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We theoretically investigate the correlated electron dynamics in strong-field nonsequential double ion-
ization (NSDI) of Ar by the parallel two-color pulses consisting of 800- and 400-nm laser fields with the
semiclassical ensemble model. Our calculations show that the momentum distributions of Ar2+ in the
direction parallel to the polarization of laser field exhibit the single- or double-hump structure, depend-
ing on the relative phase of the two-color fields. Back analysis of the NSDI trajectories reveals that recol-
lision of returning electron is well confined in a time window of several attoseconds, and the position of
which can be controlled with attosecond precision by changing the relative phase of the two-color fields.
Thus, the recollision energy is accurately controlled with the two-color fields. As a consequence, the time
delay between the double ionization and recollision changes with the relative phase, resulting in the
relative-phase-dependent ion momentum distributions. More interestingly, the different peaks of ion
momentum spectra result from the NSDI events with different time delays between double ionization
and recollision. Thus, the corresponding correlated electron dynamics for different peaks in the ion
momentum distributions can be directly determined in the two-color fields.

� 2018 Elsevier Ltd. All rights reserved.
1. Introduction

Tunneling of atoms or molecules in strong laser field usually is
accompanied by recollision, where the tunneling electron is accel-
erated in the laser field and then returns back to the parent ion
when the electric field of the driving laser pulse changes its direc-
tion [1,2]. This recollision leads to various interesting phenomena,
such as high harmonic generation (HHG) [3–5], high-energy above-
threshold ionization (HATI) [6–10], and nonsequential double ion-
ization (NSDI) [11–14]. Among these phenomena, NSDI has
attracted special attention due to the highly correlated behavior
of the ionized electron pairs during the inelastic recollision [15].
In past decades, a great number of experimental [16–20] as well
as theoretical studies [21–32] have been performed to explore
the correlated dynamics of the electron pairs in NSDI.

Previous studies have shown that the correlated electron
dynamics in NSDI is rather complicated and sensitively depends
on the driving laser pulses. Generally, NSDI could occur through
two different pathways, recollision impact ionization (RII) and
recollision-excitation with subsequent field ionization (RESI) [33].
At low laser intensities where the maximum recollision energy of
the first electron is not enough to ionize the second electron
directly, NSDI occurs through the RESI pathway. At high laser
intensities, the recollision energy of the first electron is higher than
the ionization potential of the second electron and thus double ion-
ization can occur through the RII pathway. Usually, in the NSDI
experiments the recollision energy of the returning electron spans
over a wide range and thus both RII and RESI pathways make con-
tribution, complicating the analysis of the dynamics in NSDI. Addi-
tionally, in the multi-cycle laser pulses, the multiple-recollision
process also contributes to NSDI [34,35]. Moreover, the multiple-
returning-recollision process, where recollision occurs at the later
other than the first returning of the tunneled electron, has signifi-
cant contribution to the total NSDI yields, especially in the mid-
infrared laser fields [36–38]. The combined contribution of these
processes hampers a full exploration of the detailed microscopic
dynamics in NSDI. Revealing and ultimately controlling the corre-
lated electron dynamics are the central tasks in current studies on
strong-field NSDI.

With the development of the laser technology, ultrashort few-
cycle laser pulses with stabilized carrier-envelope phase are widely
available in laboratory [39]. In few-cycle pulses, the multiple-
recollision and multiple-returning-recollision processes are
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strongly suppressed and the recollision are well confined in single
optical cycle [40]. Thus the few-cycle pulses enable one to study
the microscopic electron dynamics of NSDI in a much more clean
way [41]. Additionally, in the multi-cycle pulses, there are consid-
erable NSDI events occurring through the RESI pathway with a
time delay longer than one optical cycle between double ionization
and recollision [42,43]. While in the few-cycle pulses, this time
delay is well within one optical cycle. Thus, the subcycle electron
dynamics can be revealed with the few-cycle pulses. Taking these
advantages of the few-cycle pulses, for example, the decay dynam-
ics of the doubly excited state formed by recollision in NSDI is
unambiguously traced [44]. The subcycle ionization dynamics of
RESI in the few-cycle is clearly visualized and the asymmetric
energy sharing during recollision is also revealed [41]. Moreover,
the few-cycle pulse provides a feasible way to control NSDI. It
has been reported that the ion momentum distributions as well
as the correlated electron momentum spectra can be manipulated
by changing the carrier-envelope phase of the few-cycle pulses and
more details of the correlated electron dynamics have been uncov-
ered [40,45]. Recently, control of NSDI with the few-cycle pulses
has draw extensive attentions.

The two-color laser pulse is another powerful tool in controlling
the recollision processes in strong laser fields [46,47]. Compared
with the few-cycle pulses, it has more parameters for control, for
example, the relative phase, relative intensity, polarizations et al.
The scheme of two-color pulses has been widely employed to con-
trol the electron dynamics in HHG and ATI [48,49]. Recently, the
two-color field has also been used to control the electron correla-
tions in strong-field NSDI [50]. For example, with the orthogonal
two-color pulses, the electron pairs can be controlled to exhibit
correlated or anticorrelated behaviors [51]. With the circularly
polarized two-color laser pulses, the double ionization yields have
been manipulated by adjusting the relative intensity ratio of the
two fields [52,53]. In this paper, using a semiclassical ensemble
model, we theoretically study the correlated electron dynamics
in the parallel two-color fields consisting of an 800-nm and a
400-nm laser pulses. We focus on the RESI pathway of NSDI. Our
results show that the subcycle decay process of the excited states
induced by recollision in RESI pathway can be controlled by chang-
ing the relative phase of the two-color fields. Back analysis of the
NSDI trajectories shows that this is based on the attosecond control
of the recollision time and thus the recollision energy of the tun-
neled electron. The controlling of the subcycle decay process
results in the relative phase dependence of the experimentally
observable ion momentum distributions. Interestingly, in the ion
momentum distributions, different peaks originate from the NSDI
events with different time delays between double ionization and
recollision. Thus, the correlated electron dynamics of NSDI can be
directly judged from the observable ion momentum distributions.
2. Method

Accurately describing NSDI in strong laser fields needs numeri-
cally solving the time-dependent Schrödinger equation. However,
for the two- and multi-electron systems, the computational
demand of this method is huge [21,54,55]. In the past decades
numerous studies have resorted to the classical and semiclassical
models, which have been very successful in explaining various
phenomena in NSDI, for example, the V-like [27,56,57] and cross-
like structures [41,58] in the correlated electron momentum spec-
tra, and the anticorrelation of the electron pairs in low laser inten-
sities [59]. The (semi) classical models are also successful in
predicting phenomena in strong-field NSDI [51,60,61]. Moreover,
with the (semi) classical model, the electron dynamics in NSDI
can be intuitively revealed by back tracing the NSDI trajectories
[29,62,63]. Therefore, here we employ the semiclassical ensemble
model [27,64] to investigate the correlated electron dynamics of
NSDI by the parallel two-color pulses. In the semiclassical model,
the first electron is ionized through tunneling with the rate given
by tunneling theory [65]. The subsequent evolutions of the tun-
neled and the bound electrons are described by the Newton’s clas-
sical motion equation (atomic units are used throughout until
stated otherwise):

d2ri
dt2

¼ �r½VneðriÞ þ Veeðr1; r2Þ� � EðtÞ; ð1Þ

where the indicates i = 1, 2 refer to the first and the second

electrons, respectively. VneðriÞ ¼ �2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2i þ a2

q
and Veeðr1; r2Þ ¼

1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 � r2Þ2 þ b2

q
represent the ion-electron and electron-

electron coulomb interaction potentials, respectively. A soft param-
eter a is employed to avoid autoionization of the two-electron
system [56]. Here we set a ¼1.5. The parameter b in the electron-
electron interaction potential is not important as long as it is
small enough. Here we set b ¼0.01. The electric field of the
parallel two-color pulse is written as EðtÞ ¼ f ðtÞ½E0 cosðxtÞx̂þffiffiffi
e

p
E0 cosð2xt þ D/Þx̂�, where the pulse envelope f ðtÞ has a constant

amplitude for the first eight cycles and is linearly turned off with a
two-cycle ramp. E0 is the amplitude of the 800-nm field and e is the
intensity ratio of the 800-nm and 400-nm fields. D/ is the relative
phase between the 400-nm and 800-nm fields. x is the frequency
of the 800-nm laser field.

The initial conditions of the two electrons for Eq. (1) are
obtained as follows. The first tunneling electron has zero parallel
(with respect to the direction of electric field) velocity and a
Gaussian-like transverse velocity distribution. The weight of each
trajectory is wðt0; t?0Þ ¼ wðt0Þwðt?0Þ [64], in which

wðt0Þ ¼ 2ð2Ip1Þ1=2
j Eðt0Þ j

" # 2ffiffiffiffiffiffi
2Ip1

p �1

exp
�2ð2Ip1Þ3=2
3 j Eðt0Þ j

" #
; ð2Þ

wðt?0Þ ¼ 1
j Eðt0Þ j exp � t2?0ð2Ip1Þ1=2

j Eðt0Þ j

" #
; ð3Þ

where wðt0Þ is the instantaneous tunneling probability and wðt?0Þ
is the distribution of the initial transverse momentum t?0 of the
first electron. For the second electron, the initial position and
momentum are depicted by microcanonical distribution of ground
state energy of Ar+. In our calculations, the first and second ioniza-
tion potentials are chosen as Ip1 = 0.58 a.u. and Ip2 ¼ 1:01 a.u.,
respectively, to match those of Ar. Several millions weighted classi-
cal two-electron trajectories are traced from the tunneling moment
t0 to the end of the pulse. The double ionization events are deter-
mined if the energies of both electrons are positive after the laser
field is turned off.

3. Results and discussions

We first show the ratio of Ar2+: Ar+ as a function of the
relative phase in Fig. 1(a). Here we consider three cases:
I800 ¼ 1:0� 1014 W/cm2 with the intensity ratio e ¼ 0:1 (i),
e ¼ 0:2 (ii) and I800 ¼ 0:6� 1014 W/cm2 with e ¼ 0:1 (iii). It shows
that the ratio of Ar2+: Ar+ exhibits an oscillating behavior with a
period of p and this behavior is similar for these three cases. It indi-
cates that NSDI has indeed been controlled by the linear two-color
laser fields. More information of the two-electron dynamics can be
obtained from the momentum distribution. In Fig. 1(b)–(d), we
show the momentum distributions of the ion along the laser polar-
ization direction as a function of the relative phase. In Fig. 1(b), the



Fig. 1. (a) The ratio of Ar2+: Ar+ as a function of the relative phase. (b)–(d) The
momentum distribution of Ar2+ in the parallel direction (parallel to the laser
polarization) as a function of the relative phase. The white transverse lines indicate
zero momentum and are added to guide the eyes. The dashed vertical lines in (b)
denote the cases of D/ ¼ 0:55p and 1.1p, respectively, which are detailedly
analyzed in the text. The distributions are normalized at each phase. The laser
intensities of the 800-nm fields and the intensity ratios are labeled in the figure.
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distribution oscillates with the relative phase. For D/ ¼ 0, the dis-
tribution is mainly located in Pxion > 0, and it gradually moves to
Pxion < 0 as D/ increases and then moves to Pxion > 0 again. Close
inspection shows that the distribution exhibits a double-hump or
single-hump structure, depending on the relative phase. The distri-
butions shown in Fig. 1(c) and (d) exhibit similar behaviors except
that in Fig. 1(d) the distribution always exhibits the single-hump
structure.

In order to reveal the corresponding dynamics of electrons in
the two-color fields, we back trace the classical trajectories and
perform statistical analysis [29,57]. We take the case in Fig. 1(b)
as an example. Fig. 2(a)–(c) show the distributions of tunneling
Fig. 2. Distributions of the tunneling time (a), recolllsion time (b), the traveling
time (c) as a function of the relative phase for the NSDI events. The distributions are
normalized at each phase.
time, the recolllsion time, and the traveling time for the NSDI
events as a function of the relative phase, respectively. Here the
recollision is defined when this distance is less than 3.0 a.u. after
the tunneling of the first electron and the recollision time is
defined as the instant of closest approach of the two electrons. In
our calculations, for almost all of the double ionization events,
the closest distance is less than 3 a.u., meaning that double ioniza-
tion occur through the recollision. We have checked that a small
change of this criterion does not change the final results. The trav-
eling time is the time difference between recollision and tunneling
of the first electron, and the double ionization time is defined as
the instant when both electrons achieve positive energies
[57–59]. Note that here we only consider the NSDI events where
tunneling of the first electron occurs within the optical cycle of
�1.1T1 to �0.1T1 (T1 is the laser cycle of the 800-nm field). For
D/ changing from 0.35p to 0.65p and 1.35p to 1.65p, there are
two asymmetric time windows for tunneling ionization of the first
electrons, while at other phases there is only one window. More
interestingly, the positions of these windows change gradually
with the relative phases. For example, the window locating around
�0.5T1 moves from �0.4T1 to �0.55T1 as D/ changes from 0.5p to
1.5p. It means that the tunneling time of first electron has been
controlled with attosecond accuracy by the two-color pulses. The
recollision is directly related to the tunneling moment, and thus
attosecond control of the recollision in NSDI is realized, as shown
in Fig. 2(b). In Fig. 2(b), the population locating around �0.25T1
and 0.25T1 corresponds to the events where tunneling of the first
electron occurs within the time window around �1.0T1 and
�0.5T1, respectively. The other population is resulted from the
NSDI events where recollision occurs at the second and third
returnings of the first electron [6,38]. This is more clearly seen in
traveling time distribution shown in Fig. 2(c). For most of the
events, recollision occurs at the first returning and the correspond-
ing travelling time is less than one optical cycle. For the first-
returning recollision event, the travelling time increases from
0.5T1 to 0.85T1 as the relative phase changes from 0.5p to 1.5p,
indicating the attosecond control of the recollision by the two-
color fields. There are also considerable events with traveling time
of about 1.75 cycle which correspond to the events where recolli-
sion occurs at the third returning. The event of second-returning
recollision (with the travelling time of about 1.25T1) is strongly
suppressed in our case. This is due to the fact that the second
returning possesses the lowest energy and thus it cannot lead to
NSDI for the laser intensities of our calculations [6].

The control of recollision time results in the oscillating of the
recollision energy with the relative phase, as shown in Fig. 3(a).
The recollision energy reaches a maximal value of 0.9 a.u. at
D/ ¼ 0:4p and 1.4p, and a minimum of 0.5 a.u at D/ ¼ 0:7 and
1.7p. In NSDI, the electron dynamics after recollision critically
depends on the recollision energy [33]. It can be expected that
the electron dynamics after recollision can be controlled by chang-
ing the relative phase of the two-color fields. Note that for the laser
parameters in our calculations, the recollision energy is always less
than the ionization potential of the second electron. Fig. 3(b) dis-
plays the time delay between double ionization and recollision. It
is shown that for most of the events the time delay between recol-
lision and the ionization of the second electron is about 0.15T1,
indicating that RESI is the dominant pathway. Interestingly, this
time delay distribution depends on the relative phase. For D/
around 0.7p and 1.7p, where the recollision energy is the lowest,
there are significant events ionized with time delay longer than
0.25T1, while for other relative phases, most double ionization
events occur with time delay less than 0.25T1. This is easy to
understand. For the lower recollision energy, the second electron
was excited to lower excited states and thus the subsequent ion-
ization rate is smaller, leading to the longer time delay.



Fig. 3. Distributions of the recollision energy (a), and the time delay between
double ionization and recollision (b) as a function of the relative phase. The
distributions are normalized at each phase.
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With the analysis above in mind, the relative phase dependence
of the ion momentum distributions can be explained. We take two
phases D/ ¼ 0:55p and 1.0p for example (indicated by the dashed
lines in Fig. 1(b), Figs. 2 and 3). Fig. 4(a)–(d) show the correlated
electron momentum distributions. Here we have classified the
NSDI events based on the time delay between double ionization
and recollision [58,59]. Fig. 4(a) and (b) shows the NSDI events
where the time delay is less than 0.25T1. Though NSDI occurs
through the RESI pathway, the correlated momentum distributions
locate in the first and third quadrants for this short time delay. This
has been experimentally observed and explained in the few-cycle
pulses [41]. The faint repulsion behavior with respect to the main
diagonal indicates the time delay between the ionization of the
two electrons and their final-state coulomb repulsion [44,58,66].
For this type of NSDI event, the ion momentum distribution exhi-
bits a double-hump structure at D/ ¼ 0:55p, as shown by the red
curve in Fig. 4(e). For D/ ¼ 1:0p, there is only one tunneling
window for the tunneling of the first electron [Fig. 2(a)], and thus
Fig. 4. Correlated electron momentum distributions along the laser polarization direc
respectively. (a, b) The distributions show the events with time delay less than 0.25 T1. (
momentum distributions of Ar2+ for D/ ¼ 0:55p and 1.0p, respectively. The red curves p
blue curves present distributions correspond to the events with time delay larger than
interpretation of the references to color in this figure legend, the reader is referred to th
only one peak appears in the ion momentum distribution, as
shown in Fig. 4(f).

For the events with time delay larger than 0.25T1, the distribu-
tions of the correlated electron momentum are clustered near the
origin and spread to the second and fourth quadrants, as shown in
Fig. 4(c) and (d). Thus the corresponding ion momentum distribu-
tions exhibit the single-hump structure located around zero
momentum, as shown by the blue curves in Fig. 4(e) and (f). At
D/ ¼ 0:55p, the type of events dominant NSDI, and thus the total
ion momentum distribution exhibits the single-hump structure
located near zero momentum, as shown by the black curve in
Fig. 4(e). At D/ ¼ 1:0p, the events with time delay larger than
0.25T1 is relatively fewer, and the peak at nonzero momentum is
still visible in the total ion momentum distribution. Consequently,
the distribution exhibits the double-hump structure. Simply
speaking, the single- and double-hump structures imply the time
delay between double ionization and recollision in the RESI path-
way. The single-hump structure means that NSDI dominates by
the RESI with time delay longer than 0.25T1. In the double-hump
structure, the peak near zero momentum corresponds to this type
of NSDI events with long time delay, and the peak located at non-
zero momentum results from those events where the time delay is
less than 0.25T1. Thus, from the experimentally observable ion
momentum distributions, one can determine the corresponding
electron dynamics of NSDI for the different peaks. As shown in
Fig. 1(b)–(d), the peak near or around zero momentum alway has
the dominant contribution to the total NSDI yields. This indicates
that the RESI with time delay longer than 0.25T1 is prevalent,
meaning the excited electron can resist ionization in the first peak
of the electric field after recollision. Previous experiment has
shown that the electron momentum distribution depends sensi-
tively on the pulse duration [42]. This study shows that the events
with time delay larger than 0.25T1 and even longer take a great
part of the double ionization yields, and thus can explain the
pulse-duration dependence of the electron momentum
distribution.

This time delay determines the correlation patterns in the final
electron momentum distributions, as shown in Fig. 4(a)–(d). We
finally display the ratio of correlated and the anticorrelated emis-
sions in the two-color fields in Fig. 5. Here the correlated and anti-
correlated emissions mean that the two electrons emit into the
same or opposite hemispheres, respectively. For the cases of higher
laser intensities, the ratios oscillate with the relative phase and are
tion by the parallel two-color laser pules for D/ ¼ 0:55p (a, c) and 1.0p (b, d),
c, d) The distributions show the events with time delay larger than 0.25T1. (e, f) The
resent distributions correspond to the events with time delay less than 0.25T1. The
0.25T1. The black curves present distributions correspond to all the events. (For
e web version of this article.)



Fig. 5. The ratio of the correlated and anticorrelated emission as a function of the
relative phase. The solid curves represent the corresponding fitted results with the
cosine function, which are added for a better view on the oscillation of ratio. Here
correlated and anticorrelated emission mean the electron pairs emitted into the
same or opposite hemispheres, respectively.
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alway larger than one. For the lower laser intensity the ratio oscil-
lates around one, indicating that the electron pairs can be domi-
nated by the anticorrelated pattern [67]. Interestingly, the
oscillating ratios peak at different relative phases for the higher
and lower laser intensities. This can be qualitatively understood
as following. As shown in Fig. 3(a), the recollision energy reaches
its maximum at D/ ¼ 0:4p (1.4p). At this phase, there is also
another bunch of events with a much lower recollision energy,
which would result in the anticorrelated emission. At the relatively
high laser intensities, the combination of these two bunches of
events makes the correlated emission is less prevalent at
D/ ¼ 0:4p (1.4p) than D/ ¼ 0:25p (1.25p) where the lower-
energy bunch disappears. At the lower laser intensity, the recolli-
sion energy is very low and thus only when the recollision energy
reach its maximum at the D/ ¼ 0:4p (1.4p) could result in domi-
nantly correlated emission. Consequently, the ratio peaks at
D/ ¼ 0:4p (1.4p).

4. Conclusion

In conclusion, we have theoretically studied the correlated elec-
tron dynamics in the linearly polarized two-color laser fields. Our
results show that the scheme of two-color field is an efficient tool
to control the subcycle dynamics of the correlated electrons in
strong-field NSDI, more specifically, the decay dynamics of
recollision-induced excited states in NSDI. The control of the recol-
lision time and correspondingly the recollision energy results in
the single- and double-hump structures in the ion momentum dis-
tributions. The single-hump structure indicates that NSDI is dom-
inated by the RESI way with time delay longer than a quarter
laser cycle. In the double-hump structure, the peak located at zero
and nonzero momenta correspond to the NSDI events where the
time delay is larger and less than a quarter laser cycle, respectively.
Thus, the electron dynamics for each peaks in the measurable ion
momentum spectra can be determined.
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