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Abstract
By numerically solving the time-dependent Schrödinger equation, we theoretically inves-
tigate the holographic structure of the multiple-returning rescattering recorded in the 
photoelectron momentum distribution. In the orthogonally polarized two-color fields, we 
show that the interference patterns periodically oscillate with the relative phase. Tracing 
the relative phase where the oscillation minimizes, we find that the dependences of the 
phase on the parallel momentum for the first-returning and the second-returning rescat-
tering holographic interferences are different. With the quantum-orbit model, we demon-
strated that the difference is related to the ionization and rescattering times of the electron. 
Moreover, we show that the influence of the Coulomb interaction on the oscillation of both 
the first-returning rescattering and the second-returning rescattering holographic interfer-
ences can be ignored. This suggests us that the temporal characteristics of the electron can 
be resolved by analyzing the relative phase’s dependence of the multiple-returning holo-
graphic interference.

Keywords  Above-threshold ionization · Strong laser field · Photoionization of atoms and 
ions

1  Introduction

The atoms or molecules exposed to a strong laser field can be tunneling ionized and pro-
duce an electron wave packet (EWP) (Becker et al. 2002; Corkum 1993; Krausz and Ivanov 
2009; Liu et  al. 2019; Qin et  al. 2019; Wang et  al. 2019). The released EWP is further 
accelerated by the oscillating electric field of laser pulse and may be driven back toward 
the core, giving rise to various nonlinear phenomena, such as above-threshold ionization 
(Kang et al. 2010; Paulus et al. 1994; Salières et al. 2001), high-order harmonic genera-
tion (Gaarde and Schafer 2002; He et al. 2018; He et al. 2019; Ferray et al. 1988; Krause 
et al. 1992; Li et al. 2019a, b; Li et al. 2018; Zhai et al. 2019; Zhang et al. 2019) and non-
sequential double ionization (Ma et al. 2018, 2019; Tong et al. 2019; Walker et al. 1994; 
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Zhou et al. 2011a, b). Due to the coherent nature, the ionized EWP that undergoes different 
pathways achieving the same final momentum interferes with each other, inducing the rich 
interference patterns in the final photoelectron momentum distribution (PEMD). Gener-
ally, the interference patterns could be classified into two categories. The first category is 
the intercycle interference with the EWPs released at time intervals separated by the laser 
cycles, which leads to the above-threshold ionization (ATI) peaks. The second category is 
the intracycle interference arising from the EWPs launched within the adjacent half cycles 
(Arbó et al. 2006, 2014; Lindner et al. 2005; Xie et al. 2012). For this interference, the one 
EWP drifts to the detector directly without further interaction with the target ion (direct 
EWP), and for the other one, its direction is reversed in the laser field.

After tunneling ionization, the rescattering EWP with the same final momentum as the 
direct one results in another important interference, i.e, strong-field photoelectron holog-
raphy (Bian et  al. 2011; Du et  al. 2016; Huismans et  al. 2011, 2012). This structure is 
analogy to the optical holography (Gabor 1948) and it has been extensively studied for dif-
ferent targets in many experiments (Arbó et al. 2015; Hickstein et al. 2012; Huismans et al. 
2012; Meckel et  al. 2014); Li et  al. accepted). In previous works, with this holographic 
interference we have extracted the phase of the scattering amplitude of the atoms (Zhou 
et  al. 2016). Recently, from this interference we have measured the charge migration of 
molecules in real time and in  situ with attosecond temporal resolution (He et  al. 2018). 
Very recently, we have proposed that the time information for tunneling ionization can be 
resolved by analyzing this holographic interference (Tan et al. 2018a).

For the above holographic interference, the EWP is rescattered by the nucleus at its first 
returning. In fact, the rescattering can also occur at its second or third returnings (Faisal 
2009; Liu and Hatsagortsyan 2010; Yan et  al. 2010). For example, a low-energy struc-
ture which was regarded as the “ionization surprise” was found in the mid-infrared laser 
fields (Faisal 2009). This low-energy structure is theoretically considered to originate from 
the rescattering at the multiple returnings (Blaga et al. 2009; Quan et al. 2009). Recently, 
numerous studies have shown that the direct EWPs may interfere with these multiple-
returning rescattering EWPs resulting in the multiple-returning holographic interference 
in the low-energy region of photoelectron momentum distribution (PEMD) (Liu and Hat-
sagortsyan 2010; Xie et al. 2016; Yan et al. 2010). Specially, it has been demonstrated that 
the distance between electrons and nucleus during tunneling can be obtained by analyzing 
the cut-off energy of this structure (Hickstein et al. 2012). Recently, it has been pointed out 
that this multiple-returning rescattering structure can act as a tool for studying the attosec-
ond dynamics of atoms and molecules (Agueny and Hansen 2018). While for this struc-
ture, how to measure the temporal characteristics of the electron in tunneling ionization 
process has still not studied.

In this paper, we theoretically study the multiple-returning holographic interferences of the 
PEMD for the Xe atom in strong-field tunneling ionization. In the work, the atom is ionized by 
the orthogonally polarized two-color (OTC) fields consisting of a weak second harmonic and 
a strong fundamental field. Our result indicates that the holographic interference fringes oscil-
late with the relative phase of this two-color fields and this oscillation corresponds to the par-
allel momentum. Monitoring the position of the interference maximum and tracing the relative 
phase where the oscillation of the interference fringes minimize, we find that the dependence 
of the phase on parallel momentum for both the first-returning rescattering and the second-
returning rescattering holographic interferences are different. With the quantum-orbit model, 
we demonstrated that this difference is related to the ionization and rescattering times of the 
electron. Additionally, the good agreement between the quantum-orbit model results and 
TDSE calculations confirms that the influence of Coulomb interaction on the oscillation of 
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both the first-returning and the second-returning holographic interferences can be neglected. 
This suggests that analyzing the dependence of the position of the multiple-returning rescat-
tering holographic interference on the relative phase allows us to measure the temporal infor-
mation of the electron in tunneling ionization.

2 � Theoretical methods

2.1 � Numerically solving the TDSE

A fully quantum method based on solving the two-dimensional TDSE is used to obtain the 
PEMD,

Here, � (�, t) is the electron wave function. The Hamiltonian H(�, t) is written as

where � represents the position coordinate of electron and V(�) = −1∕
√
x2 + y2 + a is the 

Coulomb potential. For Xe atom, the soft-core parameter is set as 0.92 to correctly reproduce 
the ground-state energy. The electric field is �(t) = f (t)[E0cos(𝜔t)�̂x + E1cos(2𝜔t + 𝜙)�̂y] . 
E0 represents the amplitude of 1300-nm field which polarizes along the x axis and E1 
denotes the amplitude of the 650-nm field which is polarized along the y axis. The intensi-
ties of the 1300-nm and 650-nm fields are 1.5 × 1014 W/cm

2 and 1.0 × 1012 W/cm
2 , respec-

tively. � indicates the relative phase of this OTC fields. f(t) denotes the trapezoidal pulse 
envelope, rising in the first cycle, remaining constant in the second to fourth cycle, and 
falling in the last cycle of the 1300-nm pulse. For this OTC fields, the TDSE is solved 
by the method of split-operator spectral on a Cartesian grid (Feit et al. 1982). The Carte-
sian grid ranges from −400 a.u. to 400 a.u. with the grid and the spatial discretization is 
�x = �y = 0.2 a.u. The time step �t = 0.045 a.u.

2.2 � Quantum‑orbit model

With quantum-orbit model, we investigate the holographic interference pattern of the PEMDs. 
This holographic structure derives from the interference of the direct and the rescattering elec-
trons and it can be expressed as M2 = (Md +Mr)

2 = M2

d
+M2

r
+ 2MdMrcos(��), where Md 

is the amplitudes of the direct electrons, Mr is the amplitudes of the rescattering electrons and 
�� is the phase difference of these two types electrons. According to Tan et al. (2018a, b), �� 
for the OTC fields is written as

Here, k
⟂
(�) = −∫ tr

ti
A
⟂
(t;�)dt∕(tr − ti) is the transverse component of the canonical 

momentum � . p
⟂
 represents the transverse component of the electron final momentum � . � 

is the phase of the rescattering amplitude introduced in Zhou et  al. (2016). tr is the 

(1)i
�

�t
� (�, t) = H(�, t)� (�, t).

(2)H(�, t) = −
1

2
▽2 + V(�) + � ⋅ �(t),

(3)��(�) =
1

2
[p

⟂
− k

⟂
(�)]2(tr − ti) + �.
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rescattering time of the rescattering electron and ti represents the ionization time of the 
direct electron.

In our study, the 650-nm field of the OTC fields is very weak relative to the 1300-nm 
field. Thus we can approximately obtain the ionization and rescattering times by solving 
the saddle-point equations in the 1300 nm field only. The saddle-point equations are writ-
ten as Huismans et al. (2011), Salières et al. (2001), Tan et al. (2018b). 

It should be noted that in the following the superscript of ti is omitted, since tr
i
≐ td

i
 for the 

near-forward rescattering (He et al. 2018).

3 � Results and discussions

In Fig. 1, we present the PEMDs calculated by TDSE for Xe in the 1300-nm laser field and 
the OTC laser fields consisting of a strong 1300-nm laser field and a weak 650-nm laser 
field with relative phase � = 0.5� , respectively. The laser intensities of the 1300-nm field 
and the 650-nm field are 1.5 × 1014 W/cm

2 and 1.0 × 1012 W/cm
2 . In Fig. 1a and b, one can 

see two types of spider-like patterns clearly. The one in the momentum region of |px| ⩾ 0.6 
a.u. is the first-returning holographic pattern coming from the interference of the direct 
electrons and the electrons scattered by the nucleus at the first returning (Huismans et al. 

(4)
1

2
[� + Ax(t

d
i
)]2 + Ip = 0,

(5)
1

2
[kx + Ax(t

r
i
)]2 + Ip = 0,

(6)
1

2
[kx + Ax(tr)]

2 =
1

2
[� + Ax(tr)]

2,

(7)∫
tr

tr
i

[� + �(t)]dt = 0,
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Fig. 1   a The PEMD for Xe atom calculated by TDSE in a 1300-nm single-color laser field. b The same as a 
but for the PEMD in the OTC fields consisting of a 1300-nm pulse and a 650-nm pulse with relative phases 
� = 0.5� . c and d The interference term cos(��) extracted from a and b, respectively. (Color figure online)
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2011). The other one, in the momentum region of |px| ⩽ 0.3 a.u., is the second-returning 
holographic structure deriving from the direct electrons and the electrons rescattering at 
the second returning (Hickstein et  al. 2012). For the 1300-nm field, these two types of 
holographic fringes are symmetric with respect to the px axis and the py axis. For the OTC 
laser fields, these interference fringes are also symmetric with respect to the py axis, while 
for the px axis the interference fringes are disturbed by the SH component of the OTC 
fields, resulting in the shift.

Using the procedure demonstrated in Zhou et al. (2016), we extract the interference term 
cos(��) of the holographic pattern from the PEMDs. Figure 1c and d present the obtained 
results for px ∈ [−1.6, 1.6] a.u. In the OTC fields, the first-returning and the second-return-
ing holographic fringes are shifted along py direction with respect to that of the 1300-nm 
field. This is more obvious in Fig. 2a and b where we present several cuts of cos(��) for 
the second-returning and the first-returning holographic fringes in the 1300-nm field and 
the OTC fields, respectively. For the cut of px = −0.2 a.u., corresponding to the second-
returning rescattering holographic interference fringes, the interference maxima shift right 
at � = 0 and shift left at � = � with respect to 1300-nm field. For the cut of px = −1.2� 
which corresponds to the first-returning rescattering holographic interference, this shift is 
also related to the relative phase. In Tan et al. (2018b), the shift of the first-returning holo-
graphic fringes has been found and studied. In the following, we will reveal the originate of 
the second-returning holographic fringes.

To describe the shift �py of the holographic interference fringes quantitatively, we mon-
itored the position of the zeroth maximum of cos(��) in the OTC fields and extract its shift 
�py relative to that of the 1300-nm field. Figure 2c presents the obtained �py as a func-
tion of � at px = −0.1 a.u. and px = −0.25 a.u., respectively. It is shown that depending 
on px , �py periodically oscillates with � . For example, for px = −0.1 a.u., �py maximizes 
at � = 2.2� and for px = −0.25 a.u., it maximizes at � = 2� . As a comparison, we also 
present �py for the first-returning holographic fringes at px = −0.8 a.u. and px = −1.5 a.u. 
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as indicated in Fig. 2d. It is shown that �py varies with � and the phase � where �py mini-
mizes changes with px . This is more clearly seen in Fig. 3a and b, in which we present �py 
as a function of � for px ∈ [−1.6,−0.6] a.u. and px ∈ [−0.3,−0.1] a.u. These two ranges 
correspond to the first-returning and the second-returning rescattering holographic interfer-
ence, respectively. It is displayed that the relative phase where �py minimizes is sensitive to 
the parallel momentum.

We calculate �py of the position of the zeroth maxima for the first-returning and the sec-
ond-returning holographic fringes with Eq. (3). Equation (3) has been pointed out in Tan 
et al. (2019). According to this equation, the position of the maximum of the holographic 
pattern in the OTC fields is obtained by

where k
⟂
(�) = −∫ tr

ti
A
⟂
(t;�)dt∕(tr − ti) . For the 1300-nm field, the position of the maxi-

mum locates at

where ��(�) = 0, 2�, 4�... for the zeroth maximum, the first maximum, the second maxi-
mum and the later maxima of the interference fringes, respectively. It should be mentioned 
that the scattering amplitude phase � in the OTC fields is the same as that in the 1300-nm 
field since the additional second harmonic is a weak perturbation. Therefore, the shift �py 
is obtained by

Equation (10) indicates that the shift of the zeroth maximum of the holographic fringes 
induced by the OTC fields equals to k

⟂
 , and it is related to � of this OTC fields and also 

to px through ti and tr . For the first-returning holographic interference fringes, the predic-
tion of Eq. (10) is shown in Fig. 3c, and for the second-returning holographic interference 
fringes, the prediction obtained from Eq. (10) is indicated in Fig. 3d. It is observed that the 

(8)pOTC
⟂

=
√
2[��(�) + �]∕(tr − ti) + k

⟂
(�),

(9)pSC
⟂

=
√
2[��(�) + �]∕(tr − ti),

(10)�py = pOTC
⟂

− pSC
⟂

= k
⟂
(�).

Fig. 3   a and b The shift �p
y
 of 

the holographic interference 
fringe extracted from the TDSE 
results as a function of relative 
phase � for p

x
∈ [−1.6,−0.6] 

a.u. and p
x
∈ [−0.3,−0.1] a.u., 
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as a and b but calculated by 
Eq. (10)
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result of Fig. 3c agrees well with the TDSE calculation in Fig. 3a, and the data of Fig. 3d 
shows a good agreement with the TDSE calculation in Fig. 3b.

The periodic oscillation of �py of the holographic fringes in Fig. 3 suggests to us fo fit 
�py with

where Pm indicates the amplitude of the oscillation and �m represents the phase where 
the shift �py minimizes. In our previous papers, we have shown that the quantities Pm and 
�m could be used to retrieve the temporal characteristics of the electron and to determine 
the intensity of the laser field (Tan et  al. 2018a, b). Here, we focus on the quantity �m . 
The obtained results are displayed in Fig. 4a. It is shown that �m of the TDSE calcula-
tion extracted from Fig. 3a and b changes from 2.4� to 3 � when px ∈ [−1.6,−0.6] a.u., 
and it changes from 2.95� to 3.15� when px ∈ [−0.3,−0.1] a.u. As a comparison, we also 
present the phase �m calculated by Eq. (10) for the first-returning holographic pattern 
and the second-returning holographic pattern in the momentum region px ∈ [−1.6,−0.6] 
a.u. and px ∈ [−0.3,−0.1] a.u. as shown in Fig. 4a, respectively. Clearly, in the momen-
tum region px ∈ [−1.6,−0.6] a.u., the predicted result by Eq. (10) for the first-returning 
holographic interference agrees well with the TDSE calculation. In the momentum region 
px ∈ [−0.3,−0.1] a.u., the prediction for the first-returning holographic interference devi-
ates from the TDSE calculation seriously, while the result for the second-returning holo-
graphic interference is in good agreement with the TDSE calculation. This indicates that 
the shift of the interference in the momentum region px ∈ [−1.6,−0.6] comes from the 
first-returning holographic pattern and the shift in the region px ∈ [−0.3,−0.1] originates 
from the second-returning holographic pattern. We should mention that for Eq. (10), the 
Coulomb interaction is not included. Therefore, the agreement between the TDSE calcula-
tion and the result of Eq. (10) confirms that the Coulomb interaction is negligible for the 
shift of the holographic interference.

(11)�py = Pm cos(� +�m),

Fig. 4   The phase �
m
 as a func-

tion of p
x
.The blue triangles 

represent the data extracted from 
the TDSE result. The red circles 
and red dots denote the data cal-
culated by Eq. (10) for the first-
returning and second-returning 
holographic interference fringes, 
respectively. The black squares 
represent the result of the classi-
cal model. (Color figure online)
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In the momentum region px ∈ [−0.3,−0.1] a.u., the prediction for the first-
returning holographic interference fringes decreases with the parallel momentum 
px increases, while for the second-returning holographic interference fringes, it 
increases with px increases. The difference is due to the ionization and rescattering 
times obtained by the saddle-point equations for the first-returning and the second-
returning holographic fringes are different (Xie et al. 2016). This indicates that one 
is able to resolve the time information of the electron in tunneling ionization by ana-
lyzing the response of the first-returning and the second-returning holographic inter-
ference to the SH component of the OTC fields (Agueny and Hansen 2018; Tan et al. 
2019).

We further compare �m of the TDSE results with that predicted by the classi-
cal models [with setting the ionization potential Ip = 0 in Eqs.  (4) and (5)] as shown 
in Fig.  4b. It is clearly shown that for the first-returning holographic pattern in the 
momentum region px ∈ [−1.6,−0.6] a.u., the result of the classical model deviates 
obviously from the TDSE result. While for the second-returning holographic pattern, 
in the momentum region px ∈ [−0.3,−0.1] a.u., it agrees well with the TDSE result. 
This is because that the ionization for the second-returning holographic interference 
is near the maximum of the electric crest and thus the calculated ionization time by 
the classical model is very close to the result of the quantum-orbit model (Lein 2012; 
Shar et al. 2012; Smirnova et al. 2009; Tan et al. 2018a). While for the first-returning 
ones, the ionization time from the classical model deviate seriously from those of the 
quantum-orbit model and thus the calculated quantity �m is very different from that of 
the quantum-orbit model and the TDSE. These results indicate the quantity �m is very 
sensitive to the ionization time. Thus, the ionization time could be accurately extracted 
with our scheme.

In Fig.  5a, we present the PEMD for Xe atom in a 2000-nm laser field. It has 
been demonstrated that the multiple-returning holographic structure is favorably 
observed at the mid-infrared laser pulses (Marchenko et  al. 2011). Here, to show 
this, we display the enlarged view of the momentum region in the momentum region 
px ∈ [−1.2, 0] a.u. marked by the white box of Fig. 5a in b. It is indicated that the mul-
tiple-returning holographic structure is abundant and obviously visible in region II. 
This demonstrates that for a longer laser pulse, the second-returning or the multiple-
returning holographic interference could be accurately extracted from the PEMD, and 
thus by studying the shift of multiple-returning interference fringes when a weak SH 
field is added, the temporal characteristics of electron in tunneling ionization can be 
resolved.
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4 � Conclusion

We have studied the multiple-returning holographic interference of the PEMDs of Xe atom 
in the OTC fields. Our results showed that the first-returning and the second-returning 
holographic interference fringes oscillate with the changing of the relative phase of the 
OTC fields and this oscillation is sensitive to the parallel momentum. Tracing the relative 
phase where the oscillation of the interference fringes minimize, we find that the parallel 
momentum dependences of this phase are different for the first-returning and the second-
returning rescattering holographic interference. With QO model, we demonstrated that this 
difference is related to the ionization and rescattering times of the electron. Additionally, 
we showed that the Coulomb interaction does not matter for the oscillation of both the 
first-returning and second-returning holographic interferences. This allows us to measure 
the temporal characteristics of the electron in tunneling ionization by analyzing the relative 
phase dependence of the multiple-returning holographic interference.
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