is y-periodic, which
is given by

Hy) = Y. Ji()atb, + ,(1)atb, , +hc (6)

with J, (y) and J, (y) expressed as

L) =Jo () =0jL<y < (j+1/4)L,
L) =050 =/, (+1/9L<y<(+3/4Lj€ Z )
L) =Jo () =0, +3/49L <y <(+1)L

where a, (b,) are annihilation operators of TE (TM) mode. As
confirmed in Section 2.1, this model would manifest non-trivial
topology under an appropriate combination of J, and J,.

To characterize the topology of this model, we truncate the
synthetic lattice at » = + 20 and calculate the corresponding
edge states. The synthetic frequency lattice could be truncated
by adding artificial boundary, which is realized by carefully engi-
neering the dispersion curve of waveguide.[>*] Figure 2¢,d plots
the distribution of 0 and # edge states with J, = 0.5z/L, J, =
rm/Land J, =1.5xz/L, J, = n/L respectively, both of which mainly
localize at boundaries of the lattice and decay rapidly into the
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bulk. Importantly, the distributions of 0 and z states occupy
the frequency lattices with orthogonal polarization, indicating
polarization-locked topological states. This locking mechanism is
closely related to the chirality of the Hamiltonian (see Section S3,
Supporting Information). For example, as shown in Figure 2¢,d,
the 0 state is distributed on the odd sites of the lattice while the
z-energy state is distributed on the even sites on left half side
of the lattice. Since the peculiar lattice structure where the odd
(even) sites are consisted of TE(TM) modes, the 0-energy state
possesses the TE polarization, while the z-energy state possesses
the TM polarization. On the right half side, the polarization of
the 0-energy and z-energy states exchanges due to the inversion
symmetry of the lattice.

2.3. 2D Floquet Higher-Order Topological Insulators and
Polarization-Locked Corner States

The 1D FTI in synthetic frequency dimension provides an ex-
cellent building block for constructing FHOTIs. As shown in
Figure 3a, the system consists of 1D dynamically modulated
waveguide arrays, where the individual waveguides are coupled
together by evanescent waves. Therefore, the modes in the in-
dividual waveguide would undergo polarization inter-band tran-
sitions, thus forming a synthetic frequency lattice. As shown in
previous section, the synthetic frequency lattice can form 1D FTI
under Floquet driving. The couplings between waveguides play
the role of stacking the 1D FTI along z axis, resulting in a 2D
frequency lattice in synthetic w-z space, as shown in Figure 3b.
The structure of this synthetic lattice is similar with the 2D
Su-Schrieffer-Heeger model, except that the couplings along w-
direction are subjected to time-dependent modulation (see Sec-
tion S4, Supporting Information). The Hamiltonian governing
the dynamics of this lattice is still periodic under Floquet driv-
ing, i.e., H(y + L) = H(y), which is given by

H(Y) = Z ]sl b;’nam,n + ]51 C;,ndm,n + ]52 b;,:’nuwwl,n + ]52 C:,rq_nderl,n
+h.C. + Z ]ml (Y) a:rn,ndm,n + .]ml (Y) b:rn,ncm,n

+J(1)2(Y)d:,—1,nam,n+l +.]w2 (Y)C;,nbm,nﬂ h.C (8)
where a,, ., b,, .. ¢,, ,» d,, , Tepresent annihilators in a unit cell
with m, n representing the unit cell index of z and w axes. J; and

J, are dimerized couplings along z-direction. J,,(y) and J,,(y)
represent the couplings of frequency dimension, which satisfy

]ml(Y) zju’]a)Z(Y) = O’JL < Y < (]+ 1/4)L’
Jor ) =0, J0o(¥) = Jo (+ /AL <y < (j+3/4)LjE€ Z, ©)
L) =Jo () =0,G+3/9L <y <(+1)L

Therefore, the Floquet operator is given by

U = ¢ iHiL/4gmiH, L/4 p=iH, L/4 (10)

where H; and H, are equal to H(y) in the range of jJL <y < (j +
1/4)Land (j+ 1/4)L <y < (j + 3/4)L respectively.
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Figure 3. a) The diagram of waveguide array undergoing traveling-wave modulation. b) The equivalent synthetic lattice model with two orthogonal
directions w and z, the unit cell of which consists of four lattice sites inside the dashed box. c) Quasi-energy distribution of the lattice with 0 corner
modes. The coupling constants along z and w axes are setas J;;, =0.57 / L, J,, == [ Land J, = 0.5z / L, J, = = | L. d) Quasi-energy distribution of the

lattice with J, = 1.5z / L. The model supports = corner modes in this scene.
and decay rapidly into the bulk.

The model proposed above manifests non-trivial topology with
the existence of 0 corner modes and z corner modes under appro-
priate coupling strength. To see this more clearly, we diagonalize
the Floquet operator U to get the quasi-energy e and the corre-
sponding eigenstates under open boundary condition in both di-
rections. Figure 3c displays the full quasi-energy distribution of
the lattice with J; = 0.5z /L, J, = x/Land |, =0.5z/L, J, = z/L,
which features the 0 corner modes in the 0-energy gap. Figure 3d
plots the quasi-energy distribution as J, is changed to 1.5z/L, in
which the lattice supports z corner modes. Figure 3e,f demon-
strates the state distributions of 0 and 7 modes, which localize
at the corner of the lattice and decay rapidly into the bulk. As
mentioned above, while the synthetic 1D FTIs are in the phase of
topological non-trivial, the 0 or 7 edge states would appear. Then
a chain of 1D topological insulators would be coupled together
with dimerized strength. In the fully dimerized scene with J; =
0,],, #0, the 0 or z edge states at the first (last) chain would be de-
coupled from others, thus forming the 0 or z corner states. While
J1 # 0, the model could support corner states in the range of ],
< J,'®1 (], and J, should satisfy that the 1D topological insulators
are in the phase of topological non-trivial).

As shown in Figure 3ef, the distributions of 0 and = cor-
ner modes also occupy the frequency lattices with orthogo-
nal polarization, and such characteristics enable to realize the
polarization-locked 0 and 7 corner modes (see Section S3, Sup-
porting Information). To illustrate this, the state evolutions of
the lattice governed by the Floquet Hamiltonian H(y) under open
boundary condition is calculated. The lattice size is set as 30 x 30
with |, = 0.5z/L, ], = n/L. In Figure 4a, the coupling strengths
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e,f) State distribution of 0 and = corner modes, which localize at the corner

aresetas J, =0.57/L, J, = n/L, where the lattice supports 0-corner
mode with TE polarization at the bottom-left corner. The excited
site is located at m =1, n = 1, which corresponds to the waveguide
modes input from the first waveguide with TE polarization (w =
, + Q). As shown in Figure 4b,c, the 0-corner modes are excited
and it can be localized at the bottom-left (m = 1, n = 1) corner
throughout the propagation. For comparison, the TM modes are
injected instead in Figure 4d. The excited modes delocalize and
diffuse into the bulk gradually in the propagation process, which
demonstrates the polarization-locked characteristic. Similar re-
sults could also be observed in z corner modes. In this situation,
J.is changed to 1.5x/L so that the lattice will support the 7 corner
modes. The TM mode is injected with frequency w = w, + Q, +
Q,, corresponding to the excitation at m = 1, n = 2 on the syn-
thetic lattice, as shown in Figure 4e. The x corner modes can be
localized at the initial excitation spot throughout the propagation.
For comparison, as the input mode is changed to TE polarization
with frequency o = w, + Q,, the 7 modes cannot be excited so
that the mode would diffuse into the bulk in the processes of evo-
lution, as displayed in Figure 4h.

In the end, we provide some discussions about the experi-
mental implementation of the proposal for realizing polarization-
locked FHOTIs in synthetic frequency lattice. As analyzed above,
the polarization inter-band transitions are induced by the off-
diagonal modulations to the relative permittivity, which can
be achieved with electro-optic LiNDO, waveguides. For exam-
ple, in an X-cut, Y-propagating LiNbO, waveguide undergo-
ing traveling-wave modulations, the electro-optical tensor ele-
ment rg, is utilized when the external microwave electric field is
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Figure 4. a—c) State distributions of the synthetic lattice at z = 0, 4L, and 8L with coupling strength J;, =0.57 / L, ), =x [ Land J, =057 /L, J, =7/
L, which supports the 0 corner states. The excited site locates at m = 1, n = 1, corresponding to the excitation at the first waveguide with frequency w =
g + Q7 and TE polarization. The red circle marks the excited corner state. d) State distributions of the synthetic lattice at z = 8L while the excited site
is changed to m = 1, n = 2, which corresponds to the excitation with w = wy + Q; + Q, and TM polarization. e-g) State distributions of the synthetic
lattice at z= 0, 4L, and 8L with coupling strength J;; =0.5z / L, J;, =z [ Land J, = 1.5z / L, J, = = | L, which supports the 7 corner states. The excited
site locates at m = 1, n = 2, corresponding to the excitation at the first waveguide with frequency @ = wy + Q1 + Q, and TM polarization. The red circle
marks the excited corner state. h) State distributions of the synthetic lattice at z = 8L while the excited site is changed to m = 1, n = 1, which corresponds

to the excitation with w = wq + ©; and TE polarization.

applied along the crystal X axis. Such configuration would in-
duce an off-diagonal perturbation to the relative permittivity as
given by Equation (2), which leads to the transition between the
TE and TM modes. In particular, for the LiINDO,; waveguide, the
electro-optical tensor element r; is comparable with r;; which is
often used in conventional traveling-wave modulators. Therefore,
the modulation efficiency is compatible with that of conventional
modulators in principle. Besides, when the 1D waveguide array
is coupled together to realize the Floquet higher-order topologi-
cal insulator, the microwave signals in adjacent electrodes would
produce undesired crosstalk with each other. In our model, one
could insert additional auxiliary waveguides in the waveguide ar-
ray, so that the crosstalk between electrodes could be suppressed
dramatically (see Section S5, Supporting Information).

3. Conclusion

In summary, we have proposed a scheme for realizing
polarization-locked FHOTIs in synthetic frequency dimension
through polarization inter-band transitions. Polarization degrees
of freedom are introduced into the synthetic frequency lattice
through photonic inter-band transitions. On this basis, by intro-
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ducing Floquet periodic driving, 1D FTIs are created, and the re-
lated FHOTIs are further demonstrated by stacking the chains of
the 1D Floquet topological insulators with dimerized couplings.
In particular, the topological 0 and z mode of the FTIs occupy the
frequency lattice with orthogonal polarization, which indicates
polarization-locked topological states and enables selective exci-
tation of the topological edge/corner states with specific polariza-
tions. The introduction of inter-band transition in synthetic fre-
quency lattice will provide more degrees of freedom for manipu-
lating the light evolution, which can be extended to the researches
containing pseudo-spin and non-Abelian gauge potentials. Our
work lays the foundation for realizing controllable Floquet sys-
tems and opens an avenue for exploring higher-order topological
physics with synthetic dimension, which shows great promise
for applications in polarization conversion and quantum infor-
mation processing.

Supporting Information

Supporting Information is available from the Wiley Online Library or from
the author.
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