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Radial-momentum-resolved measurement of the tunneling ionization time in attoclock experiments
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We studied the tunneling ionization time in the elliptically polarized laser field with the recently proposed
phase-of-the-phase spectroscopy, wherein a weak linearly polarized second-harmonic field was introduced to the
attoclock frame. By monitoring the oscillation of the photoelectron yield with the relative phase between the two
fields, the ionization time of the photoelectrons can be determined without any effort on handling the Coulomb
interaction between the escaping electron and the parent ion. This advantage enables us to resolve the ionization
time in the full photoelectron momentum distribution. By solving the time-dependent Schrödinger equation,
we showed that the ionization time depends on the radial momentum of photoelectron. The photoelectron with
larger radial momentum ionizes earlier at the emission angle before the most probable emission angle, while this
radial-momentum dependence is reversed at the emission angle after the most probable emission angle. These
results are confirmed by our experiments.

DOI: 10.1103/PhysRevA.106.053106

I. INTRODUCTION

Tunneling is a fundamental process in quantum mechan-
ics. The question of how long it takes a particle to tunnel
through a barrier has attracted extensive attention since the
birth of quantum mechanics [1–5]. The answer is not only
important for understanding this fundamental process but also
has wide-ranging practical implications for various strong-
field phenomena triggered by tunneling ionization, such
as high-harmonic generation spectroscopy [6], laser-induced
diffraction [7–9], and photoelectron holography [10–14]. Ad-
vances in the ultrafast laser technology have opened up the
opportunity to experimentally resolve the attosecond electron
dynamics of tunneling. Among them, the attoclock is a pow-
erful technique to measure ionization time [15], where an
elliptically polarized laser pulse is used to map the ionization
time of the photoelectron to its emission angle in the laser
polarization plane. The tunneling time delay is extracted from
the measured offset angle of the maximum of the photo-
electron momentum distribution (PEMD) with respect to the
minor axis of the elliptically polarized laser field [16].

Typically, in the attoclock experiments only the most prob-
able electron emission angle, which is obtained by integrating
the radial momentum, is analyzed [16–31]. The measured ion-
ization time is a single value for this most probable emission
angle. Actually, the ionization time in the attoclock experi-
ment is much more complex than this single value. It has been
proposed that the tunneling time delay is probabilistic, rather
than a deterministic quantity [19,20]. Moreover, it has been
demonstrated that the angular distribution in the attoclock
experiments sensitively depends on the radial momentum of
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the photoelectrons [32–36]. It implies that the ionization time
of electrons along the same emitting angle may vary with
the radial momentum of photoelectron, which raises concerns
about the accuracy of the single time constructed from a single
value of the offset angle. Therefore it is essential to extract the
ionization time from the full momentum distribution, which
contains much more information regrading the tunneling
process.

In previous attoclock experiments, the critical task is the
determination of deflection angle of the photoelectron in-
duced by the long-range Coulomb potential, which is usually
obtained from classical trajectories of escaping electron. Cal-
culation of this deflection angle requires accurate information
of the laser parameters (such as laser intensity, ellipticity, etc.),
and even worse, it depends on the initial conditions of the
trajectories, such as the tunneling exit and the initial velocity,
which are model dependent. This is the origin of the contro-
versy on the ionization time for the most probable emission
angle in previous attoclock experiments [21,25,37]. Regard-
ing the radial-momentum-resolved ionization time, it is more
difficult to handle the effect of the Coulomb interaction, and
thus it is more challenging to achieve the radial-momentum-
resolved ionization time with the previous attoclock. Recently,
we introduced the phase-of-the-phase spectroscopy [38–42]
to the attoclock experiment to overcome this difficulty [43].
In our scheme, instead of extracting the ionization time from
the offset angle of the PEMDs, a weak second-harmonic (SH)
field is used to modulate the tunneling current produced by
the fundamental field. By monitoring the response of the
photoelectron yield at each place in the PEMDs to the rel-
ative phase between the fundamental and the SH fields, the
instant of tunneling ionization of the photoelectrons is de-
termined unambiguously. Our method is free from modeling
the Coulomb effect on the escaping photoelectron, and thus
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FIG. 1. (a) Electric field of the elliptically polarized laser pulse.
(b) The PEMD from tunneling ionization by the elliptically polarized
laser pulse. (c) The synthesized electric field strength with respect to
the relative phase at three instants, as marked by the corresponding
symbols in (a). (d) For a given momentum p [as indicated by the
white box in (b)], the photoelectron yield oscillates with the relative
phase. The optimal phase φY indicates the phase maximizing the
ionization rate (i.e., the phase of the phase).

previous debates on identifying Coulomb-induced deflection
angle are avoided. This superiority enables us to determine
the ionization time of the photoelectron in the full momentum
distribution in the attoclock experiments. In this paper we em-
ploy this scheme to determine the radial-momentum-resolved
tunneling ionization time. Our results show that the ionization
time depends on the radial momentum of the photoelectron,
and this radial-momentum dependence of the ionization time
depends on the emission angle of the photoelectron.

II. METHODS

Figure 1 illustrates the scheme of our method. A strong
elliptically polarized laser field [Fig. 1(a)] triggers tunneling
ionization. The corresponding PEMD is shown in Fig. 1(b). A
weak SH field is introduced to perturb the fundamental field.
The synthesized electric field is written as [atomic units (a.u.)
are used unless stated otherwise]

E(t, φ) = [E800 cos(ωt ) + E400 cos(2ωt + φ)]ex

+ εE800 sin(ωt )ey, (1)

where ω is the frequency of the fundamental 800-nm field,
ε is the ellipticity of the fundamental pulse, ex and ey are
the unit vectors, and φ is the relative phase. The synthesized
electric field E(t, φ) has a trapezoidal envelop, raising linearly
during two cycles, then keeping constant for four cycles and
decreasing linearly during the last two cycles of the funda-
mental pulse. At a given time t , the strength of the synthesized

electric field oscillates when the relative phase changes [see
Fig. 1(c)],

|E(t, φ)| =
√

E2
x + E2

y

= |E0(t )| + ξE1 cos(2ωt + φ) + O(ξ 2), (2)

where |E0(t )| is the electric field strength of the 800-nm
field, ξ = E400/E800 is the ratio of the electric amplitudes,
and E1 = E800 cos(ωt )/

√
ε2sin2(ωt ) + cos2(ωt ). Because the

ionization rate exponentially depends on the electric field
strength, the photoelectron yield will change significantly
with the relative phase, as shown in Fig. 1(d). For different
times, the relative phases where the synthesized electric field
strength peaks are different, as shown in Fig. 1(c). Therefore,
by monitoring the relative-phase dependence of the photoelec-
tron yield at each momentum in the attoclock experiment, the
ionization time could be identified. Noting that in our scheme,
the use of the elliptically polarized fundamental field and
the perturbative SH field substantially reduces the retrieved
ionization time uncertainties resulting from the simultaneous
perturbation of the electron trajectories [44]. In our calcu-
lations and experiments shown below, the intensity of the
SH is 1/6400 of the fundamental field (ξ = 1/80), and the
uncertainty induced by the SH field is less than 4 as [43]. This
is essential for our scheme.

For a given momentum p = (px, py), the relation between
the relative-phase dependence of the photoelectron yield and
the ionization time can be established with the strong-field
approximation (SFA) involving the quantum orbitals [45,46],
wherein the ionization rate is calculated with exponential
accuracy:

� ∝ exp(−2ImS) = exp(−2ImS0) exp(−2Im�S), (3)

where

S0(t ) = 1

2

∫ t f

ts

dt [px + Ax(t )]2

+ 1

2

∫ t f

ts

dt [py + Ay(t )]2 − Ipts

�S(t, φ) =
∫ t f

ts

dt [px + Ax(t )]�Ax(t, φ). (4)

Here Ip is the ionization potential of the atom, Ax and Ay are
the vector potential of fundamental field along the x and y axis,
respectively, and �Ax is the vector potential of SH. t f is the
ending time of the laser pulse, and ts = tr + iti is the complex
transition point [47,48]. Because the intensity of the SH field
is several orders of magnitude lower than the fundamental
field, we neglect its influence to complex time ts and keep
�S(t, φ) to the first order of the small quantity ξ . The optimal
phase φY where the ionization rate maximizes is determined
by ∂�

∂φ
|φY = ∂Im�S

∂φ
|φY = 0. Then we obtain (see Appendix A

for details)

tan(2ωtr + φY ) = − cosh(2ωti ) + 2

cosh(2ωti ) − 1
tan(ωtr )

+ 3pxω

E800

cosh(ωti )

cosh(2ωti ) − 1

1

cos(ωtr )
. (5)
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Thus, by extracting the optimal phase φY from the oscillating
photoelectron yield at momentum p, the ionization time tr can
be determined. Note that it requires the imaginary time ti to
retrieve the ionization time.

In particular, for the most probable radial momentum at a
given emission angle, Eq. (5) becomes (see Appendix A for
details)

tan(2ωtr + φY ) = C tan(ωtr ), (6)

where

C = 1

2

{
1 − 6ε2

a2

cosh(ωti )

cosh(2ωti ) − 1

[
cosh(ωti ) − sinh(ωti )

ωti

]}
.

(7)

Here, a =
√

cos2(ωtr ) + ε2 sin2(ωtr ).
For the linearly polarized field ε=0, then C=1/2 and

Eq. (6) becomes tan(2ωtr + φY ) = 1
2 tan(ωtr ). It is the same

as that obtained in Ref. [31]. For the circularly polarized field
(ε = 1), a=1. In the classical limit of ti → 0, i.e., ωti → 0,
we have C=0 and then Eq. (6) becomes tr=− φY

2ω
. This result

agrees with the prediction of the Ammosov-Delone-Krainov
(ADK) formula [49] that for a given ionization instant tr the
photoelectron yield maximizes at the relative phase where the
corresponding synthesized electric field |E(φ, tr )| maximizes.
For the nearly circular laser field in our calculations (ε=0.8), it
is still a good approximation that (see Appendix A for details)

tr ≈ −φY

2ω
. (8)

This gives a direct relation between the measured optimal
phase φY and the ionization time tr for the most probable
radial momentum at a given emission angle.

III. RESULTS AND DISCUSSION

We demonstrate our scheme by numerically solving the
time-dependent Schrödinger equation (TDSE) [42]. For sim-
plicity, we first consider the model atom with short-range
potential V (r) = −e−r2

/
√

r2 + a, where a=0.001 16 is used
to match the ground-state energy of helium (Ip=0.904 a.u.).
Figure 2(a) displays the PEMD initiated by the fundamental
field. The intensity and ellipticity of the fundamental field
are 3.6 × 1014 W/cm2 and 0.8, respectively. It is shown that
the PEMD exhibits an elliptical geometry [34,50], and the
most probable emission angle θmax locates at 90◦ and 270◦,
which is in agreement with the previous theoretical calcula-
tions [21,23,25]. This is more clearly in the radially integrated
photoelectron angular distribution (PAD), as shown by the
black solid line in Fig. 2(b). To determine the ionization
time, we add a perturbative linearly polarized SH field to the
fundamental field and scan the relative phase. By monitoring
the radially integrated photoelectron yield as a function of the
relative phase, we obtain the optimal phase φY for different
emission angles. The angular-dependent ionization time is
determined through Eq. (8) with the extracted optimal phase,
as shown in Fig. 2(b). It is shown that the position of the most
probable emission angle almost coincides with the time zero
(the instant of maximum electric field). This result indicates
that the time interval between the ionization instant of the

FIG. 2. (a) The calculated PEMD for the strong fundamental
field. The model He atoms are ionized in the tunneling regime with
a Keldysh parameter γ ≈ 0.76. The electron emission angle θ is
defined between the electron emission direction relative to the major
axis of the elliptically polarized laser. (b) The retrieved ionization
time (blue solid line) with respect to the electron emission angle. The
black solid curve and dashed line represent the radially integrated
PAD and its peak, respectively. (c) The extracted optimal phase as a
function of the electron radial momentum pr at three emission angles
260◦ (circles), 270◦ (squares), and 280◦ (triangles). The black solid
line indicates the radial-momentum distribution of photoelectron at
the most probable emission angle 270◦.

most probable emission angle and the instant of the maximum
field is zero.

With this scheme we further extract the optimal phase φY

in the full momentum distribution. Figure 2(c) displays the
radial-momentum-resolved optimal phase at three emission
angles 260◦ (circles), 270◦ (squares), and 280◦ (triangles). The
black solid line represents the radial-momentum distribution
of photoelectron at the most probable emission angle 270◦.
It is shown that the optimal phase varies obviously with the
electron radial momentum, and the trend of variation depends
on the electron emission angle. It is nearly a constant equal
to zero at the most probable emission angle θ = 270◦. At
θ = 260◦, the optimal phase decreases as the radial momen-
tum increases, whereas the radial-momentum dependence of
the optimal phase is opposite at θ = 280◦. These results in-
dicate that the ionization time of photoelectron at a given
emission angle depends on the radial momentum.

With the optimal phase φY , the ionization time of pho-
toelectrons in the full momentum distribution is obtained
utilizing Eq. (5). For the laser parameters in our calculations,
the imaginary time ti is about 12.6 a.u., so we use this value
to obtain the ionization time tr . We mention that the extracted
ionization time tr is not sensitive to the exact value of ti (see
Appendix B for details). Figure 3(a) illustrates the obtained
ionization time with respect to the electron radial momentum
and the electron emission angle. The radial-momentum de-
pendence of the ionization time can be more clearly observed
in Fig. 3(b), which shows the lineouts taken from Fig. 3(a) at
the emission angle of 260◦ (circles), 270◦ (squares), and 280◦
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FIG. 3. (a) The retrieved ionization time with respect to the
electron radial momentum and the electron emission angle. For com-
parison, the PEMD in Fig. 2(a) is normalized and displayed by the
dashed bright blue contours. Contours correspond to single intensity
changing from 0.2 to 0.8 in steps of 0.2, with the innermost contour
at 0.8. (b) The lineouts taken at three emission angles 260◦ (circles),
270◦ (squares), and 280◦ (triangles) from (a). The black solid line
indicates the radial-momentum distribution of photoelectron at the
most probable emission angle 270◦.

(triangles). At the most probable emission angle θ = 270◦,
the ionization time is nearly a constant. It indicates that the
ionization time is independent of the radial momentum. Thus
the interpretation of the attoclock results with a single value of
the offset angle in previous studies is reasonable [21,23,25].
However, at θ = 260◦, the ionization time shifts to smaller
values as the radial momentum increases, meaning that the
electron with larger radial momentum is ionized earlier. At
θ = 280◦, the situation is reversed.

These results unambiguously indicate that the ionization
time depends on the radial momentum and this radial-
momentum-resolved ionization time depends on the emission
angle. This phenomenon can be understood as follows. For an
elliptically polarized laser, the instantaneous direction of the
laser vector potential A(t ) and the electric field E(t ) are not
perpendicular to each other. It means that there is a nonzero
angle �α between the instantaneous vector potential and the
initial transverse (transverse to the instantaneous electric field)
momentum v⊥, as shown in Fig. 4(a). This angle as a function
of the ionization time is depicted by the black curve in the
inset of Fig. 4(a). The final momentum can be written as
p = v⊥ − A(tr ). For a given ionization time tr , the final mo-
mentum p depends on the magnitude of the initial transverse
momentum, as shown schematically in Fig. 4(b). For each
ionization time, we calculate the final momentum as a func-
tion of the magnitude of the initial transverse momentum.
The obtained final momenta at different ionization times are
displayed as a series of the colored lines in Fig. 4(c), wherein
the orange dashed curve represents the final momentum for
v⊥ = 0, i.e., p = −A(tr ). To reveal the emission angle depen-
dence of the radial-momentum-resolved ionization time, in
Fig. 4(c) we choose three emission angles for demonstration,
as indicated by the solid black lines. The line for the emission
angle 270◦ coincides with the colored line for tr=0. It means
that the ionization time of photoelectron at the emission angle
of 270◦ is a constant of zero, regardless of its radial momen-
tum. However, it is the different situation for other emission
angles. At the emission angle of 260◦, it intersects with the
colored lines for the earlier ionization time as the radial mo-

FIG. 4. (a) Sketch of an elliptically polarized laser field. Colored
arrows indicate the instantaneous direction of the electric field E
(gray), the laser vector potential A (orange), and the initial transverse
momentum v⊥ (blue). The inset in the right upper corner presents
the ionization time dependence of the angle difference �α between
the instantaneous laser vector potential and the initial transverse
momentum. Here, T is the optical cycle of the fundamental field.
(b) Schematic representation of the electron final momentum dis-
tribution, i.e., p = v⊥ − A(tr ) for a given ionization time. (c) The
photoelectron final momentum with respect to the ionization time
and the initial transverse momentum. Here, the brightness encodes
the magnitude of the ionization time. The orange dashed curve ex-
presses the final momentum for v⊥ = 0, i.e., p = −A(tr ), and the
black solid lines represent three electron emitting angles.

mentum increases. This indicates that at this emission angle
the photoelectron with larger radial momentum ionizes earlier.
At the emission angle of 280◦, it intersects with the colored
lines for the latter ionization time as the radial momentum
increases. These results demonstrate that the emission angle
dependence of the radial-momentum-resolved ionization time
shown in Fig. 3 is caused by the initial transverse momentum,
or further, the ellipticity of the laser field. Noting that the in-
fluence of the ellipticity of the laser field on the offset angle of
the attoclock has been discussed in [26,34,51], where several
data processing procedures have been proposed to compensate
for the ellipticity. Our results show this effect in detail by
displaying the ionization time distribution of photoelectron in
the full momentum space, which is helpful for understanding
the tunneling ionization.

In the attoclock measurements, the long-range Coulomb
potential modifies the electron momentum after tunneling and
mainly induces the deflection angle in the final momentum
distributions. It is difficult to accurately remove the Coulomb
effect in previous studies. In our scheme, this task is avoided
by introducing the phase-of-the-phase spectroscopy to the
attoclock technique [31]. We performed TDSE calculations
with model potential of helium atom [v(r) = −1/(

√
(r2 +

0.0707))]. The calculated PEMD (without SH field) is shown
in Fig. 5(a), where the laser parameters are the same as Fig. 2.
It displays that the most probable emission angle locates at
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FIG. 5. (a) The PEMD calculated with the model potential for
the fundamental field. The laser parameters are the same as Fig. 2.
(b) The retrieved ionization time (blue solid line) and the radially
integrated PAD (black solid line). The black dashed line indicates the
peak of PAD θmax = 279.3◦. (c) The extracted optimal phase φY with
respect to the electron radial momentum at three emission angles
269.3◦ (circles), 279.3◦ (squares), and 289.3◦ (triangles) [as labeled
by the corresponding colored dashed line in (a)]. The black solid
line shows the radial-momentum distribution at the most probable
emission angle of 279.3◦.

θmax = 279.3◦, deviating significantly from the prediction of
the SFA model (270◦). Using the same scheme, we retrieve the
ionization time of different angles, as shown by the blue solid
line in Fig. 5(b). By comparing the PAD with the angular-
dependent ionization time, we find that the position of the
attoclock offset angle coincides with the angle of the zero
of ionization time. It indicates that the attoclock offset angle
comes entirely from the effect of Coulomb potential, i.e., the
tunneling time delay is zero. The result is consistent with
several previous experimental measurements by the attoclock
technique [16,17,25,31].

In Fig. 5(c), we display the extracted optimal phase at three
emission angles 269.3◦ (circles), 279.3◦ (squares), and 289.3◦
(triangles). It is shown that at the most probable emission
angle 279.3◦, the optimal phase is no longer a constant but
changes with the radial momentum. This phenomenon may
be caused by the Coulomb interaction. Under the influence
of Coulomb potential, the deflection angle of electrons with
different energy is different, which further affects the distri-
bution of the ionization time. Furthermore, at θ = 269.3◦ and
θ = 289.3◦, the trends of the optimal phase with electron
radial momentum are similar to those of short-range poten-
tial. However, the varying ranges of the radial-momentum-
resolved optimal phase have changed due to the Coulomb
interaction. Therefore the ionization time distribution of pho-
toelectron at a given emission angle is obviously affected.
The optimal phase of photoelectron in the full momentum
distribution is further shown in Fig. 6(a). Obviously, the
optimal phase and thus the corresponding ionization time
depends on the radial momentum. At the angles before the
most probable emission angle, the optimal phase decreases
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FIG. 6. The extracted optimal phase φY from the TDSE calcu-
lation of He (a) and the experimental measurement of Ar (b). The
dashed bright blue contours represent the corresponding normalized
PEMDs. Contours correspond to single intensity changing from 0.2
to 0.8 in steps of 0.2, with the innermost contour at 0.8.

with the radial momentum, while at the angles after the
most probable emission angle, it increases with the radial
momentum. To confirm this point we performed an experi-
ment with our scheme. In our experiment, the Ar atoms are
ionized in the tunneling regime with a Keldysh parameter
γ ≈ 1.05 [15,16]. The intensity and ellipticity of the funda-
mental 800-nm field were calibrated to be 1.2 × 1014W/cm2

and 0.88, respectively. We measured a series of PEMDs at
different relative phases and then extracted the optimal phase
with the same procedure as theoretical data (see Appendix C
for experimental details). The results extracted from exper-
iments [Fig. 6(b)] agree well with the theoretical results
[Fig. 6(a)]. It is worth noting that, in experiments with Ar as
the target, in addition to the initial transverse momentum and
the Coulomb potential, the multielectron effect and p orbital
may affect the radial-momentum dependence of the ionization
time.

IV. CONCLUSION

In conclusion, we have unambiguously determined the
ionization time of photoelectron in the full momentum distri-
bution. This is achieved by introducing the phase-of-the-phase
spectroscopy to the attoclock technique. We demonstrate that
the offset angle in the attoclock is entirely induced by the
Coulomb potential, confirming the almost zero time delay for
the most probable emission angle in the previous attoclock
experiments. More importantly, we find that the ionization
time of photoelectron significantly depends on radial momen-
tum, and this radial-momentum dependence of the ionization
time is closely relevant to electron emission angle. This
emission angle dependence of the radial-momentum-resolved
ionization time can be traced back to the initial transverse
momentum. Besides, the Coulomb potential also affects the
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distribution of the ionization time with respect to the electron
radial momentum.
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APPENDIX A: DERIVATION OF EQUATIONS
OF THE ARTICLE

The transition rate from the ground state to a contin-
uum state p = pxex + pyey can be estimated with exponential
accuracy,

� ∝ exp(−2ImS) = exp(−2ImS0) exp(−2Im�S), (A1)

where

S0(t ) = 1

2

∫ t f

ts

dt [px + Ax(t )]2

+ 1

2

∫ t f

ts

dt [py + Ay(t )]2 − Ipts

�S(t, φ) =
∫ t f

ts

dt [px + Ax(t )]�Ax(t, φ). (A2)

Here Ip is the ionization potential of the atom, t f is the end-
ing time of the laser pulse, and ts = tr + iti is the complex
transition point. Ax(t ) and Ay(t ) are the vector potential of
fundamental field along the x and y axis, respectively, and
�Ax(t, φ) is the vector potential of SH, and φ is the relative
phase. In our study

Ax(t ) = −E800

ω
sin(ωt )

Ay(t ) = εE800

ω
cos(ωt )

�Ax(t, φ) = −ξE800

2ω
sin(2ωt + φ), (A3)

where E800 and ω are the magnitude and frequency of the
fundamental 800-nm field, respectively. ε is the ellipticity
of the fundamental pulse, and ξ is the ratio of the electric
amplitudes.

Substituting Eq. (A3) into Eq. (A2), we obtain

�S(t, φ)

=
∫ t f

ts

dt [px + Ax(t )]�Ax(t, φ)

=
∫ t f

ts

dt

[
px − E800

ω
sin(ωt )

][
− ξE800

2ω
sin(2ωt + φ)

]

= −ξE2
800

12ω3
[sin(3ωt + φ) − 3 sin(ωt + φ)]|t f

ts

+ ξ pxE800

4ω2
cos(2ωt + φ)|t f

ts . (A4)

Because the ionization rate is determined by the imaginary
part of S, we analyze the imaginary part of �S(t, φ),

Im�S(t, φ) = ξE2
800

12ω3
[cos(3ωtr + φ) sinh(3ωti )

− 3 cos(ωtr + φ) sinh(ωti )]

+ ξ pxE800

4ω2
sin(2ωtr + φ) sinh(2ωti ). (A5)

For a given ionization time tr = Re(ts), the optimal phase φY

where the ionization rate maximizes is determined by ∂�
∂φ

|φY =
∂Im�S

∂φ
|φY = 0, that is,

∂Im�S

∂φ

∣∣∣∣
φY

= ξE2
800

12ω3
[3 sin(ωtr + φY ) sinh(ωti )

− sin(3ωtr + φY ) sinh(3ωti )]

+ ξ pxE800

4ω2
cos(2ωtr + φY ) sinh(2ωti )

= 0. (A6)

The equation can be further simplified to

tan(2ωtr + φY ) = − cosh(2ωti ) + 2

cosh(2ωti ) − 1
tan(ωtr )

+ 3pxω

E800

cosh(ωti )

cosh(2ωti ) − 1

1

cos(ωtr )
. (A7)

This gives a direct relation between the measured optimal
phase φY and the tunneling ionization time tr .

In particular, for the most probable radial momentum at a
given emission angle, the x component of the momentum is
[52]

pxm = E800

ω
sin(ωtr ) cosh(ωti )

{
1− ε2

[
cosh(ωti )− sinh(ωti )

ωti

]
a2 cosh(ωti )

}
.

(A8)

Here a =
√

cos2(ωtr ) + ε2 sin2(ωtr ). Substituting Eq. (A8)
into Eq. (A7), we obtain

tan(2ωtr + φY ) = C tan(ωtr ), (A9)

where

C = 1

2

{
1 − 6ε2

a2

cosh(ωti )

cosh(2ωti) − 1

[
cosh(ωti ) − sinh(ωti )

ωti

]}
.

(A10)

In the classical limit of ti → 0, Eq. (A9) becomes

tan(2ωtr + φY ) = 1

2

(
1 − ε2

a2

)
tan(ωtr ). (A11)

For the circularly polarized field (ε = 1), a=1, and then
Eq. (A11) becomes tr = − φY

2ω
.

For the nearly circular laser field in our calculations
(ε=0.8), ti = 12.6 a.u. (see Appendix B below). By nu-
merically solving Eq. (A9), we obtain tr = k φY

ω
, where the

coefficient k is shown in Fig. 7. It displays that the coefficient
slightly changes with the ionization time, and it is very close
to −0.5. So approximately, we have tr ≈ − φY

2ω
for the laser

parameters in our paper.
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FIG. 7. The coefficient tr = k φY
ω

with respect to the ionization
time tr . Here T is the optical cycle of the fundamental field.

APPENDIX B: THE EFFECT OF TI ON RETRIEVAL
OF THE IONIZATION TIME

In Fig. 7, we show an example of retrieving the ionization
time with ti = 12.6 a.u. In fact, the retrieval is not sensitive
to the exact value of ti. Figure 8(a) displays the ti obtained by
solving the saddle-point equation. It is shown that ti changes
slightly in the plane we interested in. We further consider the
situation of ti = 12.3 a.u. and ti = 14.0 a.u. Using Eq. (A7)
and the extracted optimal phase, the tunneling ionization time
are determined, as shown in Figs. 8(b) and 8(c), respectively.
It displays that there is no discernible difference between the
two results. The ti dependence of the ionization time can be
more clearly observed in Fig. 8(d), which shows the line-
outs taken from Fig. 8(b) (dashed lines) and Fig. 8(c) (solid
lines) at an emission angle of 260◦ (blue), 270◦ (red), and
280◦ (green). It is shown that the solid lines almost coincide
with the dashed lines, indicating that the extracted tunnel-
ing ionization time is not sensitive to the exact value of ti.
Thus we treat it as the constant ti = 12.6 a.u., which is the
solution of the saddle-point equation for the most probable
momentum.

APPENDIX C: EXPERIMENTAL DETAILS

Experimentally, the laser pulse was generated by an ampli-
fied Ti:sapphire femtosecond laser system centered at 800 nm
and ∼40 fs duration and a repetition rate of 5 kHz. It was
propagated though a 300-μm-thick β-barium borate (β-BBO)
crystal to generate the SH. After the BBO, the laser pulses
consisted of both fundamental and SH fields. The intensity
ratio of the two fields was adjusted by a wire grid polarizer
combined with a two-color wave plate. The two-color laser

FIG. 8. (a) The distribution of ti with respect to electron emis-
sion angle and electron radial momentum. The dashed bright blue
contours represent the normalized PEMD obtained by SFA theory.
Contours correspond to single intensity changing from 0.2 to 0.8 in
steps of 0.2, with the innermost contour at 0.8. (b, c) The tunneling
ionization time determined for Eq. (A7) with ti = 12.3 a.u. (b) and
ti = 14.0 a.u. (c). (d) The lineouts taken at the emission angle of
260◦ (lower blue), 270◦ (middle red), and 280◦ (upper green) from
(b) (dashed lines) and (c) (solid lines), as labeled by the correspond-
ing colored lines in (b) and (c).

pulse then passed through two dual-order wave plates that
change the polarization of the fundamental component while
keeping that of the SH component unchanged. The relative
phase between the two-color components was controlled by
a pair of glass wedges. Then the two-color laser pulse was
focused by a parabolic mirror ( f = 75 mm) onto the jet of
argon atoms. The three-dimensional momenta of the ionized
photoelectrons were detected using cold target recoil ion mo-
mentum spectroscopy (COLTRIMS) [53,54]. The intensity
and the ellipticity of the fundamental laser field were cali-
brated to be 1.2 × 1014 W/cm2 and 0.88, respectively. The
intensity ratio between the SH and fundamental fields is esti-
mated to be ∼1/6400. More details about the experiment can
be found in Ref. [43].
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