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In molecular photoionization, the two-center interference is widely described within the electric dipole approx-
imation, neglecting the electric quadrupole effect. By numerically solving the two-dimensional time-dependent
Schrödinger equation beyond the dipole approximation and using perturbation theory, we demonstrate that the
two-center interference structure induced by the electric quadrupole transition in the one-photon ionization of
H2

+ can be observed in the asymmetric photoelectron yield along the laser propagation direction. Compared
with the dipole transition, the electron wave packets emitted from the two nuclei of the molecule due to the
electric quadrupole transition exhibit an additional phase difference. This phase difference results in a distinct
two-center interference structure compared to the dipole transition. Furthermore, an experimental scheme based
on the reconstruction of attosecond beating by interference of two-photon transitions is proposed to reveal the
two-center interference structure induced by the electric quadrupole transition. Our study provides a different
perspective for investigating the nondipole effect in molecular photoionization.
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I. INTRODUCTION

Photoionization is one of the most fundamental interac-
tion processes in laser-matter interactions and plays a central
role in ultrafast physics [1–7]. In photoionization, the electric
dipole approximation is commonly used due to the mis-
match between the spatial scale of electronic motion and the
wavelength of light. Within this approximation, photon mo-
mentum, laser retardation, and the magnetic component of the
laser field are neglected. This approximation generally holds
well for the most commonly used near-infrared laser sources
and intensities. However, in the short-wavelength regime
and under intense high-intensity long-wavelength conditions
[1], the scale of electronic motion becomes comparable to
the light wavelength, and the electric dipole approximation
breaks down.

Recently, with advances in detection technologies, the
nondipole effect has become observable and has generated
considerable interest. For instance, in strong-field atomic ion-
ization with an IR field, the magnetic field component of
the laser pulse plays a non-negligible role. The magnetic
field induces an observable energy shift of the bound state
[2,3] and significantly alters laser-induced electron-ion rescat-
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tering [4–6,8]. Furthermore, the magnetic field complicates
the partitioning of photon linear momentum between elec-
trons and ions [9–12]. In atomic ionization by hard and soft
x rays, the electric quadrupole effect becomes observable.
It manifests as an asymmetric photoelectron angular distri-
bution along the laser propagation direction [13–17]. This
feature is significantly enhanced in autoionization [18], in the
Cooper minimum [19], and in multiphoton resonant processes
[20]. Moreover, it has been demonstrated that the electric
quadrupole effect results in a distinct linear momentum trans-
fer law in single-photon ionization [21,22].

Compared to atoms, the complicated structure of
molecules introduces more intriguing scenarios. One of the
simplest yet fundamentally important phenomena in molec-
ular ionization is the two-center photoelectron interference,
arising from the interference of electron wave packets (EWPs)
emitted from the two centers of a diatomic molecule. This
interference scheme was first proposed by Cohen and Fano
[23] and has been experimentally observed in molecules
such as H2 [24–26], N2 [27–29], and other dimers [30,31].
It has been utilized, for example, to study the onset of
decoherence in a quantum system [24] and electron pair
entanglement [26].

In recent years, there has been considerable interest
in the interplay between two-center interference and the
nondipole effect. For instance, the modification of two-center
interference by magnetic-field effects has been observed in
strong-field ionization [32,33]. In one-photon ionization, the
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interference between the two centers leads to an oscilla-
tory transfer of linear momentum from the photon to the
electron as the photoelectron energy varies [34–36], signif-
icantly altering the photoelectron angular distribution along
the laser propagation direction [37–41]. Interestingly, it has
been demonstrated that two-center interference serves as a
sensitive indicator of the effect of the finite speed of light
in laser-molecule interactions [42]. Due to the finite speed
of light, the emergence of a photoelectron wave from a two-
center molecule is not simultaneous, introducing an additional
phase difference in the ionization events from the two nuclei.
This phase difference results in a shift in the interference
fringes between the two centers, enabling the observation of
zeptosecond-resolved birth time delays of the photoelectron
[42–47]. In these studies, the scheme of two-center inter-
ference is constructed based on molecular photoionization
through an electric dipole transition. Since electric quadrupole
contributions are typically two to three orders of magnitude
smaller than dipole contributions, the structure of two-center
interference originating from EWPs generated by multipolar
interactions has not been fully elucidated.

In this paper, we numerically solve the two-dimensional
(2D) time-dependent Schrödinger equation (TDSE) beyond
the dipole approximation and employ perturbation theory
to demonstrate that the two-center interference structure in-
duced by the electric quadrupole transition in the one-photon
ionization of H2

+ can be discerned from the asymmetric
photoelectron angular distribution along the laser propagation
direction. These simulations are performed with the fixed
nuclei approximation. The EWPs ionized due to the electric
quadrupole transition from the two nuclei of the molecule
exhibit an additional phase difference, resulting in a distinc-
tive two-center interference structure compared to the electric
dipole transition. Interestingly, this approach offers a different
perspective on revealing the nondipole effect-induced shifts
in two-center interference fringes observed in recent experi-
ments [42]. Furthermore, a feasible experiment scheme based
on the technique of reconstruction of attosecond beating by
interference of two-photon transitions (RABBIT) is proposed
to reveal the two-center interference structure induced by the
electric quadrupole transition. The electric quadrupole tran-
sition induced two-center interference structure results in a
phase jump of the RABBIT phase, from which the interfer-
ence minima can be traced.

II. NUMERICAL METHODS

We numerically solve the two-dimensional time-dependent
Schrödinger equation with the fixed nuclei approximation to
investigate the nondipole effect in H2

+ photoionization.
In the velocity gauge, the dynamics of the molecule-field

interaction is determined by the Hamiltonian (atomic units are
used unless otherwise stated)

H = 1
2 [p + A(r, t )]2 + V (r). (1)

We consider a laser pulse with vector potential A(r, t ) =
A(t − k̂ · r/c), where c is the speed of light. Expanding
the vector potential in 1/c and inserting the expansion into
Eq. (1), while neglecting terms proportional to 1/c2, leads to

FIG. 1. (a) Illustration of the coordinates in our simulation: The
nuclei of H2

+ are fixed along the y axis. The laser pulse is linearly
polarized along the x̂ axis and propagates along the ŷ axis. θ denotes
the electron emission direction relative to the light propagation direc-
tion. (b) Angle-resolved PEMD for H2

+ photoionization by the XUV
attosecond pulse train alone for R = 4 a.u. (c) The photoelectron an-
gular distribution for E = 2.8 a.u., marked by the white dashed line
in (b). Additionally, the mirror image, i.e., Yield(π − θ ), is shown
(red dashed line) to illustrate the asymmetry. (d) The asymmetric
parameter Asy as a function of the emission angle θ for molecular
(blue solid line) and atomic (red dashed line) photoionization.

the Hamiltonian

H = 1

2
[p + A(t )]2 + k̂ · r

c
[p + A(t )] · E(t ) + V (r), (2)

where k̂ = k/k is the unit vector the laser field propaga-
tion direction with photon momentum k and E(t ) is the
laser electric field. Applying a unitary transformation [48]
to the Hamiltonian in Eq. (2), we obtain the transformed
Hamiltonian

H = 1

2

[
p + A(t ) + k̂

c

(
p · A(t ) + 1

2
A2(t )

)]2

+ V

(
r − k̂ · r

c
A(t )

)
. (3)

Here, the nondipole effect is described by the third term in the
square brackets and the shifted potential. V (r) is the Coulomb
potential of H2

+, written as

V (r) = − 1√
|r − R/2|2 + a(R)

− 1√
|r + R/2|2 + a(R)

,

(4)

where R = Rêy with internuclear distance R, and a(R) is a
soft-core parameter tuned to match the ground state energy of
H2

+. In our calculation, the laser pulse propagates along the
y axis and is linearly polarized along the x axis, as shown in
Fig. 1(a) and the laser vector potential is defined as A(t ) =
[AAPT(t ) + AUV(t )]êx, where AAPT(t ) (AUV(t )) is the vector
potential of the attosecond pulse train (APT) (UV field). Thus,
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AAPT(t ) is written as

AAPT(t ) =
8∑

n=−8

An exp

[
−2 ln 2

(
t − nT/2

0.05T

)2
]

× (−1)n cos[Ncω(t − nT/2)]. (5)

Here, An = Aa exp[−2 ln 2(t/4T )2], Nc = 29, ω = 0.1 a.u.,
T = 2π/ω are the APT envelope, the center harmonic order,
the laser frequency, and the optical cycle, respectively. Like-
wise, AUV(t ) becomes

AUV(t ) = A0 cos2

(
π (t − τ )

NT

)
cos[ω(t − τ )], (6)

where A0 and N = 16 are the vector potential peak ampli-
tude and the number of the optical cycles of the UV pulse,
respectively. τ is the time delay between the APT and UV
laser pulses. In our calculation, the intensities of APT and UV
pulses are 5 × 1013 and 5 × 1011 W/cm2, respectively.

In our simulation, the 2D-TDSE with the Hamiltonian
shown in Eq. (3) is numerically solved using the standard
Fourier split-operator method [49] with a time step of �t =
0.005 a.u. The numerical grid size is 205 a.u. in the x and
y directions with spacings of �x = �y = 0.2 a.u. The initial
stationary wave functions are obtained using the imaginary-
time method [50]. The wave function �(r, t ) is split into inner
and outer parts using a mask function with a radius of 90 a.u.
In the inner space, the wave function propagates under the full
Hamiltonian, while in the outer space, it analytically propa-
gates under the nondipole-corrected Volkov Hamiltonian [51].
At the end of the laser pulse, the wave function propagates
under the field-free Hamiltonian for an additional four optical
cycles to collect the “slow” electrons. The photoelectron mo-
mentum distribution (PEMD) is obtained at the final time from
the asymptotic grid with a resolution of �px = �py = 0.005
a.u. The simulation’s convergence has been confirmed with
shorter time steps and finer spatial grids.

III. RESULTS AND DISCUSSIONS

A. One-photon ionization

Figure 1(b) shows the angle-resolved photoelectron spec-
trum for the photoionization of H2

+ by the APT alone.
The multipeak structure at different energies in the spectrum
originates from one-photon ionization by absorbing different
orders of harmonics. The nodal structure in the peaks arises
from the two-center interference in molecular ionization. To
highlight the two-center interference structure more clearly,
the angular distribution at E = 2.8 a.u. [marked by the white
dashed line in Fig. 1(b)] is displayed in Fig. 1(c). In the dipole
approximation, the angular distribution is symmetric about the
polarization direction, i.e., θ = 90◦. Due to nondipole interac-
tions, the symmetry is broken, as indicated by the comparison
between the distribution (blue solid line) and its mirror image
(red dashed line) in Fig. 1(c). In previous work [42], the
zeptosecond birth time delay has been extracted from the shift
of the interference maxima around θ = 90◦. In addition to
this interference fringe shift, the angular distribution shows
yield asymmetry. To quantify this asymmetry, we define an

asymmetric parameter as

Asy(E , θ ) = Yield(E , θ ) − Yield(E , π − θ )

Max[Yield(E , θ )]
. (7)

Here, Yield(E , θ ) denotes the photoelectron yield at the emis-
sion angle θ and the photoelectron energy E . The asymmetric
parameter for molecular photoionization (blue solid line) at
E = 2.8 a.u. is shown in Fig. 1(d). Similar to the photoelec-
tron yield shown in Fig. 1(c), the asymmetric parameter also
oscillates with θ around zero. The red dashed line in Fig. 1(d)
represents the results for a model atom with the binding en-
ergy equivalent to H2

+. The comparison between atomic and
molecular results indicates that the oscillation of the asym-
metric parameter for molecular ionization originates from
its two-center structure. More specifically, the zero points
marked by circles correspond to the interference minima of
the photoelectron yield, as shown in Fig. 1(c). Meanwhile, the
zero points marked by triangles do not have counterparts in
the photoelectron yield distribution. In this work, we focus on
this phenomenon.

To elucidate the origin of the asymmetric parameter behav-
ior in molecular ionization, we first separate the contributions
of the photoelectron yield due to multipolar interactions.
Applying the Powers-Zienau-Wolley gauge transformation
[52,53] to Eq. (2), the Hamiltonian transforms as follows,

H = p2

2
+ V (r) + r · E(t )︸ ︷︷ ︸

HD

− 1

2c

(
k̂ · r

)[
r · ∂E(t )

∂t

]
︸ ︷︷ ︸

E2 term

+ 1

2c
L · [k̂ × E(t )]︸ ︷︷ ︸

B1 term

, (8)

where L = r × p represents the angular momentum operator.
This Hamiltonian in the multipolar gauge provides a trans-
parent physical insight by separating the electric quadrupole
(E2) and magnetic dipole (B1) effects in nondipole interac-
tions. In this case, HD denotes the Hamiltonian under the
dipole approximation. The last two terms describe the electric
quadrupole and magnetic dipole interactions. Previous work
[36] has shown that the magnetic dipole effect is one order
of magnitude smaller than the electric quadrupole contribu-
tion in one-photon ionization of the molecule, considering
the internuclear distance and the photoelectron energy range
considered in our study. Thus, the magnetic dipole effect can
be safely ignored. Therefore, the photoelectron yield can be
expressed as

Yield = |TD + TE2|2

= |TD|2 + TDT ∗
E2 + T ∗

D TE2 + O

(
1

c2

)
, (9)

where TD and TE2 are the transition amplitudes of the electric
dipole and quadrupole terms, respectively. The electric dipole
transition is symmetric along the laser propagation direction,
i.e., TD(θ ) = TD(π − θ ). Therefore, the asymmetry parameter
defined in Eq. (7) can be written as

Asy ∝ TDT ∗
E2 + T ∗

D TE2, (10)
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FIG. 2. (a) Numerical results for the modulus of the electric
dipole transition matrix element |TD|2 (logarithmic color scale) are
presented at an internuclear distance of 4 a.u. (b) Similar results as in
(a), but for the electric quadrupole transition matrix element |TE2|2
(logarithmic color scale) at an internuclear distance of 4 a.u. (c) Cut
of the initial-state wave function for the 1sσg state is shown with
the red dashed line at x = 0. The blue solid line represents y� for
the 1sσg state at x = 0. Both wave functions are normalized by their
maximum values.

which represents the interference between the electric dipole
and quadrupole transitions.

As indicated by Eq. (8), in the first-order perturbation
theory (PT), the electric dipole and quadrupole transition am-
plitudes in the ionization of H2

+ are given by

TD = −i
∫ +∞

−∞
dtE (t )e−i(E f −Ei )t 〈ψ f |x|ψi〉, (11)

and

TE2 = i
∫ +∞

−∞
dt

1

2c
Ė (t )e−i(E f −Ei )t 〈ψ f |xy|ψi〉, (12)

respectively. Here, ψi and ψ f are the initial and final states
with corresponding energies Ei and E f . The interference struc-
ture induced by the two-center structure of the molecule is
determined by the transition matrix elements,TD = 〈ψ f |x|ψi〉
and TE2 = 〈ψ f |xy|ψi〉. By approximately setting the final
state as a plane wave 〈r|ψ f 〉 = eip·r, the squared moduli of
transition matrix elements for the electric dipole |TD|2 and
quadrupole |TE2|2 are obtained, as shown in Figs. 2(a) and
2(b), respectively. The horizontal fringes originate from the
two-center structure of the molecule. For the electric dipole
(E1) transition, the well-known two-center interference pat-
tern is modulated by the factor cos2(p · R/2), as illustrated in
Fig. 2(a). The interference minima are determined by cos2(p ·
R/2) = 0, i.e., py = (2n + 1)π/R, where n is an integer. This
interference structure is manifested in the photoelectron yield
distribution as shown in Figs. 1(b) and 1(c). For the elec-
tric quadrupole (E2) transition, as shown in Fig. 2(b), the

0

FIG. 3. Illustration of the phase of the electron wave pockets
(EWPs) generated by the electric dipole and quadrupole transitions
from two nuclei. The left plane represents the results for the electric
dipole transition, while the right plane represents the results for the
quadrupole transition.

interference fringes are almost out of phase with those in the
dipole transition. The interference minima are approximately
located at py = 2nπ/R. The symmetry difference between
E1 and E2 transitions is due to the operator y in the E2
transition, as indicated by the E1 and E2 transition matrix
elements, TD and TE2. In Fig. 2(c), we display the cuts of
the initial state (red dashed line) and y� (blue solid line)
at x = 0. The wave function of the 1sσg state is symmetric
about y = 0, while y� is antisymmetric. Therefore, the E2
transition has an additional phase of π compared to the E1
transition due to the y operator. Thus, the two-center inter-
ference induced by the E2 transition can be approximately
expressed as |TE2|2 ∝ sin2(p · R/2). This term qualitatively
coincides with the numerical results shown in Fig. 2(b).

In addition, this different interference structure can also
be understood from the phase of the electron wave pack-
ets (EWPs), as illustrated in Fig. 3. For ionization from the
ground state of H2

+, the phases of the EWPs generated from
the two nuclei by the E1 transition are the same, resulting
in the interference structure determined by cos2(p · R/2). In
contrast, for the E2 transition, the phases of the EWPs gen-
erated from the two nuclei have a π difference, leading to an
interference structure determined by sin2(p · R/2).

In previous works, this two-center interference structure
induced by the E2 transition has not been observed, primar-
ily due to the challenge of separating the contribution of
the E2 transition from the photoelectron momentum distri-
bution (PEMD). Nevertheless, the asymmetric parameter we
focus on, representing the interference between E1 and E2
transitions as shown in Eq. (10), encodes the two-center inter-
ference structure induced by the E2 transition. As addressed
above and implied by Eq. (10), the asymmetric parameter can
be rewritten as

Asy = 2TDT ∗
E2 + 2T ∗

D TE2

∝ cos(p · R/2) sin(p · R/2). (13)
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FIG. 4. (a) Comparison between interference minima extracted
from the asymmetric parameters obtained by numerically solving the
TDSE and perturbation theory. The red dashed line and blue solid
line represent the interference minima induced by electric dipole and
quadrupole transitions extracted from TDSE results, respectively.
The background interference structure is obtained from perturbation
theory. The internuclear distance R is 4 a.u. (b) Same as (a) but for
R = 10 a.u.

This last expression indicates that the oscillation observed
in the asymmetric parameter shown in Fig. 1(d) encodes in-
formation about the two-center interference of E1 and E2
transitions. The zero points of the asymmetric parameter rep-
resent the interference minima of the two-center interference
structure induced by the E1 and E2 transitions, respectively,
i.e., cos(p · R/2) = 0 corresponds to the zero points marked
by circles in Fig. 1(d) and sin(p · R/2) = 0 corresponds to
the zero points marked by triangles in Fig. 1(d). This means
that the two-center interference structure induced by the E1
and E2 transitions can be revealed from this asymmetric pa-
rameter. Figure 4 shows interference minima extracted from
the asymmetric parameters obtained by numerically solving
the TDSE (lines with symbols) and the results obtained by
numerically calculating the modulus of the transition matrix
elements |TDTE2|. Figures 4(a) and 4(b) are the results for
R = 4 and 10 a.u., respectively. Obviously, these results agree
well with each other. The deviation appearing in the low-
energy region is due to the Coulomb effect on the continuous
states, which is not accounted for in the model given by

Eq. (13). Note that we have also calculated the results for other
internuclear distances. The conclusion holds for different in-
ternuclear distances.

Moreover, the interference scheme discussed above pro-
vides a different perspective on revealing the nondipole effect
in one-photon molecular ionization, such as the shift of the
two-center interference fringes. Recent work [42] has ex-
plained this shift as due to the finite speed of light. As
indicated by Eq. (9) and the analysis above, the photoelectron
yield can be expressed as

Yield = |AD(θ ) cos(p · R/2) +AE2(θ ) sin(p · R/2)|2

∝ | cos[p · R/2 + δ(θ )]|2, (14)

with δ(θ ) = arctan[AE2(θ )/AD(θ )]. Here, AD and AE2

represent the amplitudes of the E1 and E2 transitions, respec-
tively. This implies that the shift of the two-center interference
fringes originates from the interference of the EWPs gener-
ated by the E1 and E2 transitions. The amount of the shift
is determined by the ratio of the amplitudes of the E1 and
E2 transitions. Recent theoretical works have demonstrated
that the fringe shift is different at the interference minima and
maxima [43,44]. As indicated by Eq. (14), this phenomenon
originates from the emission-angle dependence of the phase
shift δ. It implies that the emission-angle-dependent ratio of
the amplitudes of the E1 and E2 transitions can be revealed
from the emission-angle-dependent δ.

B. Two-photon ionization in the RABBIT scheme

In experiments, due to the imperfect homogeneity of the
detector, measuring the asymmetric parameter defined in
Eq. (7) directly is challenging. Recent work [17], however, has
shown that the RABBIT scheme can reveal the asymmetric
photoelectron yield induced by the E2 transition in atomic
ionization. Here, we apply this method to explore the two-
center interference structure induced by the E2 transition in
the photoionization of H2

+.
Figure 5(a) displays the delay- and angle-resolved pho-

toelectron spectrum obtained by numerically solving the
TDSE. The photoelectron energy is 1.89 a.u., corresponding
to sideband (SB) 30. The dashed line in Fig. 5(a) represents
the two-center interference minima induced by the dipole
transition.

To reveal the asymmetry of the photoelectron yield induced
by the E2 transition, we define the asymmetric parameter as

Asy(E , θ, τ ) = I(E , θ, τ ) − I(E , π − θ, τ )

Max[Yield(E , θ )]
, (15)

where I(E , θ, τ ) = Yield(E , θ, τ ) − Yield(E , θ ) is the nor-
malized photoelectron distribution, where Yield(E , θ ) is the
time-delay averaged photoelectron distribution. This normal-
ized photoelectron distribution eliminates systematic errors
due to imperfect detector homogeneity, thereby revealing
the subtle asymmetry in the photoelectron angular distri-
bution induced by the E2 transition [17]. The delay- and
angle-resolved asymmetric parameter is shown in Fig. 5(b),
oscillating with the time delay between the XUV and UV
fields,

Asy(τ, θ ) ∝ cos[2ωτ + �φAsy(θ )]. (16)
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FIG. 5. (a) The delay- and angle-resolved photoelectron spectrum obtained by numerically solving the TDSE. The photoelectron energy
is 1.89 a.u., corresponding to sideband (SB) 30. The internuclear distance is 4 a.u. (b) The delay- and angle-resolved asymmetric parameter
Asy(θ, τ ) obtained using Eq. (15) with the same energy as in (a). (c) The angular-resolved phase shift of the asymmetric parameter �φAsy(θ )
extracted from (b).

The two-node structure is clearly revealed in the angular dis-
tribution of the asymmetric parameter, as indicated by the
dashed lines in Fig. 5(b). As discussed in Sec. III A, these
nodes correspond to the interference minima induced by the
E1 and E2 transitions, respectively. The angular-resolved
phase shift of the asymmetric parameter �φAsy(θ ) is extracted
by fitting the asymmetric parameter as a function of the
XUV-UV time delay, as shown in Fig. 5(c). The two-center
interference induced by the E1 and E2 transitions introduces
a phase jump in the asymmetric parameter, indicating that
the interference structure induced by the E2 transition can be
revealed through this phase shift. As the emission angle in-
creases, this rapidly changing phase shift trend becomes more
easily measurable in experiments, which provides an accurate
determination of the two-center interference structure induced
by the electric quadrupole effect.

In experiments, challenges such as molecular alignment
and nonfixed nuclei can be addressed using techniques
such as cold target recoil ion momentum spectroscopy
(COLTRIMS) [22,54]. By combining the RABBIT scheme
with COLTRIMS, the asymmetric parameters can be mea-
sured experimentally [17]. Furthermore, the two-center inter-
ference induced by the E2 transition exists not only in H2

+
but also in more general diatomic molecules such as N2 and
O2. Therefore, our theoretical predictions have great potential
to be observed using current experimental approaches.

IV. CONCLUSION

In summary, by numerically solving the TDSE beyond
the dipole approximation and employing perturbation theory,
we demonstrate that the two-center interference structure in
H2

+ photoionization induced by the E2 transition can be

discerned from the asymmetric photoelectron yield along the
laser propagation direction. Unlike the E1 transition, the elec-
tron wave packets (EWPs) emitted from the two nuclei of the
molecule via the E2 transition exhibit an additional phase dif-
ference, resulting in a distinct interference structure compared
to the dipole case. The photoelectron momentum distribu-
tion (PEMD) reflects the interference between the E1 and
E2 transitions. Our approach provides a different perspective
for unveiling nondipole effects in molecular photoionization.
Furthermore, we propose a feasible experimental method
based on the RABBIT technique to reveal the two-center
interference induced by the E2 transition. The present study
enhances our understanding of nondipole effects in molecular
photoionization.
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