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Pronounced momentum shift against the radiation pressure in strong-field sequential
double ionization
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The nondipole effect in strong-field sequential double ionization of an Ar atom is investigated with the
Heisenberg-core potential classical ensemble model, in which the magnetic component of the laser field is
included. We show that the magnetic field induces a nonzero displacement of the electron along the laser
propagation direction when the electron is driven back by the linearly polarized laser field. This displacement
significantly affects the electron-ion rescattering, manifesting as a pronounced linear momentum transfer against
the radiation pressure for the low-energy photoelectron. Such phenomenon depends on the laser intensity and
traveling time of the photoelectrons. Particularly, a larger negative linear momentum transfer for low-energy
electrons is obtained in a more intense laser field with longer pulse duration, in which case it would be beneficial
to observe the nondipole effect in experiment.
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I. INTRODUCTION

Strong-field ionization is one of the most fundamental
processes in laser-matter interactions and has served as a pow-
erful tool to study the structure and dynamics of matter. For a
theoretical description of strong-field ionization, the electric
dipole approximation is commonly adopted to facilitate cal-
culations. In this approximation, the laser field is described
by a spatially homogeneous vector potential A(t ). Thus, the
magnetic field effect is neglected as B(t ) = ∇ × A(t ) = 0.
However, as the magnetic field component of the Lorentz
force acting on the electron exposed to the laser field depends
on its drift velocity, the magnetic field effect is non-negligible
in the intense laser field wherein the electron’s velocity is large
[1,2]. Therefore, the dipole approximation breaks down in the
high-intensity long-wavelength limit because of the onset of
the magnetic field effect.

Already in 1998, the nondipole effect in strong-
field ionization was investigated [3]. Recent experimental
[4–12] and theoretical [13–17] works have made great
progress in revealing the role of the magnetic field in
strong-field ionization. For example, it has been demon-
strated that the magnetic field could induce an observ-
able energy shift of the bound state and continuum state
in atoms. This energy shift manifests as the shift of
the interference fringes in the photoelectron momentum
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distribution (PEMD) [18–22]. Moreover, the magnetic field
effect also induces an asymmetric PEMD along the laser
propagation direction (z axis in our work). This asymmetric
PEMD shows up as a nonzero expectation value 〈pz〉 along
the z axis. This expectation value 〈pz〉 represents the linear
momentum transfer from the photon to the photoelectrons. For
recollision-free ionization, the linear momentum transfer law
is formulated as 〈pz〉 ≈ Ee/c + Ip/(3c) [9,15], where Ee is the
electron’s kinetic energy and Ip is the ionization potential. The
term Ee/c results from the classical Lorentz force induced by
the magnetic field acting on the ionized electron [4,13], and
the additional term Ip/(3c) originates from the action of the
magnetic field on the electron during the tunneling process
[8,9,14–17]. In the case of strong-field ionization by a linearly
polarized laser pulse, the electron could be driven back and
rescatter with the core [23,24]. This rescattering significantly
changes the result of the the magnetic field effect, wherein a
backward-shifted narrow cusp in the PEMD along the laser
propagation direction was observed [5,12,25–29]. In this cir-
cumstance, the momentum transfer 〈pz〉 strongly depends on
the details of the rescattering process. For the photoelectrons
with energies lower than 2Up (Up is the ponderomotive poten-
tial of the laser field), the term Ip/(3c) vanishes, 〈pz〉 ≈ Ee/c
[9,11,30]. For the electrons with energies larger than 2Up,
the photon momentum transfer 〈pz〉 remains constant as a
function of Ee for the He atom [31], but shows a V-shape
structure for the Xe atom [11].

Recently, the magnetic field effect in strong-field double
ionization has also attracted much attention. It has been shown
that the recollision is a sensitive probe of the magnetic field
effects in nonsequential double ionization (NSDI), and the
results of the magnetic field in NSDI reveal the details of
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the recollision process [10,32–36]. In this paper, we studied
the magnetic field effect in strong-field sequential double
ionization (SDI). In the high laser intensity region where the
second electron of the atom can be ionized through tunneling,
SDI dominates, even in the linearly polarized laser field. In
this case, the hard recollision in NSDI is avoided. Instead,
the soft rescattering of both electrons with the parent ion
after tunneling ionization is prevalent. We studied the ef-
fect of the magnetic effect on the soft rescattering in SDI.
By incorporating the magnetic field effect into our previ-
ous Heisenberg-core potential classical ensemble model, we
surveyed the signatures of the magnetic field on the lon-
gitudinal (along the laser propagation direction) momentum
of the two electrons. Our results show that the magnetic
field induces a pronounced momentum shift against the laser
propagation direction for low-energy electrons in the linearly
polarized laser pulse. More interestingly, this shift increases
as the laser intensity increases. By tracing the trajectories
of the photoelectrons, we show that the shift is ascribed to
the displacement of the electrons along the laser propagation
direction, induced by the magnetic field. There was a positive
displacement along the laser propagation direction when the
electrons returned back to the the parent ion, and the Coulomb
interaction during the soft rescattering imposed a negative
longitudinal momentum to the electrons. This displacement
increases with the laser intensity and the pulse duration, and,
as a result, there is a larger negative linear momentum transfer
in the more intense laser pulse with longer duration.

II. METHODS

We study strong-field SDI using the Heisenberg-core po-
tential classical ensemble model (HPCM) [37–43]. In the
classical description of a two-electron atom, one electron of-
ten drops deeply into the nuclear potential well, leading to
the autoionization of the other electron. The Heisenberg-core
potential was introduced to avoid the autoionization of the
two- and multielectron systems. It introduced the Heisen-
berg’s uncertainty principle in a quantum mechanism into
the classical atoms with a potential, which is referred as the
Heisenberg-core potential. With this potential, the classical
two-electron atom is stable. Moreover, the ionization poten-
tials of the two electrons can be matched with the real atoms
by adjusting the parameters in the Heisenberg-core potential.
This model has been successful in revealing the electron dy-
namics in strong-field double and multiple ionization. Here,
we include the magnetic field in describing the laser-atom
interaction to account for the nondipole effect. In this paper,
we choose argon as the target atom. However, the dynamics
and the conclusions are similar to other atoms. In this model,
the field-free Hamiltonian of the two-bound-electron system
is written as (atomic units are used, unless otherwise stated)

H1 =
∑
i=1,2

[
p2

i

2
+ Vne + VH(ri, pi )

]
+ Vee, (1)

where Vne = −2/ri is the ion core-electron potential
energy and Vee = 1/|r1 − r2| is the electron-electron potential
energy. ri and pi, respectively, represent the position and the
canonical momentum of the ith electron. VH (ri, pi ) is the

Heisenberg core potential, which is expressed as

VH (ri, pi ) = ξ 2

4αr2
i

exp

{
α

[
1 −

(
ri pi

ξ

)4]}
. (2)

Here, the parameter α indicates the rigidity of the Heisenberg
core, and ξ is chosen to make the minimum of the Hamilto-
nian H1 equal to the ground-state energy of the atom. In our
calculations, we set α = 2 and ξ = 1.225 [38], corresponding
to the Ar atom, i.e., the sum of the first and the second ion-
ization potentials (Ip1 + Ip2) equals −1.59 a.u. In this model,
the initial positions and momenta of the two electrons are
randomly assigned. They satisfy the energy constraint that the
total energy equals the negative sum of the first two ionization
potentials of the target atom. In Ref. [38], the initial position
distributions of the two electrons in phase space are well
shown. In our calculations, 4 × 106 trajectories are calculated.

When the initial distribution of the two-electron system
is obtained, the evolution of this system in the laser field is
determined by the Newtonian equation,

dri(t )

dt
= pi(t ),

dpi(t )

dt
= −∇[Vne + Vee + VH ] − E(t ) − pi(t ) × B(t ). (3)

Here, E(t ) and B(t ) are the electric and magnetic fields of the
laser pulse, respectively. In our calculations, the laser pulse is
polarized in the x-y panel and propagates along the z axis. The
electric and magnetic field are given by

E(t ) = f (t )E0[cos(ωt )êx + ε sin(ωt )êy],

B(t ) = êz × E(t )/c, (4)

where f (t ) = exp[−(t/τ )2/2] is the Gaussian envelope with
a full width at half maximum (FWHM) of 2

√
ln2τ . E0 is the

amplitude of the electric field, ω = 0.057 a.u. is the central
frequency, and ε is the laser ellipticity. c is the light speed. We
solve the Newtonian equation and record the energy of the two
electrons per 0.01 laser cycle. The double ionization event is
defined when both electrons have positive energies at the end
of the laser pulse.

To test the validity of our model in describing the
nondipole effect in strong-field SDI, we first analyze the
photon momentum transfer 〈pz〉 in SDI of the Ar atom by a
circularly polarized laser field. Figure 1(a) shows the mean
momentum of the electrons along the laser propagation direc-
tion, as a function of the radial momentum. The laser intensity
is 2.0 PW/cm2. Here, both the first and the second electrons
are included because they are indistinguishable in experiment.
For such high laser intensity, double ionization dominates by
SDI. The dependence of 〈pz〉 on the radial momentum p⊥
follows the relation [the dashed line in Fig. 1(a)]

〈pz〉 = p2
⊥

2c
+ Ip1 + Ip2

6c
. (5)

According to previous studies [9,14], the second term in
Eq. (5) results from the sub-barrier process. In our case, both
the first and the second electrons are involved. Therefore,
the sub-barrier contribution is the average contribution of the
two electrons, i.e., (Ip1 + Ip2)/(6c), instead of Ip1/3c in the

043103-2



PRONOUNCED MOMENTUM SHIFT AGAINST THE … PHYSICAL REVIEW A 108, 043103 (2023)

FIG. 1. (a) The mean electron momentum in the light propa-
gation direction 〈pz〉 plotted against the radial momentum, p⊥ =√

p2
x + p2

y . Both electrons in SDI are collected here. The laser is
circularly polarized, and the laser intensity is 2.0 PW/cm2 and
FWHM = 20 fs. The dashed and dotted lines show the predictions
given by Eq. (5) and Eq. (6), respectively. (b) Same as (a), but for the
linearly polarized laser pulse with laser intensity 1.0 PW/cm2.

case of single ionization. We should note that in previous
studies with the semiclassical model [11,32–36], in which
the initial distributions of the electrons are given by the
Ammosov-Delone-Krainov (ADK) formula, the contribution
of the magnetic effect from the sub-barrier process should be
added artificially. The result in Fig. 1(a) indicates that the
magnetic effect during the sub-barrier process is accurately
captured in our model. In previous studies based on the strong-
field approximation [14], it has been shown that in tunneling
ionization, it is the magnetic field in the sub-barrier process
that is responsible for the second term in Eq. (5). In the clas-
sical model, electrons are ionized through the over-the-barrier
process, where the electrons’ energy increases continuously
before ionization and becomes ionized when the electron’s
energy is higher than the potential barrier formed by the
combined laser field and Coulomb potential. In this “climbing
up” process, the Coulomb force is significant and the interplay
between the Coulomb force and the magnetic component of
the Lorentz force results in the second term in Eq. (5). It is
a surprise that the numerical results from our classical model
agree well with the quantum prediction.

Figure 1(b) shows the results in the linearly polarized laser
field, where the laser intensity is 1.0 PW/cm2. In this case, it
has been shown that the momentum shift from the sub-barrier
process is approximately canceled by the Coulomb interaction
after tunneling [9–11], and thus

〈pz〉 ≈ p2
x

2c
. (6)

The result from our calculations in Fig. 1(b) agrees well with
the prediction given by Eq. (6). It indicates that our model is
able to accurately describe the magnetic field effect in SDI,
both in the ionization process and the Coulomb interaction
after ionization. In the following, we focus on revealing the
magnetic field effect in SDI induced by linearly polarized
laser pulses.

III. RESULTS AND DISCUSSION

Figure 2(a) displays the photoelectron momentum distri-
bution (PEMD) in the (px-pz) panel for SDI by the linearly

FIG. 2. (a) PEMD in the px-pz plane from SDI by a linearly po-
larized laser pulse with the intensity of 1.0 PW/cm2 and FWHM =
20 fs. (b) Same as (a), but for the laser field with intensity of 5.0
PW/cm2. (c) The mean electron momentum in the light propagation
direction 〈pz〉 plotted against px for the laser intensity ranging from
1.0 to 5.0 PW/cm2. The dashed and dotted lines show the predictions
given by Eq. (5) and Eq. (6), respectively.

polarized laser pulse with the intensity of 1.0 PW/cm2. It
shows that the asymmetry of the PEMD along the laser prop-
agation direction is not obvious in this case. When the laser
intensity is increased to 5.0 PW/cm2, as shown in Fig. 2(b),
the PEMD for the low-energy electrons reveals significant
asymmetry. To quantitatively characterize the intensity depen-
dence of PEMD asymmetry induced by the magnetic field,
the mean PEMD in the laser propagation direction 〈pz〉 for
five different intensities in the range of ∼1.0–5.0 PW/cm2 is
displayed in Fig. 2(c). For electrons with |px| � 1 a.u., the ex-
pectation value 〈pz〉 agrees well with the prediction by Eq. (6),
and it does not change with laser intensity. However, for the
low-energy electrons with |px| � 1 a.u., the expectation value
deviates from the expected parabolic curve, and the deviation
drastically increases with increasing laser intensity. In the case
of 5.0PW/cm2, 〈pz〉 reach up to −0.02 a.u. for |px| ≈ 0.

To reveal the underlying physics of this pronounced
momentum shift and its intensity dependence, we focus
on the electrons with near-zero final energy (|px| � 0.1
a.u.) in the SDI events. Since the low-energy electrons are
typically ionized around the peaks of the driving laser wave-
form, they can quiver around the nucleus and feel strong
Coulomb attraction. We categorize the trajectories into two
classes based on the closest electron-nucleus distance (Rmin =
Min[

√
x2 + y2 + z2]) after ionization, i.e., class I wherein

Rmin > 10 a.u. and class II wherein Rmin < 10 a.u. In class
I, the electron moves away directly after ionization and is
referred as the direct electrons, while in class II, the electron
suffers a soft rescattering with the parent ion and is referred to
as the rescattering electrons. The typical electron trajectories
for these two types of electrons are displayed in Figs. 3(a)
and 3(b), respectively. The insets display the evolution of the
electron-nucleus distance, and the black arrow indicates the
time of soft rescattering. For the direct electrons, the dis-
placement induced by the magnetic field (z) is always along
the laser propagation direction, while for the rescattering
electrons, the electrons abruptly move against the radiation
pressure after rescattering, which results in a negative momen-
tum along the z axis. It implies that the rescattering process
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FIG. 3. [(a),(b)] Typical electron trajectories in SDI in the lin-
early polarized laser field. (a) A trajectory for the electrons without
rescattering; (b) a trajectory with soft rescattering. The blue and red
lines are the evolution of the coordinates along the laser polarized
direction x and laser propagation direction z, respectively. The insets
show the distance (R) between the electron and nucleus as a function
of time. The black arrow indicates the time of soft rescattering.
(c) Expectation value 〈pz〉 at the end of the laser pulses as a function
of laser intensity. The red and blue lines are the results for the
direct electrons and the rescattering electrons, respectively. Note that
only the electrons with near-zero (|px| � 0.1 a.u.) final energy are
analyzed.

is responsible for the negative momentum shift for the low-
energy electrons. The respective expectation value 〈pz〉 for the
direct and rescattering electrons is displayed in Fig. 3(c).
The mean value 〈pz〉 for the direct electrons agrees well
with the under-barrier nondipole shift (Ip1 + Ip2)/6c, as in-
dicated by the black dashed line. The momentum shift due
to the magnetic field after ionization is negligible because
px ≈ 0 and thus p2

x/2c ≈ 0. However, for the electrons with
soft rescattering, the mean momentum 〈pz〉 show a signif-
icantly negative shift, and this mean momentum decreases
rapidly as the laser intensity increases. It indicates that the
soft rescattering plays a pivotal role in the pronounced mo-
mentum shift against the laser propagation direction shown in
Fig. 2(c).

To trace the origination of the pronounced momentum
shift and reveal the magnetic field effect in soft rescattering,
the evolution of the PEMD in the light-propagation direc-
tion (pz) for the near-zero-energy electrons is displayed in
Fig. 4(b). For comparison, the result with the dipole ap-
proximation [i.e., the magnetic component Lorentz force
in Eq. (3) is switched of] is displayed in Fig. 4(a). Note
that the rescattering time tr of each trajectory is set to
zero artificially for better view. Figure 4(a) shows that the
pz distribution diffuses slowly before rescattering, and then
quickly splits into two parts due to the recollision process.
These two parts represent the two routes of the rescatter-
ing electrons, as illustrated in the insets of Figs. 4(c), and
4(e). For route A, the electron returns to the parent ion
from the positive laser propagation direction and experiences
negative Coulomb force, which results in negative pz, as
displayed in Figs. 4(c) and 4(d). The circumstance for route
B, shown in Figs. 4(e) and 4(f), is the opposite of route A,
which results in a positive pz. Without the magnetic field

FIG. 4. [(a),(b)] The evolution of the PEMD along the laser prop-
agation direction for the rescattering electrons for the laser intensity 5
PW/cm2. [(c),(d)] and [(e),(f)] are the same as [(a),(b)], but for route
A [(c),(d)], where the electron returns from the positive direction of
the laser propagation direction [as illustrated by the inset in (c)],
and route B [(e),(f)], where the electron returns from the negative
direction of the laser propagation direction [as illustrated by the inset
in (e)]. The white-dashed line in [(c)–(f)] shows the mean value of
the corresponding distribution evolution. The left [(a),(c),(e)] and
right [(b),(d),(f)] panels display the results obtained by HPCM with
the dipole approximation and considering the magnetic field effect,
respectively. Note that only 0.5 optical cycle evolution in the vicinity
of the recollision time (tr) is shown, and the recollision time of each
trajectory is set to zero. The distribution is normalized individually
with respect to the maximum at each time.

effect, as shown in Figs. 4(a), 4(c), and 4(e), the probabilities
of these two routes are the same and both have the equal
probability of 50%. Therefore, the pz distribution within the
dipole approximation is symmetric about pz = 0, and then
〈pz〉 = 0, while the ratio of these two routes is significantly
changed when the magnetic field is included, as shown in
Figs. 4(b), 4(d), and 4(f). For the intensity of 5.0 PW/cm2,
the probability of route A increases to 58% and it decreases
to 42% for route B, manifesting as an asymmetric pz dis-
tribution, shown in Fig. 4(b), which results in a pronounced
negative 〈pz〉, shown in Fig. 2(c).

This asymmetric probabilities of these two routes can be
understood by surveying the displacement of the electrons
induced by the magnetic field. During the ionization and
rescattering, due to the magnetic component of the Lorentz
force, the electron has a tiny displacement along the laser
propagation direction. It means that the electron with small
negative initial momentum pz (which belongs to route B
within the dipole approximation) moves to the positive z axis
before the soft rescattering. These electrons return back to the
parent ion with positive displacement in the z direction, and
receive negative momentum pz during the soft rescattering
with the parent ion, forming route A. As a result, the prob-
ability increases for route A and decreases for route B when
the magnetic field effect is included. To show this picture
more clearly, the time evolution of the mean position of the
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FIG. 5. (a) Evolution of the electrons’ mean displacement along
the z axis for different laser intensities. The blue dashed line
represents the results obtained by the HPCM with the dipole ap-
proximation. (b) Evolution of the mean deviation of the electron
momentum from the classical prediction along the laser propagation
direction, i.e., 〈pz − p2

x/(2c)〉. (c) The laser intensity dependence of
the ratio between route A and route B (red circles, left axis). The laser
intensity dependence of the momentum jump (the right axis) due to
the soft rescattering, which is obtained by calculating the momentum
difference after (tr + 0.03T ) and before (tr − 0.03T ) the rescattering
[as indicated by the dashed black line and the dashed gray line in (b),
respectively].

electrons in the laser-propagation direction is displayed in
Fig. 5(a). In the dipole approximation, the mean position 〈z〉
is always zero (dashed blue line), indicating that the spatial
distribution of the electrons along the z axis is symmetric
before and after the recollision. However, when the magnetic
field effect is included, the mean position 〈z〉 is significantly
shifted to the z positive direction before the recollision. This
displacement of the electrons induced by the magnetic field
effect results in the asymmetric probabilities of routes A and
B. The displacement increases with the laser intensities due
to the larger Lorentz force, which causes more asymmetric
probabilities of these two rescattering routes, as displayed by
the red line in Fig. 5(c).

The ratio of routes A and B determines the deviation of
the mean pz distribution from the prediction of Eq. (6) [the
parabolic curve in Fig. 2(c)]. In Fig. 5(b), the time evolution
of this mean deviation, 〈pz − p2

x/(2c)〉, is displayed. A sig-
nificant momentum jump �pz appears due to the electron-ion
rescattering. The �pz is obtained by calculating the momen-
tum difference 0.03 T after and before the rescattering [as
indicated by the dashed black line and the dashed gray line
in Fig. 5(b), respectively]. This jump increases with laser
intensity. Figure 5(c) quantitatively shows the laser intensity
dependence of this momentum jump �pz (the blue curve). It
indicates a larger momentum shift to the negative direction
during the soft rescattering for the higher laser intensities.

So far, we have shown that the counterintuitive mean pz

distribution is due to the magnetic field induced displacement
along the laser-propagation direction, which increases with
laser intensity. This displacement results in an asymmetric
spatial distribution of the electron before the rescattering. This
asymmetry results in the negative momentum along the laser-

FIG. 6. (a) The traveling time dependence of the mean electron’s
position along the z axis just before the recollision, 0.03T . (b) The
traveling time dependence of the ratio between route A and route B.
(c) The traveling time dependence of mean momentum distribution
along the laser propagation direction at the end of the laser pulses.
The results, by performing the HPCM with the dipole approximation,
are also shown by the blue line in [(a)–(c)] for comparison. (d) Mean
electron momentum 〈pz〉 in the light-propagation direction as a func-
tion of px for the FWHM of 6, 10, 15, 20 fs. The laser intensity is
5 PW/cm2.

propagation direction during the soft rescattering. The degree
of the asymmetry and the value of the negative momentum
depend on the longitudinal displacement before rescatter-
ing. The large displacement results in the large negative
momentum.

This displacement is induced by the magnetic field. It not
only depends on the laser intensity, but also increases with the
traveling time between ionization and the soft rescattering.
The longer traveling time induces larger displacement along
the laser-propagation direction. Driven by the strong laser
field, the soft rescattering could occur at the first or the later
returns. Figure 6(a) shows mean displacement 〈z〉 as a func-
tion of the traveling time. It confirms that the displacement
due to the magnetic field increases with the traveling time.
Correspondingly, the ratio between routes A and B increases
with the traveling time [Fig. 6(b)]. As a result, the negative
shift in 〈pz〉 increases with the traveling time, as shown in
Fig. 6(c).

As the pulse duration increases, the contribution at later
returns increases. Thus, it can be expected that the negative
shift in 〈pz〉 increases with the duration of the laser pulse.
Figure 6(d) shows the momentum 〈pz〉 as a function of px at
different pulse durations. It is clearly shown that the dip is
more obvious for the longer pulse durations.

IV. CONCLUSIONS

In summary, we have investigated the magnetic field ef-
fect in SDI of Ar with the ND-HPCM, which fully accounts
for the magnetic field in time propagation. We have shown
that this model can accurately describe the magnetic effect
in strong-field ionization. We find that the magnetic field
induces a displacement of the electrons along the laser-
propagation direction, which results in an asymmetric spatial
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distribution of the photoelectron before the soft rescattering,
i.e., more electrons rescattering with the parent ion with posi-
tive impact parameter along the laser-propagation direction.
As a consequence, the mean momentum distribution along
the laser-propagation direction shows a pronounced linear
momentum transfer against the radiation pressure for the
low-energy photoelectron. The displacement induced by the
magnetic field depends on the laser intensity and the traveling
time of the photoelectrons. Thus, the linear momentum trans-
fer can be controlled by the laser intensity and pulse duration.
A larger negative momentum transfer for low-energy electrons
is obtained in a more intense laser field with longer pulse
duration, which is a benefit to observe this effect in experi-
ment. Our work deepens the understanding of the magnetic
field role in strong-field ionization and provides an intuitive

insight into the magnetic field effect in the laser-induced
recollision.
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