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Sub-attosecond time delays of photoemission from asymmetric cores of molecules
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We theoretically study the extreme ultraviolet (XUV) photoemission of the asymmetric molecular ion HeH2+

beyond the dipole approximation. Based on the double-slit interference of the photoelectron emitted from two
atomic cores, we propose a scheme to obtain the XUV photoemission time delays originated from different
physical mechanisms. In our study, two types of sub-attosecond photoemission time delays are identified and
extracted from the observable photoelectron momentum distributions. One is the so-called birth time delay,
originated from the travel time of the photon across the molecule, and the other is the escaping time delay of
the photoelectron from two different cores. The present study shows the observable evidence demonstrating that
in single-photon ionization, it takes more time for the photoelectron escaping from the helium nucleus than that
from the proton.

DOI: 10.1103/PhysRevResearch.6.043150

I. INTRODUCTION

Time-resolved measurement performed on quantum sys-
tems is one of the most fascinating topics in the attophysics
community. Since the attosecond pulses of extreme ultraviolet
(XUV) radiation is experimentally accessible via the high-
order harmonic generation process [1–5], scientists are now
able to uncover the microscopic dynamical processes on the
attosecond (1 as = 10−18 s) and even zeptosecond (1 zs =
10−21 s) timescales [6–9]. In quantum mechanics, the physical
quantity of time enters the expression of the wave function
as a phase term, indicating that the photoemission time delay
is directly linked to the phase shift of the electronic wave
function in the ionization process [10]. Therefore, extracting
the phase shifts for photoelectrons is the key to studying the
time delays in XUV photoemission.

Yet, the phase of the electronic wave function is not directly
measurable in experiments. In previous studies, the tech-
niques of attosecond streaking [11–14] and reconstruction of
attosecond beating by interference of two-photon transitions
(RABITT) [15–19] are two prevailing approaches to study
the photoemission time delays. In both methods, a weak near-
infrared streaking pulse with adjustable time delay is required
for the extraction of the XUV ionization delay. However, it is
pointed out [20–24] that the participation of the near-infrared
pulse introduces the additional Coulomb-laser coupling
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phase, which needs to be ruled out to obtain the photoemission
delay. In the present work, alternatively, we demonstrate that
it is possible to extract the phase shift and the ionization time
delays between the electronic wave packets from two differ-
ent atomic cores via the double-slit interferometric method,
without additionally applying the streaking fields.

When a diatomic molecule interacts with the XUV pulse,
as shown in Fig. 1, the electronic wave packets are emitted
from two cores, eventually forming a double-slit interference
pattern in the photoelectron momentum distribution (PMD)
[25–31]. In principle, the information regarding the internu-
clear distance and the phase shift between two wave packets
is imprinted in the interference pattern. In the special case of
symmetric molecules, the phase shift is associated with the
birth time delay caused by the nondipole effect [9]. It is shown
that the birth time delay can be obtained from its relation to the
interference maxima or minima of the PMDs and the internu-
clear distance [9,32,33]. In more general cases of asymmetric
molecules, however, the weights of two coherent wave packets
differ from each other. As a result, the phase shift between
two electronic wave packets is no longer simply related to the
interference maxima or minima of the PMDs. Moreover, the
time delay for the photoelectron escaping from two different
cores would additionally introduce the phase shift between the
ionizing wave packets, as indicated by the solid and dashed os-
cillating curves in Fig. 1. Therefore, to study the XUV photoe-
mission delays of asymmetric diatomic molecules, one needs
not only to extract the total phase shift from the interference
pattern, but also to identify the respective contributions of the
time delays of different mechanisms. To this end, a scheme
is proposed to obtain the phase shifts of the wave packets
emitted from two different cores, based on the Fourier anal-
ysis of the double-slit interference patterns of the observable
PMDs. By further taking advantage of the underlying physical
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FIG. 1. The physical picture of the photoemission of HeH2+ driven by an XUV pulse. When the pulse propagates along the molecular
axis and interacts with the molecule, the coherent electronic wave packets are emitted from two cores with a phase shift, due to the so-
called birth time delay [9] as the photon travels across the molecule with the speed of light. Then, the outgoing wave packets propagate on
different Coulomb potentials of two cores of the molecule, leading to an additional phase shift between them, as indicated by the solid and
dashed oscillating curves. Eventually, the information of the total phase shift and the internuclear distance is imprinted in the modulated
photoelectron momentum distribution of single-photon ionization. Based on the double-slit interference model, it is possible to extract the
encoded information from the interference pattern. See the main text for details.

mechanisms, we demonstrate that two types of sub-attosecond
time delays in the XUV photoemission of the asymmetric
molecular ion HeH2+ can be identified and extracted.

II. NUMERICAL METHOD

We numerically solve the nondipole two-dimensional (2D)
time-dependent Schrödinger equation (TDSE) in the Carte-
sian coordinate system for HeH2+ aligned along the x axis.
For the nondipole TDSE, the incident pulse propagating in
time and space is accounted and, in the present study, the
XUV laser pulse is linearly polarized in the y direction and
propagates towards the +x direction. The nondipole TDSE is
given by (in atomic units) [34]

i
∂

∂t
�(r, t ) =

{
1

2
[−i∇ + A(η)]2 + V0(r)

}
�(r, t ), (1)

where �(r, t ), r = (x, y), A(η), and V0(r) represent the elec-
tronic wave function, the coordinate of the electron, the vector
potential of the laser pulse, and the Coulomb potential, re-
spectively. To reproduce the ionization potential of HeH2+

in its first excited state at different internuclear distance, the
modified soft-core potential in the following is used [35]:

V0(r) = −ZL

1/a(R) − a(R)/b +
√

x2+ + y2 + [a(R)/b]2

+ −ZR

1/a(R) − a(R)/b +
√

x2− + y2 + [a(R)/b]2
, (2)

with x± = x ± R/2 and ZL,R being the locations and charger
numbers of the left and right cores of the molecule, respec-
tively. a(R) and b = 5 are the soft-core parameters. In our
calculations, a(R) is adjusted at the different internuclear

distances to reproduce the ionization potentials of HeH2+ in
its first excited state at the corresponding R [36]. The vector
potential of the XUV laser pulse is given by

A(η) = Ay(η)ey = E
ω

sin4

(
πη

NT

)
cos(η)ey, (3)

with η = ω(t − x/c) where c is the speed of light in vacuum,
and ω, T = 2π/ω, E , and N indicate the laser frequency, the
optical cycle, the electric field amplitude, and the number of
the optical cycles of the full pulse, respectively. In the present
simulations, the laser parameters are chosen as ω = 29.40 a.u.
(corresponding to the photon energy of 800 eV), E = 23.87
a.u. (corresponding to the intensity of 2 × 1019 W/cm2), and
N = 50 unless stated otherwise. Noted that the light propagat-
ing in time and space is included within the definition of the
laser vector potential given in Eq. (3).

The nondipole TDSE is numerically solved using the split-
operator spectral method with modifications [33,37], in order
to deal with the space-dependent vector potential. The initial
stationary wave functions are obtained by the imaginary-time
propagation method. The real-time propagation includes two
parts: the interaction and the free propagation afterwards.
For the interaction part, the evolution starts when the XUV
pulse enters the box of the 2D grid and ends when the tail
of the pulse lefts the box. We have chosen a 2D grid large
enough to contain the majority of the ionizing wave packets
until the interaction process ends. This is guaranteed and has
been verified in our calculations. After the interaction, we
continue the evolution of the wave function without external
fields and apply the absorbing potential to split the outgoing
wave packets. In this case, one can solve the TDSE and obtain
the photoelectron momentum distributions in the conventional
way [38,39]. Regarding the simulation parameters, there are
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FIG. 2. (a) and (b) The initial wave functions of the first excited
state of HeH2+. (c) and (d) The photoelectron momentum distribu-
tions for the interactions of HeH2+ with the XUV laser pulse, which
is polarized along the y axis and propagates towards the +x direction.
(e) and (f) The integrated momentum distributions as a function of
px . The results shown in the left and right columns correspond to the
internuclear distances of R = 3.89 a.u. and R = 8 a.u., respectively.

4000 × 4000 grid points of the box. The spacing steps are
�x = �y = 0.1 a.u. The time step for the evolution of the
wave function is chosen as δt = 0.005 a.u.

III. RESULTS AND DISCUSSION

By numerically solving the TDSE beyond the dipole ap-
proximation, we calculate the PMDs for the photoionization
of the asymmetric molecular ion HeH2+ driven by XUV
pulses. As we are focusing on the electronic dynamics on
the sub-attosecond timescale, the nuclei would barely move
within such short duration. Here, in each calculation, the in-
ternuclear distance is fixed at R. To compare intuitively the
results for the equilibrium internuclear distance and those for
a larger internuclear distance, we show in Figs. 2(a) and 2(b)
the initial wave functions of HeH2+ in the 2pσ excited state
at R = 3.89 a.u. (the equilibrium internuclear distance) and
R = 8 a.u., respectively. Accordingly, the PMDs are shown
in Figs. 2(c) and 2(d). The ring structures with modulations
can be observed in the PMDs. Meanwhile, the modulation
becomes denser as the internuclear distance is increased. It is a
typical feature of the double-slit interference in single-photon
ionization of diatomic molecules.

To extract the desired information from the interference
patterns, we start with writing the wave functions of

the photoelectron emitted from the left and right nuclei,
respectively, as [33,40–42]

�L(p) = AL(p)

× exp{i[p · rL − Ek (t − τL) − Ekτb + φ0]}, (4)

�R(p) = AR(p)

× exp{i[p · rR − Ek (t − τR) − E0τb]}. (5)

Here, Ek = p2/2, E0, and rL,R = r ± Re/2 indicate the final
kinetic energy of the photoelectron, the binding energy of the
initial state, and the emitting locations of the photoelectron,
respectively. Note that Re instead of R is used for the
equations because the effective double-slit distance Re might
differ from the internuclear distance R [32]. τb indicates
the birth time delay originated from the travel time of the
photon across the molecule and τL,R the time delays of
the half-collision [20] of the photoelectron in the Coulomb
potentials of two cores. φ0 = π is the initial phase shift due
to the wave function of the first excited state of HeH2+. Then,
the photoelectron momentum distribution can be written as

M(p) = |�L(p) + �R(p)|2
= |AL(p)|2 + |AR(p)|2

+ Am(p) exp [+i(pxRe + φτ + φ0)]

+ Am(p) exp [−i(pxRe + φτ + φ0)], (6)

with

φτ = −(Ek − E0)τb + Ek (τL − τR) (7)

and Am(p) = AL(p)AR(p). Note that in Eq. (6) we have
applied p · (rL − rR) = p · Re = pxRe since the molecule is
aligned along the x axis.

On the right-hand side of Eq. (6), we can see that the sum
of the third and fourth terms plays the role of modulating the
PMDs in the dimension of px. This feature can be observed
clearly in Figs. 2(e) and 2(f), where we show the momentum
distributions M(px ) by integrating the 2D PMDs over the py

direction. In contrast to the XUV ionization of H+
2 [32,33],

the minima of the distributions M(px ) for HeH2+ are nonzero,
due to the different weights of two coherent wave packets.
In this case, as mentioned previously, knowing the maxima
or minima of the modulated PMDs is no longer sufficient to
obtain the physical information encoded in the phase terms
of Eq. (6).

In the following, we introduce the method that allows us
to extract the values of Re and φτ simultaneously from the
observable M(px ). The extraction procedure includes three
steps. First, by applying the Fourier transformation to M(px ),
we have

Ĝ( fpx ) = F [M(px )]

= Ĝ0
(

fpx ) + Ĝ+( fpx

) + Ĝ−
(

fpx

)
= F [|AL(px )|2 + |AR(px )|2]

+F {Am(px ) exp [+i(pxRe + φτ + φ0)]}
+F {Am(px ) exp [−i(pxRe + φτ + φ0)]}. (8)

On the right-hand side of Eq. (8), Ĝ0( fpx ) contributes to
the Fourier spectrum centered at the fpx = 0 since the
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FIG. 3. (a) The spectrum of Ĝ( fpx ) obtained from the Fourier
transformation of the momentum distribution M(px ) shown in
Fig. 2(e), together with the spectrum of Ĝ+( fpx ) filtered out from
Ĝ( fpx ) by a step function. (b) The phase and the amplitude as a
function of px extracted from the inverse Fourier transformation of
Ĝ+( fpx ). According to Eq. (8), Re equals the slope of φ(px ), and the
value of φ(px = 0) equals φτ + φ0.

amplitudes AL,R(px ) are typically Gaussian-like distributions
for single-photon ionization, while Ĝ±( fpx ) results in the
Fourier spectra peaked at around fpx = ±Re due to the os-
cillating terms ±pxRe of the phase. Second, as long as the
distributions of Ĝ0( fpx ) and Ĝ±( fpx ) are well separated in the
spectrum, one can filter out the data of Ĝ±( fpx ) and apply the
inverse Fourier transformation. Given that F−1[Ĝ±( fpx )] =
Am(px ) exp[±i(pxRe + φτ + φ0)], one can obtain the ampli-
tude Am(px ) and the phase φ(px ) = Re px + (φτ + φ0) in this
step. Finally, as the phase φ(px ) is a linear function of px, one
can easily find from the data the slope Re and the value of
φ(px = 0) = φτ + φ0.

As an example to demonstrate the Fourier analysis method
discussed above, we analyze the PMD data [shown in
Fig. 2(e)] for the XUV ionization of HeH2+ at its internuclear
distance R = 3.89 a.u. We calculate the Fourier transforma-
tion of M(px ) and show the corresponding spectrum |Ĝ( fpx )|2
in Fig. 3(a). It is clear that |Ĝ( fpx )|2 consists of three well-
separated peaks, corresponding to three different oscillation
frequencies of M(px ), which are consistent with Eq. (6) and
the discussion above. Note that in this step both the amplitude
and the phase of Ĝ( fpx ) are obtained from the calculation.
Next, we filter out Ĝ+( fpx ) by applying a step function to
Ĝ( fpx ), as indicated by the dash-dotted curve in Fig. 3(a).

Given that Ĝ+( fpx ) = F {Am(px ) exp[+i(pxRe + φτ + φ0)]}
according the Eq. (8), by performing the inverse Fourier trans-
formation of Ĝ+( fpx ), we can obtain the amplitude Am(px )
and, more importantly, the phase φ(px ). The results are shown
in Fig. 3(b). It is clear that the extracted phase indeed shows
the linear dependence on px. Finally, via linear regression
analysis of the data of the extracted phase, the slope for Re

and the value of φ(px = 0) = φτ + φ0 can be obtained.
Based on the analysis scheme above, the phase shift φτ

between the wave packets emitted from two nuclei of the
molecule can be obtained from the double-slit interfered
PMD. Yet, according to Eq. (7), two unknown variables need
to be determined: the birth time delay τb and the escap-
ing time delay τC = τL − τR from two atomic cores. The
latter one is vanishing for symmetric molecules, in which
case one can obtain τb straightforwardly from the extracted
φτ , without relying on measuring the internuclear distance.
Such advantage of the present scheme will enhance the
reliability of extracting the time delays, since the effec-
tive double-slit distance Re for the emitting wave packets
differs from the molecular internuclear distance in some
situations [32].

For the asymmetric molecule HeH2+, however, τC is not
vanishing. Thus, we need two sets of data to resolve τb and τC

from the phase shift φτ . To this end, the molecule is orientated
in the opposite directions along the x axis for two sets of simu-
lations, respectively, while the XUV pulse always propagates
towards the +x direction. According to Eq. (7), the electronic
phase shifts in these two scenarios are written, respectively, as

φHeH
τ = −(Ek − E0)τb + EkτC, (9)

φHHe
τ = −(Ek − E0)τb − EkτC, (10)

where τC ≡ τHe − τH indicates the escaping time delay for
the photoelectron from two cores. The superscripts (HeH and
HHe) indicate two opposite orientations of the molecule along
the x axis. Then, by solving the equation set of Eqs. (9) and
(10), one can eventually obtain the time delays τb and τC,
which are given by

τb = φHeH
τ + φHHe

τ

−2(Ek − E0)
, (11)

τC = φHeH
τ − φHHe

τ

2Ek
. (12)

One can see that the time delays are eventually given by the
phase shifts encoded in PMDs divided by energy. It can be un-
derstood in the following way. For the wave functions of free
electrons, the phase term is accumulated via the energy times
time in general. Then, the phase shift between two coherent
electronic wave packets at constant energy will reflect the time
delay between them. As a result, the time delays based on the
phase shifts extracted from PMDs would have the form of a
phase shift divided by energy. According to Eqs. (11) and (12),
one can determine two types of time delays by measuring the
PMDs for the oppositely orientated HeH2+.

In Fig. 4(a), we show the extracted phase shift φτ as
a function of the internuclear distance. The results are ob-
tained from the corresponding PMDs for the XUV ionization
of HeH2+ under two opposite orientations, based on the
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FIG. 4. (a) The phase shift φτ between the photoelectron wave
packets emitted from two cores as a function of internuclear distance.
The results for two opposite orientations of the molecule are shown.
(b) The time delays for the photoemission of HeH2+. See the main
text for details.

extraction scheme discussed above. Accordingly, the time de-
lays, τb and τC, are calculated based on Eqs. (11) and (12)
with the extracted phase shifts. The results are showed in
Fig. 4(b). For comparison, we show the delay given by Re/c
and R/c, where Re is also extracted from the PMDs and R
is the internuclear distance used in the simulation. One can
see that the extracted birth time delays τb agree with Re/c
and R/c very well. The deviation between them is less than
2% in our simulations. It demonstrates the reliability of the
present scheme of data extraction from the observable PMDs.
On the other hand, our result shows that the nonvanishing
photoemission time delay τC is positive and generally below
one attosecond under the photon energy of 800 eV. It sug-
gests that it takes more time for the photoelectron escaping
from the He core than from the H core. This is reasonable
since the Coulomb attraction of He2+ to the photoelectron
is stronger than that of a proton. In addition, τC becomes
smaller as the internuclear distance decreases. This is because
at small internuclear distances the Coulomb potentials of two
nuclei overlap with each other and the difference between the
Coulomb potentials at two nuclear locations is not as much as
those when two nuclei are well separated.

Based on the present scheme for extracting time delays
from the PMDs, we further study the dependence of the pho-
toemission delays of HeH2+ on the photon energy ranging
from 600–1600 eV. The phase shifts φτ and the time delays for
the cases of the equilibrium internuclear distance (R = 3.89
a.u.) and larger internuclear distance (R = 10 a.u.) are shown
in the left and right columns of Fig. 5, respectively. For both
cases, the extracted birth time delays agree generally with

600 1000 1400
-0.8

-0.6

-0.4

-0.2

0

600 1000 1400
-1.5

-1

-0.5

0

600 1000 1400
0

0.2

0.4

0.6

0.8

600 1000 1400
0

1

2

(a) (b)

(c) (d)

FIG. 5. The phase shift φτ and the photoemission time delays as
a function of the photon energy of the XUV pulse. The results for the
molecule at two internuclear distances are shown in the left and right
columns, respectively.

the corresponding travel time R/c of the photon across the
molecule, independent of the photon energy. On the other
hand, we can see the increasing tendency for the escaping
time delay τC as the photon energy reduces. It can be at-
tributed to the higher impact of the Coulomb potentials on the
slower photoelectrons. The observed tendency indicates that
it takes more additional time for the slower photoelectron
to escape from the He core with respect to that from the H
core.

So far, we have showed two types of photoemission time
delays originating from different mechanisms for asymmet-
ric diatomic molecular systems. First, the birth time delay
of photoelectrons is due to the travel time of the photon
across two nuclei of the molecule. As the speed of light is
constant, the extracted birth time delay is insensitive to the
laser parameters. Instead, the birth time delay depends on
the molecular internuclear distance. Second, the time delay
for photoelectrons escaping from two cores depends on the
Coulomb attraction of the cores as well as the kinetic energy
of the photoelectron. Thus, the escaping time delay would
be sensitive to the details of the Coulomb potential and the
photon energy of the driving pulse.

IV. CONCLUSION

In conclusion, we have studied the photoionization of the
asymmetric molecular ion HeH2+ driven by XUV laser pulses
and focus on the time delays for the photoelectrons emitted
from different atomic cores. By analyzing the photoelec-
tron momentum distributions, we propose and demonstrate
a scheme to extract the phase shift of the ionizing wave
packets, based on the double-slit interference. It is further
shown that the birth time delay and the escaping time delay
for the photoelectron emitted from two cores can be dis-
tinguished and obtained. As only one XUV laser pulse is
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used in the present study, our scheme excludes the effect of
streaking fields that is unavoidable in the attosecond streak-
ing or RABITT. Our study presents the direct evidence from
observables and demonstrates that it takes more time for the
photoelectron escaping from the He2+ than that from the
proton.

The proposed scheme for extracting time delays is
primarily associated with the double-slit interference of
photoelectrons and does not rely on the chosen molecular
system or theoretical models. Therefore, although the
simulation in the present study is based on a two-dimensional
model of HeH2+, our scheme would be generalized to other
diatomic molecular systems in three-dimensional cases, as
long as the double-slit interference patterns of photoelectrons
are observable. The proposed scheme in the present work
provides the access to resolving the sub-attosecond dynamics

for future experimental studies on ultrafast strong-field
phenomena.

The data that support the plots within this paper and other
findings of this study are available from the contact author
upon reasonable request.
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