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Dynamically encircling exceptional points (EPs) in the parameter space of a non-Hermitian system
has drawn widespread attention for realizing asymmetric mode switching and related applications. While
previous works have been restricted to two-level systems, the switching between edge states in a multistate
system that contains more complex dynamics remains to be explored. Herein, asymmetric switching of
edge modes in multistate systems is demonstrated by encircling multiple EPs. A multistate non-Hermitian
system containing multiple EPs is constructed based on a one-dimensional lattice, which can support four
edge-localized modes. Dynamically encircling the EPs in parameter space leads to a specific edge mode
surviving to the end, determined by the encircling direction. Correspondingly, optical waveguide arrays
are designed to investigate mode evolution through refractive index modulation. Simulated results show
that clockwise (counterclockwise) encirclement leads to an output mode localized at the left (right) side
of the waveguide array with a phase difference of 0 (7), regardless of the input modes; this excellently
illustrates the asymmetric switching of edge modes in a multistate system. Moreover, such an effect can
be extended to the multistate system with an arbitrary number of EPs. This work enables investigation of
interesting effects in non-Hermitian physics by engineering the EPs and topological properties, especially
for complex multistate systems, which will be useful for developing functional nanophotonic devices.
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I. INTRODUCTION

Exceptional points (EPs), which represent the peculiar
singularities in non-Hermitian systems [ 1-5], have aroused
widespread attention in recent years. Differing from the
degeneracies in the parameter space of Hermitian systems,
the eigenvalues and the corresponding eigenvectors coa-
lesce simultaneously at the EPs of non-Hermitian systems.
This unique characteristic contributes to the distinctive
topology of energy surfaces of non-Hermitian systems and
gives rise to phenomena that are drastically distinct from
those in the Hermitian realm [6,7]. Up to now, a series of
novel effects and practical functions in optics have been
achieved utilizing EPs, such as light stopping [8], elec-
tromagnetically induced transparency [9,10], coherent per-
fect absorption [11-14], unidirectional reflectionless light
propagation [15—19], ultrasensitive sensing [20-25], loss-
induced revival of lasing [26-29], topological amplifica-
tion [30], and symmetry-protected topological lasers [31].
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In particular, mode switching induced by dynamically
encircling the EP in parameter space has had significant
impact in optical physics and devices. When adiabatically
encircling the EP in parameter space, the initial eigenstate
will transfer to another with an additional geometric phase.
Owing to the topological features of the Riemann sur-
face and the nonadiabatic transitions (NATS), the process
exhibits asymmetric mode switching in which the output
mode is determined by the direction of the parameter loop
rather than the input [3,4,32-37].

Up to now, asymmetric mode switching has been
explored in optical waveguides [38—41], coupled microres-
onators [42—44], and photonic crystals [45,46]. However,
most of the previous studies are restricted to systems sup-
porting only two eigenstates, and the mode switching hap-
pens between the counterparts. For multistate systems, the
energy surfaces possess more complex topological struc-
tures. Therefore, the dynamical evolutions of the states
are also more complicated [47—49]. Specifically, since
multiple EPs can form in the parameter space of a mul-
tistate system, dynamically encircling the EPs will lead
to richer mode-switching behaviors with new physical
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mechanisms and applications. More recently, Yu et al.
[50] studied the dynamical encircling of an arbitrary num-
ber of EPs in a periodic waveguide array. The mode
switching in the multistate non-Hermitian system was gov-
erned by a general rule with outcomes located at the
Brillouin-zone boundary. As the reported waveguide array
can only support bulk modes, asymmetric switching of
edge states in the multistate system remains to be explored,
and this will allow investigation of further rich topolog-
ical and dynamic properties in multistate non-Hermitian
systems.

In this work, we demonstrate an asymmetric switching
of edge modes in a multistate non-Hermitian system by
dynamically encircling multiple EPs. A one-dimensional
(1D) lattice model is proposed to act as a multistate non-
Hermitian system, which can support four edge modes
distinguished with intensity and phase distribution of the
eigenstates. Since multiple EPs exist in the parameter
space of the non-Hermitian system, asymmetric switch-
ing between the edge modes is achieved by encircling the
EPs adiabatically. Correspondingly, planar optical waveg-
uide arrays are designed with refractive index modulation.
The mode evolutions in the optical waveguide arrays are
simulated, indicating that the asymmetric switching of

(a

edge modes can be realized in optics and extended to
multistate systems with an arbitrary number of EPs.

I1. ONE-DIMENSIONAL LATTICE MODEL AND
EDGE STATES

Firstly, a 1D lattice model with open boundaries is pro-
posed to support edge states, as shown schematically in
Fig. 1(a). The lattice chain is composed of trimers (marked
by orange boxes) and link sites, in which the lattice sites
are defined as 4, B, C, and B in sequence. Corresponding
on-site energy terms for sites 4, B, and C are o + 6, o,
and o — 8, respectively. Utilizing the tight-binding model
[51,52], the intersite coupling strength in each trimer is set
as k1, while that between the link sites B and adjacent sites
A or Cis k,. Considering that link sites B emerge on both
ends of the chain, the truncated chain possesses 4N+ 1
sites, with NV marking the number of trimers.

Figures 1(b) and 1(c) show energy band diagrams of
the truncated structure as § varies, with x|1=4xk,=4«
and x,= 4k =4«, respectively (¢ =0 for simplicity). In
the former case, all of the 4N+ 1 bands represent bulk
eigenmodes of the lattice, which are separated into three
groups by two gaps, while for the latter case, four bands
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FIG. 1. (a) Scheme of the truncated 1D lattice model and the defined trimers are marked with the orange boxes. (b),(c) Energy
spectra for the 1D lattice with open boundary condition for x =4k, and x,=4«, respectively. The gray bands represent the bulk
states while the blue bands represent the edge states. (d) Distributions of the eigenstates at points -1V in (c), respectively, with the

number of trimers N =4.
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corresponding to the edge states arise in the gaps, repre-
senting the existence of the eigenmodes localized at the
boundary of the chain. As the chain possesses an asymmet-
ric distribution with respect to the central site for 6 # 0, the
edge modes distribute asymmetrically at two sides of the
chain. Figure 1(d) depicts distributions of the four edge
modes at § =5k (N =4, for example), which shows that
modes I and III are localized at the right side and modes II
and IV are localized at the left side. Moreover, the phase
differences between adjacent sites of each mode are differ-
ent. The phase difference between adjacent sites for edge
modes I and II is 7r, while it is O for edge modes III and IV.
As analyzed above, the edge modes of the 1D lattice chain
are characterized not only by the intensity distribution but
also by the phase. Therefore, this 1D lattice chain demon-
strates a potential model for realizing switching between
the edge-localized modes with inverted phase differences.

1. EXCEPTIONAL POINTS AND ENCIRCLING
LOOP IN PARAMETER SPACE

Typical two-level parity-time (PT) symmetric systems
can be described by the Hamiltonian matrix [2,4,53]

_|atiy K
e 1)

where the real parts of the on-site energy terms are equal
while the imaginary parts are inverted. The positions of
EPs depend on gain or loss (y) and coupling coefficient
(«). Inspired by this basic model, the corresponding non-
Hermitian counterpart of the 1D lattice model can be
constructed by adding opposite imaginary parts to the on-
site energy terms of sites 4 and C. The non-Hermitian
Hamiltonian can be written as

o K2
K> 0[+(S+l)/ K1
K1 o Ki
H= “ :
K1
K1 o K1
Kl «—38—1iy Kk

K> o

©)

which suggests that EPs arise at §=0. Figures 2(a)
and 2(b) plot the real and imaginary parts of the eigen-
values (k=6 x 107, k,=2.6 x 1073, « =0) with y <0
and y > 0, respectively, for a better view, and the surfaces
exhibit symmetric distribution on both sides of ¥ = 0. For
clarity, the eigenvalue surfaces of the bulk states and edge
states are marked by gray and black frames, respectively.
For this multistate system, there exist multiple second-
order EPs lying on the line § =0. The number of EPs

increases with the number of trimers (V) and two excep-
tional lines (ELs) with two isolated EPs are formed when
N tends toward infinity [Fig. 2(c)]. Interestingly, the range
of ygp is invariable regardless of N, which indicates that
a parameter loop can be designed to encircle all the EPs
of the multistate systems with arbitrary N for realizing
asymmetric switching of the edge states.

For waveguide arrays based on the lattice model shown
in Fig. 1(a), each site can be regarded as an individual
waveguide and the on-site energy terms in Eq. (2) corre-
spond to the propagation constants. For convenience, the
parameters in Eq. (2) are normalized to ko= 27 /Ag, where
Ao represents the wavelength in vacuum [i.e., @ and §
represent the real parts while y represents the imaginary
parts of effective mode indices in Eq. (2)]. Assuming that
the light propagates in the waveguide along the z axis,
spatial modulation along the propagation direction is uti-
lized for realizing mode switching by encircling the EPs
in the parameter space. To achieve the encircling loop,
the Start/End point in (y, §) space is set at y =0 and
§=5x 1073, corresponding to the Hermitian model in
Fig. 1(a). The parameter loop is designed as functions of
the coordinate z,

y = Ay sin(2mz/L), (3)
8§ =8y — Adsin(rz/L), (4)

where 8y, Ay, and A$ are respectively set as 5 x 1073,
6x 1073, and 7.5 x 1073 to make sure that all the EPs
(VEP min=—5.33 X 1073, ¥Ep max=15.33 x 107%) can be
encircled in the loop, and L represents the length of
evolution period. Figure 2(d) plots the waterdrop-shaped
parameter loop encircling the EPs. At the Start/End point,
four edge modes are distributed similarly to those in
Fig. 1(d). The state of the system during the evolution can
be regarded as the weighted superposition of all instanta-
neous eigenmodes. The quantum adiabatic approximation
and breakdown of the adiabatic theorem in the presence
of loss and gain indicate that the system tends to evolve
to the stable mode with the lowest relative loss (or the
largest gain) when parameters adiabatically encircle the
EPs [34,54-56]. Simultaneously, the unique topological
property of the Riemann surface in the vicinity of the
EPs reveals that opposite encircling directions can result
in different tendencies of mode evolution, representing an
asymmetric mode switching. For a multistate system, the
dynamics of encircling an arbitrary number of EPs can be
analyzed by treating the multiple EPs as a whole [50].

To facilitate the analysis of the mode evolution process
and predict the tendency of mode switching, the highest-
gain modes are marked in different areas of (y, §) space,
as shown in Fig. 3(a). The designed parameter loop is
plotted with a white curve. The (y, &) space is divided
into six regions: the four colored ones correspond to the
highest-gain edge modes and the gray regions represent the
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(a) Real and (b) imaginary parts of the eigenvalues in (y, §) space with ¥y <0 and y > 0, respectively. The eigenvalue

surfaces for the bulk and edge states are distinguished by the gray and black frames, respectively. (c) Positions of the EPs with
different numbers of periods. As N tends to infinity, two isolated EPs and two ELs can be observed. (d) The designed parameter loop

that encircles all the EPs.

bulk modes. For N =4, distributions of the highest-gain
edge modes are plotted in the insets of the correspond-
ing regions. When the system parameters change slowly
enough, NATs occur due to a breakdown of the adia-
batic theorem when the weight of the highest-gain mode
in the mixed state is lower than those of other modes.
As a result, the weight of the highest-gain mode increases
and gradually dominates in the system [34]. If an arbitrary
edge mode acts as the initial state of the system, multi-
ple NATSs occur in the whole encircling process. However,
the final dominant mode depends on the last NAT. As the
Start/End point of the loop is located on the boundary
between the blue and red regions, the clockwise (CW) and
counterclockwise (CCW) encirclements make the parame-
ters approach the destination from the red and blue sides,
respectively. Therefore, we can predict that the CW and
CCW encirclements will lead to edge modes IV and I as
the dominant output modes respectively.

The evolution of eigenvalues along the parameter loop
is plotted in Figs. 3(b) and 3(c). For the CW encirclement
corresponding to evolving from z =0 to z =L, the imagi-
nary parts of the eigenvalues for edge modes I and III are
negative (gain) while those for edge modes II and IV are
positive (loss) before the middle of the evolution process.
After that, the signs of the imaginary parts of all these
four eigenvalues reverse, thus modes II and IV become
the gain modes. In the case of the CCW encirclement,

opposite results can be obtained as the evolution direction
is reversed. For further demonstration on the NAT-related
asymmetric mode switching, we calculate the evolution of
the amplitudes of all eigenmodes by solving the coupled
mode equations for N =2 (see Sec. A in the Supplemen-
tal Material [57]). The calculation results indicate that, as
the encircling loop is about to reach the end, the amplitude
of the highest-gain mode is always much larger than all
the other modes, regardless of the initial edge modes. As
depicted by the red and blue arrows in Fig. 3(c), the cor-
responding edge modes IV and I become dominant in the
final state of the evolution for propagation along +z and
—z directions, respectively, which verifies the prediction
above. The chiral dynamics induced by encircling the EPs
is irrelevant to the term « in Eq. (2), as the value of « only
shifts the energy surfaces while the topological properties
are completely unaffected.

IV. ASYMMETRIC SWITCHING OF EDGE
MODES IN OPTICAL WAVEGUIDE ARRAYS

In this section, we demonstrate the asymmetric switch-
ing of edge modes utilizing 2D slab waveguide arrays. As
illustrated in Fig. 4(a), the waveguide array is composed
of three types of waveguides with different modulations
of refractive indices, which are marked with red, green,
and blue, respectively. Light propagates in the waveguides
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(a) The mode with the highest gain (i.e., the corresponding eigenvalue with the smallest imaginary part) in (y, §) space. (b)

Real and (c) imaginary parts of the eigenvalues as § and y evolve along the trajectory shown in (a). Eigenvalues of the bulk states
are plotted in gray and those of the four edge states are plotted in blue, magenta, green, and red. The black arrows in (b) indicate the
correlation between the encircling directions and evolution of z. The red and blue arrows in (c) mark the edge modes with the lowest
imaginary parts of the eigenvalues (i.e., the highest gain) when z is about to reach both ends.

along the z axis. The waveguide array can be described by
a coupled mode equation

a(z) a(z)
ax(z) ax(z)
—i— : = kOH : ’ (5)
dZ . .
asy (2) asn(2)
asn+1(2) asn+1(2)

where k is the propagation constant in free space and a,,(z)
stands for the complex mode amplitude in the mth waveg-
uide [58,59]. The Hamiltonian matrix H is given in Eq. (2),
in which § and y vary with z, and the term « represents the
effective mode index of the unmodulated waveguides.

In the simulations, the operating wavelength is set at
Xo=1550 nm (i.e., k)=4.0537 pm~') and the widths
of all the slab waveguides are set as w=800 nm.
The refractive indices of the background and waveg-
uides 4, B, and C are respectively defined as ny=1.7,
ny(z) =2.0055 — 0.0083sin(wrz/L) + i[0.0066sin(27z/L)],
ng=2, nc(z)=1.9945+ 0.0083sin(;rz/L) — i[0.0066sin

(27z/L)], which ensures that the parameter loop is con-
structed as designed previously. Figure 4(b) plots the
modulation functions of the real and imaginary parts of
ny and ne. To fulfill the requirement of constant cou-
pling strengths k ;=6 x 10~* and k,=2.6 x 1073, the gaps
between intracell and intercell adjacent waveguides are set
as g4p1= 1265 nm, gpc1= 1275 nm, g4p,=850 nm, and
2pcr= 860 nm. The perturbation on the coupling strength
caused by varying refractive indices of waveguides is far
less than x| and «,, indicating that x; and x, can be
regarded as constants (see Sec. C in the Supplemental
Material [57] for details). In addition, the next-nearest-
neighbor coupling is below 10~4, which is negligible and
the tight-binding model is well satisfied.

Effective mode indices and distribution of eigenmodes
of the slab waveguide arrays at terminals are calculated
using COMSOL Multiphysics. For N =2, 3, and 4, the effec-
tive mode indices and corresponding distributions of E,, for
four edge modes are shown in Figs. 4(c)—4(e), respectively.
The numerically calculated effective mode indices are in
good agreement with the theoretical results [Fig. 1(c)] for
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(a) Scheme of the planar waveguide array designed based on the truncated lattice model. The waveguides are arranged along

the x axis, and the light propagates along the z direction. Waveguides 4, B, and C are shown in red, green, and blue, respectively.
(b) Modulation functions for complex refractive indices of waveguides A4 and C. (c)(e) Calculated effective mode indices for the
eigenmodes of waveguide arrays with N =2, 3, and 4, respectively. Distributions of E, components of four edge modes are also
shown below. The corresponding positions of the waveguides are marked with the gray bars.

both bulk modes and edge modes. E, profiles along the
x axis for edge modes -1V also fit well with the eigen-
states in Fig. 1(d), indicating that the slab waveguide array
can be well described using the proposed 1D lattice model.
Moreover, for an arbitrary number of unit cells, the slab
waveguide array is still able to support the desired edge
modes at both boundaries.

To guarantee that the parameters vary sufficiently slowly
along the z axis for adiabatic evolution and high efficiency
of mode switching [39,40,60], the length of the waveguide
array for N =2 is set as 2500 pm. Figure 5 presents the dis-
tribution of electric field amplitude (|E|) in the waveguide
array and the corresponding £, component at input and

output terminals. The power is normalized in the propaga-
tion direction to clearly reveal the mode-transfer process.
For each edge mode, the amplitudes in the three waveg-
uides closest to the boundary of the array are much larger
than the rest. Therefore, we focus only on the field in
these waveguides to identify the edge modes at the out-
put terminal. For incident edge modes -1V at z=0 (CW
encirclement), as displayed in Fig. 5(a), the output is dom-
inantly occupied by the mode localized at the left side of
the waveguide array. In addition, the £, components of
the output edge modes display a phase difference of zero
at the three left-most waveguides for all four situations.
This indicates that incident edge modes can be switched
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FIG. 5. Numerically simulated electric field profiles with edge
modes injected at (a) z=0 and (b) z=2500 pm for the waveg-
uide array with N =2. The distributions of the £, component
at both terminals with the length of 0.8 pum are also shown.
The corresponding encircling directions in (y, §) space for both
propagation directions are marked by the arrows at the top right
corner.

to mode IV, regardless of the input modes. In contrast,
for incidence at z=L [CCW encirclement, Fig. 5(b)], the
output is dominantly occupied by the mode localized at
the right side with a phase difference of 7, indicating that
incident edge modes are switched to mode 1.

By solving the ratio of the power of each eigenmode
to the total power at the output terminal of the waveguide
array through [34,35]

_ |/ ey x|’
S Y dx [ o*@)e)dx’

n (6)

where ¢ and i stand for the distribution of the desired
edge mode and the simulated output field at z=L or 0,
respectively, mode-transfer efficiencies above 98% can
be obtained for all eight situations. To summarize, these
results demonstrate an efficient asymmetric switching
behavior of the edge-localized modes by dynamically

encircling multiple EPs in a multistate system. In addi-
tion, it should be noted that the edge modes can be
identified with both the intensity and phase distributions,
which is significantly different from those in individual
PT-symmetric and anti-PT-symmetric systems. The evo-
lutions of edge modes in waveguide arrays with disturbed
coupling coefficients caused by moving part of the waveg-
uides along the x axis are also simulated and the calcu-
lated mode-transfer efficiencies are still close to 100%,
according to the simulation results (see Sec. C in the Sup-
plemental Material [57] for details), which indicates the
robustness of the mode-switching characteristics of the
system.

We also investigate the mode evolution in the waveg-
uide array with N =3 and N =4. Structural parameters
and refractive index distributions of the waveguide arrays
are kept unchanged. It should be noted that as the number
of waveguides increases, the propagation length needs to
be increased to ensure a high mode-transfer efficiency. As
a result, the waveguide length is set as L =3000 pm for
N =3 and L=3400 pm for N =4, respectively. Figure 6
displays simulated distributions of E), components at input
and output terminals of the waveguide arrays (see Sec. B in
the Supplemental Material [57] for the normalized |E| pro-
files). Similarly, the CW encirclement leads to a switching
to edge mode 1V, while the CCW encirclement leads to
a switching to edge mode I, indicating that the asymmet-
ric switching of the edge modes is still effective for the
waveguide arrays as NV increases. According to the electric
field distributions of edge mode IV (I) and the outputs at
z =1L (0), the calculated mode-transfer efficiencies are also
close to 100%. Furthermore, the limited distribution range
of the multiple EPs ensures that there are parameter loops
that can encircle all the EPs even though the system tends
to infinity. Therefore, the asymmetric switching of edge
modes can be realized in more complex multistate systems
by dynamically encircling an arbitrary number of EPs.

The mode switching discussed previously utilizes the
spatial modulation of complex refractive indices. For prac-
tical applications, multiple methods can be used for achiev-
ing this purpose in waveguide array systems. For example,
utilizing materials with variable refractive indices, such
as liquid crystal [61] and lithium niobate [62], the refrac-
tive index modulation can be realized via the electro-optic
effect. In addition, the variation of effective mode indices
along the propagation direction can also be achieved by
varying the sizes of the waveguides. The propagation loss
and gain can be introduced by adding geometrical defects
for enhanced scattering [63] and materials with light
absorption or amplification [64] into the waveguide struc-
tures. Furthermore, the femtosecond-laser direct-writing
techniques are also proved to be an effective method for
fabricating waveguides with spatially variable effective
mode indices [50]. These methods are highly desirable
for the realization of mode switching in on-chip optical
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systems and pave the way for further exploration on the
experimental feasibility of this work.

V. CONCLUSION

In conclusion, an asymmetric switching of edge modes
by encircling multiple EPs is demonstrated. A multistate
non-Hermitian system is constructed based on a 1D lattice
model, which supports multiple EPs in parameter space as
well as four edge-localized modes. Dynamically encircling
the EPs results in the specific edge mode possessing the
largest gain surviving as the output, and this is determined
by the encircling direction. Asymmetric switching of the
edge modes through dynamically encircling multiple EPs
is further demonstrated in optical waveguide arrays with
refractive index modulation, in which CW (CCW) encir-
clement leads to an output mode localized at the left (right)
side of the waveguide array with a phase difference of 0
(), regardless of the input modes. Moreover, this effect
can be extended to the multistate system with an arbi-
trary number of EPs. This work enables investigation of
interesting effects in non-Hermitian physics by engineering
the EPs and topological properties, especially for complex
multistate systems. Furthermore, this work offers an alter-
native approach for switching the edge states of lattices,
which will be useful for various nanophotonic devices,
including mode convertors, optical switching, and routers.
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