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Time resolving the photoelectron motion driven by the magnetic component of a laser field
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In photoionization, the nondipole interactions induce forward-backward asymmetric photoelectron energy
along the laser propagation direction. By employing nondipole modified strong-field approximation, we attribute
this emission-direction-dependent photoelectron energy to the displacement induced by the magnetic component
of a laser pulse. The displacement induced by the magnetic field gives rise to a phase difference between the
electron wave packets with different ionization instants. It results in a shift of the interference fringes, manifesting
as the asymmetric photoelectron energy along the laser propagation direction. By numerically solving the time-
dependent Schrödinger equation, we demonstrate that the time-resolved displacement with picometer resolution
is traced from the time-delay-dependent asymmetric photoelectron energy in attosecond photoelectron interfer-
ometry. The cycle-averaged displacement is retrieved from the intercycle interference and dynamic interference.
Moreover, we show that the magnetic field induced momentum also results in emission-direction-dependent
photoelectron energy. From the asymmetric photoelectron energy in the attosecond streaking spectrum, the
time-resolved momentum induced by the magnetic field is revealed.
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I. INTRODUCTION

Photoionization is one of the most fundamental processes
in laser-matter interactions and has served as a powerful
tool to study the structure and dynamics of matters. In the
theoretical description of photoionization, electric dipole ap-
proximation is widely used, in which the spatial dependence
of the light electric field and the magnetic-field component
are both ignored. It usually holds well for the most commonly
used near-infrared laser sources and intensities, while in the
short-wavelength regime and high-intensity long-wavelength
limit [1], the nondipole effect is nonnegligible.

Recently, with advances in detecting technologies, the
nondipole effect has become observable and aroused con-
siderable interest. In the short-wavelength regime, such as
ionization by x-ray, the electric-quadrupole effect is signif-
icant. It manifests as an asymmetric photoelectron angular
distribution along the laser propagation direction [2–5]. This
nondipole effect is significantly enhanced in autoionization
[6], Cooper minimum [7], as well as multiphoton resonant
[8]. In the high-intensity long-wavelength limit, the magnetic-
field effect is nonnegligible. For example, in strong-field
ionization by IR field, the magnetic field complicates the
electron-ion partition of photon linear momenta [9–16] and
significantly alters the laser-induced electron-ion rescattering
process [17–27] (see Refs. [28,29] for recent review).
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Moreover, the nondipole effect also results in forward-
backward asymmetric photoelectron energy along the laser
propagation direction. This effect has been observed in
above-threshold ionization (ATI) [30–32] and ionization by
intense high-frequency laser pulse in the atomic stabilization
regime [33], where it was shown that the electron emit-
ted against the laser propagation direction acquires larger
energy than that emitted along the laser propagation di-
rection. When the energy shift becomes comparable to
the photon energy or the energy interval of the interfer-
ence peaks, this emission-direction-dependent photoelectron
energy induces the disappearance of the ATI peaks [34]
or the dynamic interference structure [33,35,36] in the
photoelectron energy spectrum. In these works, this emission-
direction-dependent photoelectron energy is attributed to the
nondipole modified Stark shift of continued states, i.e., the
photoelectron-momentum-dependent ponderomotive energy
Ueff = (1 + py/c)Up [30,33,37,38]. Here, py is the electron
momentum along the light propagation direction, Up is the
ponderomotive energy of the laser pulse, and c is the light
speed. Since the ponderomotive energy is a cycle-averaged
concept, this picture is only suitable for static studies on the
nondipole effect as addressed in the above-mentioned works.
A more interesting issue is the time-resolved nondipole pho-
toelectron dynamics driven by the laser pulse. It provides the
information of the instantaneous nondipole effect on photo-
electrons. In recent years, numerous attosecond metrologies
have been developed to deliver real-time information on elec-
tronic processes in ultrafast time scales [39–46], but most of
them are built up by the electric dipole approximation. How
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to use these techniques to time resolve the nondipole electron
dynamic is still an open question.

In this work, we aim at revealing the time-resolved elec-
tronic motion driven by the magnetic component of the
laser field from the emission-direction-dependent photoelec-
tron energy. By employing strong field approximation with
nondipole correction, we attribute this forward-backward pho-
toelectron energy shift to the displacement induced by the
magnetic component of Lorenz force. The magnetic-field-
induced displacement results in a py-dependent phase for the
electronic wave packets (EWPs) emitted at different instants.
Here, py is the electron momentum along the light propa-
gation direction. This py-dependent phase difference results
in a photoelectron interference fringes shift along the laser
propagation direction, manifesting as the emission-direction-
dependent photoelectron energy. By numerically solving the
time-dependent Schrödinger equation (TDSE), we demon-
strate that the displacement induced by the magnetic field can
be traced from this asymmetric photoelectron energy along
the laser propagation direction. Specifically, the time-resolved
magnetic-field-induced displacement is revealed by attosec-
ond photoelectron interferometry with picometer resolution,
and the cycle-averaged displacement is revealed by intercycle
interference and dynamic interference. Moreover, the photo-
electron momentum induced by the magnetic field distorts the
photoelectron momentum distribution, which also manifests
as the forward-backward asymmetric photoelectron energy
shift. The time-resolved momentum resulting from the mag-
netic field is revealed by the attosecond streaking technique.

This article is organized as follows. In Sec. II, we
introduce our method for numerically solving the three-
dimensional (3D) TDSE beyond the dipole approximation
and the nondipole effect modified strong-field approxima-
tion (ndSFA). In Sec. III A, we demonstrate that the static
displacement induced by the magnetic field effect can be
revealed from intercycle interference and dynamic interfer-
ence. In Secs. III B and III C, the time-resolved displacement
and momentum induced by the magnetic field are traced by
attosecond photoelectron interferometry and the attosecond
streaking technique, respectively. Section IV provides a brief
summary.

II. THEORY AND METHODOLOGY

A. Numerically solving TDSE

The dynamics of an atom interacting with the laser pulses
are governed by the TDSE, in which the Hamiltonian includ-
ing nondipole corrections to the first order in 1/c is given by
(atomic units are used unless otherwise stated) [15,47–49]

H = 1

2

[
p + A(t ) + ey

c

(
p · A(t ) + 1

2
A2(t )

)]2

+ V
(

r − y

c
A(t )

)
, (1)

where A(t ) = A(t, y = 0) is the laser vector potential at the
position of the nucleus. In our calculation, the laser field is
polarized in the x-z panel and propagates along the y axis.
V (r) = −1/r is the Coulomb potential of the H atom. To
speed up the time propagation, we expand the shifted potential

to first order in 1/c, i.e. [47],

V
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c
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Then, the Hamiltonian in Eq. (1) is reduced to
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Note that here the purely time-dependent quadratic 1
2 A2(t )

term has been removed by the gauge transformation

� ′ = exp

[
i
∫ t

0

1

2
A2(t ′)dt ′

]
�. (4)

In our simulation, the TDSE with the Hamiltonian
in Eq. (3) is solved in the spherical coordinates, in
which the wave function �(r, t ) is expanded by spherical
harmonics |l, m〉,

|�(r, t )〉 =
∑
l,m

Rl,m(r, t )

r
|l, m〉, (5)

where Rl,m(r, t ) is the radial part of the wave function. This ra-
dial wave function is discretized by the finite-element discrete
variable representation (FE-DVR) method [50–53]. The an-
gular quantum number l and magnetic quantum number m are
chosen up to 100 and 20, respectively. The time propagation of
the TDSE is calculated by the split-Lanczos method with the
time step fixed at �t = 0.01 a.u.. The maximal box size for
the radial coordinate is chosen to be 200 a.u.. An absorbing
function has been applied in each step of time propagation
of the wave function, which is written as F (r) = 1 − 1/(1 +
e(r−Rc )/L ) with Rc = 150 a.u. and L = 2 a.u.. The wave func-
tion �(r, t ) is split into the inner part �in(r, t ) = �(r, t )F (r)
and the outer part �out = �(r, t ) − �in(r, t ) by the absorbing
function. The inner wave function evolves strictly as TDSE,
while the outer part �out is propagated by the Coulomb-
Volkov propagator [54]. At each time step ti, �out (r, ti ) is
projected to the scattering state �p(r) to obtain the ionization
amplitude M′(p, ti ) = 〈�p(r)|�out (r, ti )〉. Then from time ti
to the next time step ti+1 = ti + �t , the ionization continuum
is only changed by a Volkov phase with the nondipole correc-
tion [13,30,55]

Up(ti, ti+1) = exp

{
− i

∫ ti+1

ti

[
p2

2
+ p · A(τ )

+ py

c

(
p · A(τ ) + A2(τ )

2

)]
dτ

}
. (6)

At time ti+1, we add the amplitude propagated from ti and the
new splitting amplitudeM′(p, ti+1),

M(p, ti+1) = Up(ti, ti+1)M(p, ti ) +M′(p, ti+1). (7)

Note that we use M′ to indicate the new splitting amplitude
from the TDSE calculation andM to indicate the sum of all
amplitudes, including the new splitting one and those propa-
gated from the previous splitting times. At the end time t f of
the propagation, splitting is not needed anymore and the new
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produced amplitude M′(p, t f ) is extracted from the whole
wave function �(r, t f ) at time t f . Adding all the amplitudes
at time t f , we obtain the final ionization amplitudeM(p, t f ).
Then the photoelectron momentum distributions (PEMDs) are
given by

P(p) = |M(p, t f )|2. (8)

In our work, �p(r) is chosen as the scattering state of the
H atom [56], which is normalized by

∫
dr�∗

p (r)�p′ (r) =
δ(p − p′). The convergence of our calculations has been con-
firmed by changing l , m, and Rc in our calculations. The initial
wave function is prepared by the imaginary-time propagation,
which is chosen as the ground state of the H atom.

B. Nondipole effect modified strong-field approximation

Neglecting the Coulomb potential in Eq. (1), the Volkov
state (eigenstate of potential-free Hamiltonian) with the
nondipole effect correction can be written as [30,55]∣∣ψV

p (t )
〉 = e−iS(p,t )|p〉 = e− ∫ t k2(t ′ )/2dt ′ |p〉, (9)

consisting of plane waves |p〉 and the generalized action
S(p, t ) = ∫ t k2(t ′)/2dt ′. k(t ′) is the kinetic momentum of the
electron with a canonical momentum p in the laser field

k(t ′) = p + A(t ′) + ey

c

[
p · A(t ′) + 1

2
A2(t ′)

]
. (10)

This expression of the electron kinetic momentum is the same
as is given by the Newton equation dk(t )/dt = E(t ) + k(t ) ×
B(t ). Here, E(t ) = −dA(t )/dt and B(t ) = −dA(t )/dt/c are
the electric and magnetic field effect, respectively. Thus,
the additional term [last term in Eq. (10)] is induced by
the magnetic component of the laser field, which drives the
electron along the laser propagation direction. In Sec. III C,
we will show that the time-resolved momentum induced by
the magnetic field can be traced from the forward-backward
asymmetric photoelectron energy along the laser propagation
direction in the attosecond streaking.

Furthermore, from Eq. (10), the displacement of the pho-
toelectron with ionization time t0 in the laser field is given by

r(t ) = p(t − t0) +
∫ t

t0

A(t ′)dt ′

+ ey

c

∫ t

t0

[
p · A(t ′) + 1

2
A2(t ′)

]
dt ′

= p(t − t0) + αE(t ) + αM(t )ey, (11)

where the first term represents the free propagation of the
photoelectron, and αE(t ) and αM(t ) are the displacement
induced by the electric and magnetic field, respectively.
Then, as indicated by Eq. (9), the phase difference for the
interference of the two EWPs emitted at t1 and t2 is given by

�S = S(p, t1) − S(p, t2) + �φ

= p2

2
�t + p · �αE + py�αM + �φ. (12)

Here, �φ is the momentum-independent phase difference,
which depends on the ionization regime. �t = t1 − t2,
�αE = αE(t2) − αE(t1) and �αM = αM(t2) − αM(t1) are the
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FIG. 1. Schematic illustration of the manifestation of the dis-
placement induced by the magnetic field on photoelectron interfer-
ence. Under the influence of the magnetic field of a laser pulse,
the two EWPs with different ionization instants have a displacement
difference, �αM. This displacement gives rise to the phase difference
between the two EWPs, which results in the shift of the interfer-
ence fringes along the light propagation. By extracting the shift of
the interference fringes, the magnetic-field-induced displacement can
be revealed. k̂ represents the laser propagation direction.

displacement difference induced by the electric field and
magnetic field, respectively. Within the dipole approximation,
�αM disappears and thus the phase �S is exactly symmetric
about py = 0. The third term in Eq. (12) leads to the
forward-backward asymmetry in the phase distribution. This
asymmetric phase results in the energy shift of the interference
fringes along the laser propagation direction, i.e., emission-
direction-dependent photoelectron energy. Figure 1 illustrates
this magnetic field effect on the interference fringes. The two
EWPs have different magnetic-field-induced displacements
due to their different ionization instants. This displacement
difference gives rise to a momentum-dependent phase differ-
ence between two EWPs, py�αM, which results in the shift of
the interference fringes along the light propagation. It means
that the magnetic-field induced displacement can be retrieved
from this interference fringes shift. We should mention that
the magnetic-field induced displacement is usually in the
picometer scale. In the following, we will show how to trace
such tiny displacement from the photoelectron interference.

In this work, we focus on the PEMD in the py-pz plane
(px = 0) and analyze the interference fringes at polar coordi-
nates, i.e., pz = pr cos θ and py = pr sin θ . Then, as indicated
by Eq. (12), the peak position of the interference fringes for
the forward (py > 0, θ > 0) and backward (py < 0, θ < 0) is
determined by

p+2
r

2
�t + p+

r cos θ�αE + p+
r | sin θ |�αM + �φ = 2nπ

p−2
r

2
�t + p−

r cos θ�αE − p−
r | sin θ |�αM + �φ = 2nπ.

(13)
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FIG. 2. (a) TDSE results of PEMD in (py, pz) plane from ionization of H atom by a linearly polarized IR pulse with wavelength of 800 nm,
intensity of 1 × 1014 W/cm2 and a sin2 envelope lasting five cycles. The black dashed lines mark the ATI peaks. (b) Cuts of the PEMD at
θ = π/15 (blue solid line) and θ = −π/15 (red dashed line). (c and d) The same as (a) and (b) but for the circularly polarized IR field with
the intensity of 5 × 1014 W/cm2. (e) Comparison of the momentum shift of the interference fringes �pr extracted from the TDSE results
(symbols) and predicted by ndSFA (solid lines). The red circles and blue squares represent extracted results from (a) and (c), respectively. (f)
Comparison of the magnetic-field-induced displacement extracted from the TDSE results (symbols) and predicted by ndSFA (solid lines). The
red circles and blue squares represent the results for circularly polarized laser pulses with wavelengths of 800 nm and 400 nm, respectively.

Here, n is an integer number, and the superscripts ± indicate
the forward and backward electrons, respectively. Then, we
have

�pr = p+
r − p−

r = −2�αM sin θ/�t . (14)

This equation shows that the energy shift directly relates to the
displacement induced by the magnetic field. It means that the
electron motion driving by the magnetic field can be traced by
this emission-direction-dependent photoelectron energy.

III. RESULTS AND DISCUSSION

In this section we present our numerical results to demon-
strate the scheme addressed in Sec. II B. Firstly, we show
that the cycle-averaged displacement induced by the magnetic
field is revealed from the intercycle interference and dynamic
interference. More importantly, the subcycle time-resolved
displacement and momentum induced by the magnetic field is
traced from attosecond photoelectron interferometry and the
attosecond streaking technique, respectively.

A. Tracing cycle-averaged displacement
induced by magnetic field

Figure 2(a) displays the TDSE results of PEMD in the py-
pz plane (px = 0) from ionization of an H atom by a linearly
polarized IR field with a wavelength of 800 nm and intensity
of 1 × 1014 W/cm2. The interference structures marked by
the black dashed lines in Fig. 2(a) are the ATI rings, which
originate from the EWPs emitted at adjacent laser cycles, i.e.,
intercycle interference. To show PEMD asymmetry along the
laser propagation direction induced by the nondipole effect,
the cuts of the PEMD at θ = π/15 (forward) and θ = −π/15
(backward) are displayed in Fig. 2(b). With the dipole ap-
proximation, the PEMD at θ = ±π/15 is exactly the same,

while within the nondipole effect, in addition to the asym-
metric yield of PEMD, the energy of the interference peaks
for θ = −π/15 is larger than for θ = π/15. In this work, we
focus on this magnetic field effect induced forward-backward
energy shift of the interference structure. The TDSE results
for a more intense (5 × 1014 W/cm2) circularly polarized
laser pulse are shown in Figs. 2(c) and 2(d). The PEMD shows
a more significant energy shift.

For this intercycle interference, the time interval of the
EWPs equals the period of the laser pulse, i.e., �t = TIR.
Then, the displacement difference is given by

�αM = 1

c

∫ t0+TIR

t0

[
p · A(t ′) + 1

2
A2(t ′)

]
dt ′

= 1

c
UpTIR. (15)

Here, Up = A2
0/4 is the ponderomotive energy of the laser

pulse, and A0 is the amplitude of the vector potential of the IR
field. Note that the oscillation of the term A(t ′) and A2(t ′) is
smoothed out by cycle average. Then, as indicated by Eq. (14),
the interference fringe shift is given by

�pr = −2Up

c
sin θ. (16)

This formula is the same as the results given by the previous
works [30,37,38], in which the energy shift is attributed to the
nondipole effect modified Stark shift of the continued state.
The fringe shift extracted from the TDSE results of PEMD
is displayed by the symbols in Fig. 2(e), which agrees well
with the prediction by the ndSFA model as shown by the
black solid lines. This agreement indicates that the energy
shift of this intercycle interference in the high-energy region
(8∼12 eV) is not affected by the Coulomb interaction dur-
ing and after tunneling and disturbance of various types of
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FIG. 3. TDSE results of PEMD from ionization of H atom by an
XUV laser pulse with the center frequency of ω = 2 a.u., intensity
of 1 × 1019 W/cm2, and a Gaussian envelope with FWHM of seven
cycles. (b) Cuts of the PEMD at θ = π/20 (blue solid line) and
θ = −π/20 (red dashed line). (c) Comparison of the momentum
shift of the interference fringes �pr extracted from the TDSE results
(symbols) and predicted by ndSFA (solid lines). (d) Comparison of
the magnetic-field-induced displacement extracted from the TDSE
results (symbols) and predicted by ndSFA (solid lines) for different
laser intensities.

interference in the linearly polarized laser pulse. The deviation
between the experimental results and the ndSFA model shown
in previous work [32] may come from the imperfect detection
of the experimental setup. More importantly, the displacement
can be traced by linearly fitting the fringe shift as a function of
sin θ whose slope equals −2�αM/TIR. The retrieved displace-
ments for different intensities and wavelengths are displayed
by the symbols in Fig. 2(f). The ndSFA prediction given by
Eq. (15) is also shown by the solid lines for comparison.
These results agree well with each other. The magnetic-field-
induced displacement accumulated in a laser cycle is about
several tens of picometers for the laser parameters consid-
ered in our work. Furthermore, this displacement is larger
in the longer-wavelength laser pulse, which coincides with
our understanding of the onset of the magnetic field effect in
long-wavelength limit.

In addition to the long-wavelength limit, the magnetic-field
effect is also observable in the intense extreme ultraviolet
(XUV) laser field. In past decades, numerous counterintuitive
phenomena induced by the magnetic-field effect in the atomic
stabilization regime have been investigated [51,57–61]. Here,
we focus on the magnetic-field effect in dynamic interfer-
ence. Figure 3(a) displays the TDSE results of the PEMD
from ionization of an H atom by an XUV pulse with the
center frequency of ω = 2 a.u., intensity of 1 × 1019 W/cm2,
and a Gaussian envelope with a full width at half maximum
(FWHM) of seven cycles. The ring-like structure originates
from the single-photon ionization, and the modulations on the
ring-like structures originate from the dynamic interference
[52,62–65]. With the dipole approximation, the PEMD should
be symmetric about py = 0, while with the nondipole effect,
this PEMD shows significant asymmetry, which is induced by
the magnetic field of such an intense laser field. The cuts of the
PEMD at θ = π/20 (forward) and θ = −π/20 (backward)
are shown in Fig. 3(b) by the blue solid and red dashed

lines, respectively. Similar to the intercycle interference, there
is a significant negative energy shift between the forward-
backward photoelectron emission.

The dynamic interference originates from the interference
of the EWPs emitted at the rising and falling edge of the laser
pulse. The exact emitting time points of the EWPs generated
at rising edge (t1) and falling edge (t2) could be determined by
the stationary-phase approximation of the electron dynamic
phase [62], while for present laser pulses with such high in-
tensities, the time points of the dominated ejection are located
close to the tails of the laser pulse due to the atomic stabi-
lization, i.e., t1 ≈ 0 and t2 ≈ T . In our calculation, the laser
pulse starts at 0, and T is the pulse duration of the laser field.
Therefore, the magnetic-field-induced displacement between
these two EWPs is given by

�αM = 1

c

∫ T

0

1

2
A2(t ′)dt ′. (17)

Note that the first term of displacement, p · A(t ) in Eq. (15),
vanishes because the time average of A(t ) is zero. Then, the
interference fringes shift is written as

�pr = −1

c

1

T

∫ T

0
A2(t ′)dt ′ sin θ. (18)

Figure 3(c) displays the comparison between the momen-
tum shift extracted from the PEMD and the prediction by
the ndSFA. It shows that these results agree well with each
other. The retrieved magnetic-field-induced displacement as a
function of the laser intensity is displayed in Fig. 3(d), which
agrees well with the ndSFA. In this case, the magnetic-field-
induced displacement is about several hundred picometers.
Since the time interval of the EWP emission for dynamic
interference approximately equals the pulse duration, the dis-
placement induced by the entire laser pulse is traced. In
this section, we demonstrate that the magnetic-field-induced
displacements accumulated in a laser cycle and the entire
laser pulse can be traced by intercycle interference and dy-
namic interference, respectively. However, the time-resolved
information of the electron dynamics driven by the magnetic
field is absent in these interference. In the following, we will
show how to trace the time-resolved magnetic-field-induced
electron motion.

B. Time resolving the magnetic-field-induced displacement
by attosecond photoelectron interferometry

Here, we employ attosecond photoelectron interferometry,
which is based on single-photon ionization in the combina-
tion of a phase-locked IR field and two weak XUV pulses
separated by the half-cycle of the IR pulse, to trace the time-
resolved displacements induced by the magnetic field of the
IR pulse. This interferometry has been experimentally ob-
served in different targets [39,40]. It has been widely used
to reconstruct the wave functions of atoms and molecules
[39], monitor coherent electron scattering [40], characterize
the laser pulses [66], etc.

In attosecond photoelectron interferometry, the nondipole
effects of the weak XUV pulses and IR field both result in
the asymmetric PEMD along the laser propagation direction.
Let us first consider the nondipole effect of the weak XUV
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FIG. 4. (a) TDSE results of PEMD in the (py, pz) plane from
single-photon ionization in an XUV pulse with the center frequency
of ω = 2.5 a.u., intensity of 1 × 1013 W/cm2, and a Gaussian en-
velope with FWHM of five cycles. (b) Cuts of the PEMD θ = π/4
(blue solid line) and θ = −π/4 (red dashed line). (c) Normalized
PEMD by their maxima. The colors of lines correspond to the colors
in (b).

pulses. The PEMD from ionization by a linearly polarized
XUV pulse with the center frequency of ωXUV = 2.5 a.u. and
intensity of 1 ×10 13 W/cm2 is displayed in Fig. 4(a). The
cuts of the PEMD at θ = ±π/4 are displayed in Fig. 4(b).
It shows that the yields of the PEMDs are asymmetric, which
originates from the electric quadrupole effect. The normalized
PEMDs by their maxima are shown in Fig. 4(c). No momen-
tum shift is observed for ionization by XUV pulse alone.
It indicates that the nondipole effect of such a weak XUV
pulse does not affect the momentum shift we focused on in
this work.

Figure 5(b) displays the TDSE results of PEMDs at θ =
±π/6 for ionization by the combination of the XUV and

IR field with the time delay τ = −TIR/4. The correspond-
ing vector potential of the laser pulse is shown in Fig. 5(a),
in which the wavelength and intensity of the IR field is
1600 nm and 1 × 1013 W/cm2, and the laser parameters for
the XUV pulse are the same as those in Fig. 4. Similar
to the intercycle interference and dynamic interference, the
interference fringes reveal a negative momentum shift be-
tween the forward and backward emission direction. This
momentum shift originates from the magnetic field effect
of the IR field. More interestingly, for the time delay τ =
TIR/4, as shown by Figs. 5(c) and 5(d), the PEMD reveals
a positive momentum shift. It means that the electron emitted
against the laser propagation direction acquires smaller energy
than that emitted along the laser propagation direction. This
positive momentum shift has not been observed in previous
works. It is greatly different from the above static studies.
This time-delay-dependent momentum shift originates from
the time-delay-dependent displacements induced by the mag-
netic field. As indicated by Eq. (11), for the IR field with
the vector potential AIR(t ) = A0 cos(ωIRt )êz, the displace-
ment �αM(τ ) for attosecond photoelectron interferometry is
given by

�αM(τ ) = 1

c

∫ τ+TIR/2

τ

[
p · A(t ′) + 1

2
A2(t ′)

]
dt ′

= TIR

c

(
1

π
pzA0 sin(ωIRτ ) + 1

2
Up

)
. (19)

It shows that the time-delay dependence of displacement
is induced by the term of p · A(t ), which originates from
the momentum-dependent magnetic component of Lorenz
force. In the intercycle interference and dynamic interfer-
ence, this term vanishes because the time average of A(t )
is zero. Then, the time-delay-dependent momentum shift is

FIG. 5. (a) Vector potentials of the combination of the two XUV pulses and IR field with time delay of τ = −TIR/4. The red and blue
lines represent the vector potential of the XUV pulse and IR field, respectively. The wavelength and the intensity of the IR field are 1600 nm
and 1 × 1013 W/cm2. The center frequency of the XUV pulse is ωXUV = 2.5 a.u., and its intensity is 1 × 1013 W/cm2. (b) Cuts of the PEMD
θ = π/6 (blue solid line) and θ = −π/6 (red dashed line) for the ionization in the laser field shown in (a). (c and d) The same as (a) and
(b) but for the time delay of τ = TIR/4. (e) Comparison of the momentum shift of the interference fringes �pr extracted from the TDSE results
(symbols) and predicted by ndSFA (black lines). The red circles and blue squares represent results for τ = −TIR/4 and τ = TIR/4, respectively.
(f) Time-resolved magnetic-field-induced displacement. The symbols and lines represent the TDSE and ndSFA results, respectively.
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given by

�pr (τ ) = −4

c

[
1

π
pzA0 sin(ωIRτ ) + 1

2
Up

]
sin θ

= −4

c

[
1

π
pr cos θA0 sin(ωIRτ ) + 1

2
Up

]
sin θ. (20)

The momentum shifts as a function of sin θ extracted from
the PEMD are displaced in Fig. 5(e), in which the blue square
and red circle represents the results for τ = TIR/4 and τ =
−TIR/4, respectively. This result agrees well with the ndSFA
prediction. This momentum shift is not linearly dependent on
sin θ anymore due to the pz-dependent displacement induced
by the magnetic field. In this case, the displacement is re-
trieved by �αM(τ ) = −�pr (τ )TIR/4 sin θ , and the retrieved
time-delay-dependent displacement is displayed in Fig. 5(f).
The blue squares and red circles represent the results for
pz = 0.5 and pz = 1, respectively. This displacement oscil-
lates with the time delay around the average value UpTIR/2c.
Note that the displacement difference is not always along the
laser propagation direction. It depends on the electron ioniza-
tion instant. It means that the magnetic component of Lorenz
force acting on the photoelectron is not always along the laser
propagation direction. For some ionization instants and larger
momentum of photoelectron, the displacement induced by the
magnetic field is against the laser propagation direction, which
causes the positive momentum shift between the forward and
backward photoelectrons shown in Fig. 5(d). This cannot be
revealed in static measurements.

So far, we have demonstrated that the subcycle time-
resolved magnetic-field-induced displacements can be traced
from the forward-backward interference fringe shift with pi-
cometer resolution. The manifestation of this nondipole effect
in attosecond photoelectron interferometry reveals a great dif-
ference from the intercycle and dynamic interferences. The
photoelectron energy peak shift is not always against the laser
propagation direction. It depends on the ionization instant and
photoelectron momentum.

C. Time resolving the magnetic-field-induced momentum
by attosecond streaking technique

In addition to the magnetic-field-induced displacement,
the momentum induced by the magnetic field also results
in emission-direction-dependent photoelectron energy. In this
section, we will demonstrate this scheme by the attosecond
streaking technique. The attosecond streaking, which is based
on an attosecond XUV pulse serving as the pump pulse and
a phase-controlled IR field as the probe pulse, is also capable
of delivering real-time information on electronic processes in
ultrafast time scales [41,42,67].

Figure 6(a) displays the TDSE results of PEMD in the (py,
pz) plane (i.e., px = 0) with τ=−TIR/4. The inset shows the
corresponding vector potential of the IR pulse and the red
circle marks the time delay between XUV and IR pulse. The
wavelength and the intensity of the IR field are 3600 nm and
5 × 1012 W/cm2. The laser parameters for XUV are the same
as those in Fig. 5. The PEMD shows a ring-like structure with
two half-rings located at the pz > 0 and pz < 0 plane denoted
by peak1 and peak2, respectively. The cuts of the PEMDs at

=1.8 (a.u.)
-1.8 (a.u.)

=1.8 (a.u.)
-1.8 (a.u.)

(a) (b)
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(d) (e)
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FIG. 6. (a) TDSE results of PEMD in the (py, pz) plane from
single-photon ionization in the combination of single XUV pulses
and IR field. The inset shows the vector potential of the IR pulse
and the red circle marks the time delay between XUV and IR pulse.
The wavelength and the intensity of the IR field are 3600 nm and
5 × 1012 W/cm2. The laser parameters for XUV are the same as
those in Fig. 4. (b and c) Cuts of the PEMD at |py| = 1.8. Note
that the cuts are normalized by their maxima. The top and bottom
rows display the PEMDs corresponding to peak1 and peak2, re-
spectively. (d) Momentum shift as a function of |py|. The symbols
and lines represent the TDSE and ndSFA results, respectively. The
red circles and blue squares are the results for peak1 and peak2
shown in (a), respectively. (e) Schematic illustration of the effect
of magnetic field of the IR field on the PEMDs. The black solid
line represents the PEMD from single-photon ionization in the XUV
pulse alone. It is a ring centered at [py, pz] = [0, 0] with the radius
of k0. The red solid line represents the PEMD in the XUV-IR pulse
with nondipole correction determined by Eq. (22). It is a ellipse cen-
tered at [py, pz] = [A2

IR(τ )/2c,−AIR(τ )] with major and minor axes
k0[1 − AIR(τ )/2c] and k0[1 + AIR(τ )/2c], respectively. The PEMD
with the dipole approximation is also displayed by the gray solid line
for comparison, which is a ring centered at [0,−AIR(τ )].

py = ±1.8 a.u. are displayed in Figs. 6(b) and 6(c). Note that
the cuts are normalized by their maxima. It shows that there is
a peak shift between the PEMD for py > 0 and py < 0. More
interestingly, the peak shift of peak1 is much larger than that
for peak2.

As indicated by Eq. (10), the momentum in the pz − py

panel at the ionization instant τ in the attosecond streaking is
given by

k(τ ) = [pz + AIR(τ )]êz +
[

py + pz

c
AIR(τ ) + A2

IR(τ )

2c

]
êy.

(21)
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FIG. 7. (a) Vector potential of the IR pulse. (b–d) Cuts of the PEMDs for peak1 at py = 1.5 (blue solid line) and py = −1.5 (red dashed
line) with τ = −0.25TIR, 0 and 0.25TIR, respectively. (e) Momentum shift as a function of time delay between the XUV and IR pulse. The
symbols and lines represent the TDSE and ndSFA results, respectively.

The last two terms are the momentum induced by the mag-
netic field. By the conservation law of energy at the ionization
time, we have the nondipole effect modified attosecond streak-
ing camera

[pz + AIR(τ )]2 +
[

py + pz

c
AIR(τ ) + A2

IR(τ )

2c

]2

= k2
0 . (22)

Here, k0 = √
2(ωXUV − Ip), ωXUV is the center frequency of

the XUV pulse and Ip represents the ionization potential of
atoms. This equation implies that the PEMD is a ellipse
centered at [py, pz] = [A2

IR(τ )/2c,−AIR(τ )] with major and
minor axes k0[1 − AIR(τ )/2c] and k0[1 + AIR(τ )/2c], as illus-
trated by the red solid line in Fig. 6(e). It means that the PEMD
for the ionization of the XUV pulses shifts along the laser
polarized direction with the momentum of −AIR(τ ) within
the effect of the electric field of the IR pulse, while within
the magnetic-field effect of IR field, the PEMD not only shifts
along the laser propagation direction with the momentum of
A2

IR(τ )/2c, but also is distorted as an ellipse. This ellipse-
type PEMD originates from the momentum induced by the
magnetic field as shown by the last two terms in Eq. (22).
It is responsible for the counterintuitive peak shift shown in
Figs. 6(b) and 6(c).

As indicated by Eq. (22), the forward-backward peak shift
for peak1 and peak2 is given by

�p+
z = −2py

[2pz0 − AIR(τ )]AIR(τ )

2cpz0
,

�p−
z = −2py

[2pz0 + AIR(τ )]AIR(τ )

2cpz0
, (23)

respectively. Here, pz0 =
√

k2
0 − p2

y represents the initial mo-

mentum along the laser polarized direction. It shows that the
momentum shift depends on the transverse photoelectrons
momentum py. To show the momentum-dependent peak shift,
we extract the forward-backward peak shift as a function of
|py| as shown in Fig. 6. The red circles and blue squares are
the results for peak1 and peak2, respectively. The black lines
are the results predicted by the ndSFA model. The results
retrieved from the PEMDs remarkably agree with the ndSFA

prediction. This momentum shift reveals a great difference
for peak1 and peak2, and it strongly depends on the trans-
verse photoelectrons momentum. This momentum-dependent
peak shift originates from the velocity-dependent Lorentz
force, k(t ) × B(t ). The initial momentum of photoelectrons
for peak1 and peak2 have opposite direction, thus the momen-
tum induced by the magnetic field is different for these two
peaks. It manifests as the momentum-dependent peak shift
shown in Fig. 6.

Moreover, the Lorentz force k(t ) × B(t ) depends on the
instantaneous amplitude of the magnetic field. It results in a
time-delay-dependent peak shift, shown in Eq. (23). To show
the time-delay-dependent peak shift induced by the magnetic
field, the cuts of the PEMDs at py = ±1.5 a.u. for peak1
with various time delays are displayed in Figs. 7(a)–7(d).
For AIR(τ ) < 0, the forward-backward momentum shift has
a positive momentum shift, as displayed in Fig. 7(b). On
the contrary, for AIR(τ ) > 0, the momentum shift is negative,
as shown in Fig. 7(d), while for AIR(τ ) = 0, the momentum
shift vanishes, as indicated by Fig. 7(c). The peak shift as
a function of time delay is shown in Fig. 7(e), where the
red circles and blue squares represent the results for peak1
and peak2, respectively. It agrees well with the ndSFA pre-
diction as shown by the black lines. This peak shift and
the momentum induced by the magnetic field have a similar
time-delay dependence, as shown in Eq. (23) and last two
terms in Eq. (21). It indicates that the time-resolved mo-
mentum induced by the magnetic field is revealed from the
asymmetric photoelectron energy in the attosecond streaking
spectrum. We should mention that this time-delay-dependent
and momentum-dependent magnetic-field effect cannot be
revealed by the static study, and this observable momentum
shift cannot be neglected in the interpretation of attosecond
time-delay experiments.

IV. CONCLUSION

In conclusion, we attribute the forward-backward asym-
metric photoelectron energy along the laser propagation
direction, which originates from the nondipole interaction,
to the photoelectron motion driven by the magnetic field.
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By numerically solving the three-dimensional time-dependent
Schrödinger equation, we demonstrated our scheme is suit-
able for various ionization regimes, including static and
time-resolved studies on the nondipole effect. We find
that the manifestation of emission-direction-dependent pho-
toelectron energy in time-resolved studies shows a great
difference from previous static studies. More importantly,
according to our scheme, the time-resolved displacement
induced by the magnetic field is successfully traced from
the emission-direction-dependent photoelectron energy in the
attosecond photoelectron interferometry with picometer res-
olution. Moreover, the time-resolved momentum induced by
the magnetic field is revealed from the asymmetric photoelec-
tron energy in the attosecond streaking spectrum.

In previous works, the emission-direction-dependent
photoelectron energy is attributed to the nondipole
effect modified Stark shift of continue states. It is only
suitable for static study of nondipole effect, such as

the interference structures discussed in Sec. III A, but it
cannot explain the time-resolved study, such as attosecond
photoelectron interferometry and attosecond streaking. Our
work provides a different perspective on understanding
emission-direction-dependent photoelectron energy, and our
scheme paves a way to trace the time-resolved photoelectron
motion driven by the magnetic field. It deepens our
understanding of magnetic-field effect in photoionization.
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