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Abstract
We discuss the non-dipole effect in high-order harmonic generation from atoms driving by a
linearly polarized vortex beam. Different from the selection rule under the dipole
approximation, where only odd high harmonics are allowed, both even and odd harmonics are
generated in the vortex beam. Moreover, the polarization states of the harmonics are
modulated. Elliptically polarized high harmonics can be directly generated with a linearly
polarized vortex beam. We show that these non-dipole effects arise from the orbital angular
momentum and spin angular momentum of the vortex beam.

Keywords: high-order harmonic generation, multiphoton ionization and excitation to highly
excited states, photon interactions with atoms

(Some figures may appear in colour only in the online journal)

1. Introduction

Angular momentum is a fundamental property of light, simi-
lar to energy and linear momentum. In paraxial condition, it
can be split into a spin part called spin angular momentum
(SAM), and an orbital part called orbital angular momentum
(OAM) [1, 2]. Macroscopically, the OAM of light manifests
itself in the spatial properties of the light and the SAM refers
to the helicity of the light. One of the most widely used beams
with well-defined OAM and SAM is the vortex beam which
has an azimuthal phase dependence of eilφ, where l is the topo-
logical charge and φ is the azimuthal angle [3, 4]. Due to its
OAM, the vortex beam has attracted a great deal of attention
in optical communication [5], micromanipulation [6, 7], and
quantum optics [8, 9]. In these applications, the large OAM
plays an important role. For example, in optical communi-
cation, the OAM of the vortex beam can provide an extra
degree of freedom for communication and, with the OAM
increasing, the capacity of communication systems can be

∗ Author to whom any correspondence should be addressed.

increased [5]. Recently, some researchers find that utiliz-
ing a nonlinear light–matter interaction called high-order
harmonic generation (HHG), a tunable extreme-ultraviolet
(XUV) vortex beam with high topological charge can be
obtained [10–14]. On the other hand, as light–matter inter-
action inherently includes the exchange of angular momen-
tum, the investigation of vortex HHG has great significance
in revealing the underlying physical property of the angular
momentum of light [15–19].

HHG is usually understood by the three-steps model [20].
First, the electron is freed by a strong laser field. Then it
is accelerated and oscillated in the laser field. Finally, when
the electron approaches the parent ion, it recombines and the
energy obtained in the laser field is emitted as the form of high-
order harmonics. According to the three-steps model, the max-
imum speed of the recombination electron is E0/ω0, where ω0

and E0 are the frequency and maximum electric amplitude of
the laser field. The maximum range of the electron motion is
±E0/ω

2
0. One can see that for a typical near IR laser with the

intensity of 3 × 1014 W cm−2 and the wavelength of 1600 nm,
the maximum range E0/ω

2
0 ∼ 3.18 nm which is much smaller
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than the wavelength of the driving laser. Therefore, in general,
the spatial form of the laser field is neglected, i.e., the vec-
tor potential A(r, t) (and also the electric field E(r, t)) can be
regarded as A(r, t) = A(t), which is called the dipole approx-
imation [21–23]. In particular, theoretical models of strong-
field physics build heavily on this approximation and it usually
works well for most commonly used laser sources [24–29].
However, because the magnetic field component of the Lorentz
force acting on the electron depends linearly on the electron’s
velocity ve ∝ E0/ω0, high-velocity electrons can be strongly
influenced by the magnetic field [30]. When the laser field is in
the mid-infrared region, e.g., 3.4 μm, the speed of the electron
motion is so large that the dipole approximation is expected
to be broken down. Recently, some phenomena related to the
breakdown of the dipole approximation have been investigated
[30–33], such as a momentum shift in the photon ionization
process under the 3.4 μm driving laser [30]. Nevertheless, it is
generally considered that the dipole approximation works well
in the near IR region [16, 17].

In this paper, we focus on the interaction of a single atom
with the vortex beam. Different from the gauss beam, the vor-
tex beam has a rotational phase in space. This rotational phase
will bring a spatial structure variation of the electric field and
induce a non-dipole effect in HHG. It is shown that, with the
topological charge increasing, although the maximum range
of the electron motion is still much smaller than the wave-
length of the laser field, the spatial phase of the laser elec-
tric field varies very fast and cannot be neglected anymore.
In this case, the dipole approximation is broken down. In a
vortex beam with a high topological charge, the selection rule
of HHG and the polarization of harmonics are changed: (i)
both odd and even harmonics can be generated driven by a
linearly polarized vortex beam. In contrast, only odd harmon-
ics can be generated under the dipole approximation. (ii) The
polarization of the high-order harmonics are also modulated.
The high-order harmonics are no longer linearly polarized but
elliptically polarized.

2. Theoretical model

At first, we discuss the physical model we used here. In the
Coulomb gauge, the vector potential of the vortex beam has
three non-zero polarization components that are in the polar-
ization plane and the propagation direction. These components
will lead to different non-dipole effects in the polarization
plane and the propagation direction [30, 31], allowing us to
study them separately [15]. In this paper, we focus on the non-
dipole effect in the polarization plane which is induced by the
phase gradient of the electric field.

We consider the interaction of a hydrogen atom with ultra-
short vortex pulses. The 2D TDSE describing the dynamics of
the electron beyond the dipole approximation is

i�
∂

∂t
ψ(r, t) = − �

2

2m

[
1
2

(p− A(r, t))2 + V(r)

]
ψ(r, t), (1)

where ψ(r, t) is the electron wavefunction, p is the momen-
tum operator, A(r, t) is the vector potential of the laser field

(atomic units are used). V(r) is the Coulomb potential which
is modeled by a softcore potential:

V(r) = − 1√
r2 + b

. (2)

b is the softcore parameter, which is 0.63 for the hydrogen
atom. The above TDSE can be numerically solved as [34, 35].

The spatial profile of the driving vortex pulse is an
Laguerre–Gaussian (LG) mode:

LGl,m(ρ,φ, z) = E0
W0

W(z)

(
ρ

W(z)

)l

L|l|
m

[
2ρ2

W2(z)

]

× exp

(
− ρ2

W2(z)

)

× exp

(
ik

ρ2

2R(z)
+ iξ(z) + ilφ

)
. (3)

W(z) is the beam width. R(z) is the wave front radius of cur-
vature, given by R(z) = z[1 + ( z0

z )2]. ξ(z) is the gouy phase

and k is the wave number. L|l|
m [x] is the associated Laguerre

polynomial. The indices l = 0,±1,±2, . . . and m = 0, 1, 2, . . .
correspond to the topological charge and the number of radial
nodes of the mode, respectively.

The angular momentum of light is defined as [36, 37]:

J =

∫
�z ×

(
�E × �B

)
dr. (4)

Substituting the vortex beam (LG mode) into equation (4), the
OAM and SAM are described as:

OAM =

∫
iω

ε0

2
(LG∗∇LG − LG∇LG∗)dr, (5)

and

SAM =

∫ ±ω

2
∂|LG|2
∂ρ

φ̂ dr. (6)

It is worth noting that the OAM and SAM mentioned here are
not themselves angular momentum, but refer to the orbital and
spin parts of the angular momentum [37] (although common
practice almost requires us to refer to them as the OAM and
SAM).

The temporal envelope of the light pulse is a trapezoid with
the total pulse duration of 10 optical cycles with 2 cycles on
and off. The light pulse is linearly polarized, the wavelength
of the pulse is 1600 nm and the intensity is 3 × 1014 W cm−2.
The spatial profile of the beam is a vortex beam with the waist
radius W(0) is 30 μm. We only change the topological charge
of the laser field and the position of the atom.

The high-order harmonics are obtained from the time-
dependent dipole acceleration:

sx,y(ω) = |F [ax,y(t)]|2, (7)

where F represents the fourier transform. The dipole acceler-
ation ax,y(t) is obtained by the Ehrenfest method:
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ax(t) = 〈ψ(t)

∣∣∣∣∂(V(r) + E(r, t))
∂x

∣∣∣∣ψ(t)〉.

ay(t) = 〈ψ(t)

∣∣∣∣∂(V(r) + E(r, t))
∂y

∣∣∣∣ψ(t)〉.
(8)

The high-order harmonic spectra can also be spilt into right-
handed and left-handed spectra which are calculated by [38]:

s± = |a±|2 =
∣∣∣∣ 1√

2
F [(ax(t) ± iay(t))]

∣∣∣∣
2

, (9)

where a± are the right-handed and left-handed components of
the harmonic electric fields. The ellipticity of the harmonics is:

ε =
(|a+| − |a−|)
(|a+|+ |a−|)

. (10)

3. The generation of even harmonics

In figure 1(a), we show the harmonic spectra generated from
the vortex beam. The topological charge of the vortex beam
is 200 [39, 40]. The pink one is obtained under the dipole
approximation [A(r, t) = A(t)] and the blue one is calculated
beyond the dipole approximation [A(r, t) = A(r, t)]. One can
see that these harmonic spectra have similar structures, such as
a plateau and a cutoff at the same order. However, the selection
rule of HHG, i.e., the allowed high-order harmonics, is differ-
ent dramatically. For clarity, figure 1(b) displays the detailed
structure of the harmonic spectra in the range of 42nd to 55th.
In contrast with the result under the dipole approximation,
where only odd harmonics can be generated, the harmonic
spectra beyond the dipole approximation have both odd and
even harmonics, i.e., the normal selection rule is broken [41].

According to the theory of the HHG [42, 43], the generation
of the qth order harmonic is limited by the conservation law of
energy, i.e. ωq = qω0, where ω0 and ωq are the frequency of
the fundamental light and the qth harmonic. Besides, under the
dipole approximation, the spatial structure of the laser beam
is neglected and the total system has space-reflection invari-
ance. Therefore, the HHG should also follow the conservation
law of parity. Only odd photons can be absorbed and there are
only odd harmonics [18, 41]. However, in the condition beyond
the dipole approximation, the laser field has a complex spatial
form and the space-reflection invariance of the total system is
broken down. The selection rule will not be limited by the con-
servation law of parity and both the odd and even harmonics
are allowed.

In figure 2(b), we display the average intensities of the even
(blue circles) and odd (red squares) harmonics as a function of
the topological charge l. The average intensities of the even
and odd harmonics are calculated by adding up the intensi-
ties of the even and odd harmonics. One can see that when the
topological charge is zero, the average intensity of the even
harmonics is one order of magnitude lower than that of the odd
harmonics. With the topological charge increasing, the even
harmonics is increased. When the topological charge is 15, the
average intensity of even harmonic is 1/3 of the odd harmonic,
which can be detected in experiment. When the topological

Figure 1. (a) The comparison of the harmonic spectra under the
dipole approximation and beyond the dipole approximation. The
atom is placed at the position where the light beam is strongest
[indicated by the square (b) in figure 2(a)] and the position along the
propagation direction is z = 0 (b) the detailed structure of harmonic
spectra from the order of 42nd to 55th.

charge is greater than 100, the odd and even harmonics are
comparable.

In figure 2(c), we illustrate the average intensities of the odd
and even harmonics (red squares and blue circles, respectively)
as a function of the radial position of the atom, where the topo-
logical charge is 10. We choose different radial positions along
the arrow (c) and calculate the high-order harmonics. To focus
on the relation between the non-dipole effect and the position
of the atom only, the intensity of the vortex beam is adjusted
to 3 × 1014 W cm−2 at the atom vicinity as in reference [15].
The peak laser intensity at the optical axis is increased with the
atom closing to the center of the laser beam. While the radial
distance is 10 μm, the laser intensity is 3 × 1015 W cm−2 and
while the radial distance is 6 μm, it is about 3 × 1017 W cm−2.
Figure 2(c) shows that the intensity of the odd harmonics is
independent of the radial position. On the contrary, the inten-
sity of the even harmonics is increased with the radial position
changing from 14 μm to 1μm. In the range of 14 μm to 8μm,
the intensity of the even harmonics is increased slowly. In the
range of 8 μm to 1μm, the intensity increases very fast.

These phenomena are related to the variation of the laser
spatial structure. According to the previous research about the
OAM [44, 45], a vortex beam with the topological charge l has
the OAM of l�. Besides, we can define a local OAM which
is corresponding to the ratio of the OAM to the energy den-
sity. This definition is based on a semiclassical interpretation
and the OAM in the beam can be written as the integral over
the local OAM. In the three-steps model of HHG, the har-
monics only can be generated by the electrons that are recom-
bined with parent ion. The maximum motion range of these
electrons are E0/ω

2
0. Accordingly, to investigate the influence
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Figure 2. (a) The intensity distribution of the vortex beam at z = 0. The square (b), arrow (c) and arrow (d) indicate the variation of figures
(b), (c), and (d). (b) The average intensity of harmonics as a function of the topological charge when the radial distance of the atom is 14 μm
and the angular position is 45◦. (c) The average intensity of harmonic and the EM-LOAM when the radial distance of the atom is changed
from 14 μm to 1μm, the angular position is 45◦ and the topological charge is 10. (d) The average intensity of harmonic and the EM-LOAM
when the angular position of the atom varies from 0◦ to 90◦, the radial distance is 7 μm and the topological charge is 10.

Figure 3. (a)–(d) The harmonic spectra from the order of 42nd to 55th when the atom is placed at z =−1 mm, −0.5 mm, 0.5 mm and 1 mm.

of the laser spatial structure variation for HHG in this elec-
tron motion region, we can define an electron motion local
OAM and SAM (EM-LOAM and EM-LSAM, respectively)
as an integral of the local OAM and SAM over the electron
motion range [36].

We calculate the EM-LOAM and display it as a function
of the radial position (black line) in figure 2(c). One can see

that with the atom approaching the center of the beam, the
EM-LOAM is increased. In the range of 14 μm to 8μm,
the EM-LOAM is increased slowly. In the range of 8 μm to
1μm, the EM-LOAM increases quickly. The variation of the
EM-LOAM is consistent with the variation of the even
harmonic intensity. Analogously, as shown in figure 2(d), when
the angular position of the atom changes from 0◦ to 90◦ [arrow

4
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Figure 4. The harmonic ellipticity as a function of harmonic order.

(d) in figure 2(a)], the EM-LOAM is unchanged. This result
well matches the variation of the even harmonic intensity.

As discussed in section 2, these non-dipole effects are
induced by the EM-LOAM in the polarization plane. In differ-
ent positions of the z axis (propagation direction), these effects
are similar. To demonstrate it, in figure (3), we display the har-
monic spectra in the range of 42nd to 55th, when the atom
is placed at z = 1 mm, 0.5 mm, −0.5 mm, −1 mm and the
position of the atom in the polarization plane is same with
figure 1(a). Other laser parameters are the same as figure 1.
It is shown that, when the atom is placed at different positions
of the z axis, both the even and odd harmonics can also be
generated, which agrees with the result of figure 1(b).

4. The generation of elliptically polarized
harmonics

Besides the selection rule, the ellipticity of the high-order har-
monics is also modulated due to the non-dipole effect. Figure 4
shows the generated harmonic ellipticity as the function of the
harmonic order. The laser parameters are the same as those
in figure 1 but the atom is placed at the radial position of
7 μm. The ellipticity is calculated based on equation (10). One
can see that the generated harmonics are elliptically polarized,
comparing with the harmonic obtained from the gauss beam
whose ellipticity is zero. In the range of 15th to 30th, the ellip-
ticity of the harmonic is increased from 0.2 to 0.5 which is
larger than that in the plateau. In the plateau region, the elliptic-
ity is about 0.2 and in the cutoff region (>100th), it is increased
to 0.3.

Figure 5(a) shows the phase difference of the electron tra-
jectories in the different recombination energies between the
Gaussian laser beam and the LG laser beam. These phase
represents a classical motion action calculated by [46]:

φ = −
∫ ∞

t0

[
V(t)2

2
− Z

r(t)
+ Ip

]
dt, (11)

where the t0 is the ionization time, V(t) is the speed and r(t)
is the position of the electron. One can see that in the range
of 15th to 30th, the phase changes very quickly and irregu-
larly, which leads to the ellipticity in this range also varies very
large (from 0.2 to 0.5). It means that the spatial variation of the
vortex beam has a big influence on these electron trajectories.
In the plateau, the phase difference is almost a constant cor-
responding to the unchanged ellipticity in this region. In the

cutoff region, the phase difference and the ellipticity decrease
to zero.

Figure 5(b) shows the relation between the average elliptic-
ity and the topological charge. One can see that the ellipticity
of the odd and even harmonics varies around 0.1 and is not
changed with the topological charge. In figure 5(c), we inves-
tigate the relationship between the ellipticity and the radial
position of the atom. With the atom approaching the center
of the beam, the ellipticity becomes larger [see in figure 5(c)].
In detail, in the range of 14μm–4μm, the ellipticity is only
changed from 0 to −0.07. In the range of 4μm–1μm, the
ellipticity of the odd (even) harmonics increases quickly from
−0.07 to 0.44 (0.26). As shown in figure 5(d), when the angu-
lar position of the atom is changed from 0◦ to 90◦, the ellip-
ticity of the plateau harmonic (from 30th to 100th) is almost
unchanged. In figures 5(e) and (f), we calculate the classical
action of the electron trajectories as the function of the recom-
bination energy and the position of the atom. It can be found
that the low order harmonics (<30th) are more sensitive to the
spatial phase variation. In the radial direction, with the atom
closing to the center of the beam, the phase of the plateau har-
monic is increased and on the contrary, the phase of the low
order harmonic is complicated. In the angular direction, the
phase of the plateau harmonic is unchanged with the angle but
the phase of the low order has some phase jump which leads
to the generation of the large ellipticity harmonics.

Analogous to the EM-LOAM, we calculate the EM-LSAM
in the range of the electron motion and display it (black line) as
a function of the topological charge, radial position and angu-
lar position in figures 5(b)–(d), respectively. It is found that
the variation of the harmonic ellipticity is consistent with the
variation of the EM-LSAM. When the atom approaches the
center of the beam, the EM-LSAM is increased. For example,
when the radial position is 4 μm, the EM-LSAM is −0.25 a.u.
and when the radial position is 1 μm, the EM-LSAM is up to
approximately 5 a.u. Consequently, the ellipticity of the har-
monics increases with the radial position decreasing. When
the angular position of the atom is changed from 0◦ to 90◦,
the EM-LSAM is a constant (1.25 a.u.). The ellipticity of the
even and odd harmonics is also unchanged.

The origin of the elliptically polarized HHG can be
attributed to the spatial phase of the vortex beam. To clarify
this problem, we rewrite the qth order harmonic as:

ax(q) =
∫

ax(t)e−iqω0t dt

=

∫
〈ψ(r, t)

∣∣∣∣∂(V(r) + E(r, t))
∂x

∣∣∣∣ψ(r, t)〉 ) e−iqω0t dt,

(12)

ay(q) =
∫

ay(t)e−iqω0t dt

=

∫
〈ψ(r, t)

∣∣∣∣∂(V(r) + E(r, t))
∂y

∣∣∣∣ψ(r, t)〉 ) e−iqω0t dt.

(13)

In the dipole approximation, both ∂E(r, t)/∂x and ∂E(r, t)/∂y
in equations (12) and (13) are zero. The whole system is
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Figure 5. (a) The phase difference of the electron trajectories in the different recombination energies. (b) The average ellipticity and the
EM-LSAM as a function of the topological charge when the radial distance of the atom is 7 μm and the angular position is 45◦. (c) The
average ellipticity and the EM-LSAM when the radial distance of the atom is changed from 14 μm to 1 μm, the angular position is 45◦ and
the topological charge is 10. (d) The average ellipticity and the EM-LSAM when the angular position of the atom varies from 0◦ to 90◦ , the
radial distance is 7 μm and the topological charge is 10. (e) The phase difference as a function of the recombination energy and the radial
distance. (f) The phase difference as a function of the recombination energy and the angular position.

Figure 6. (a) The right-handed and left-handed harmonic spectra in the range of 15th to 30th when the atom is placed at z = −1 mm.
(b) The right-handed and left-handed harmonic spectra in the range of 15th to 30th when the atom is placed at z = −0.5 mm. (c) The
right-handed and left-handed harmonic spectra in the range of 15th to 30th when the atom is placed at z = 0.5 mm. (d) The right-handed and
left-handed harmonic spectra in the range of 15th to 30th when the atom is placed at z = 1 mm.
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symmetric in space. If the driving laser is linearly polarized
along the x (or y) direction, the y-component (or x-component)
of the generated high harmonics is zero, i.e., the polariza-
tion of HHG is same to the driving laser pulse. In con-
trast, if the spatial phase of the vortex beam varies very fast,
the terms ∂E(r, t)/∂x and ∂E(r, t)/∂y is non-zero and will
generate a corresponding y-component (or x-component) of
the harmonics. The phase difference between x-component
and y-component is decided by the terms ∂E(r, t)/∂x and
∂E(r, t)/∂y, i.e. the EM-LSAM. It means that the genera-
tion of the elliptically polarized harmonics originates from the
EM-LSAM of the vortex beam.

Moreover, in the same way, we display the right-handed
and left-handed harmonic spectra in figure 6, when the atom
is placed at different positions of z axis (z = 1 mm, 0.5 mm,
−0.5 mm, −1 mm). Other laser parameters and atom position
are the same as those in figure 4. It is found that the modulation
of harmonic ellipticity can also be found in different positions
of the z axis. 4.

5. Conclusion

In conclusion, we investigate the non-dipole effect of HHG
in the vortex beam. Our results show that the EM-LOAM
and EM-LSAM play an important role in the HHG. The EM-
LOAM will lead to the breakdown of the selection rule and
both even and odd high harmonics can be generated. The
EM-LOAM will lead to the change of polarization. In a lin-
early polarized laser pulse, the generated harmonics are not
linearly polarized but elliptically polarized. The ellipticity is
increased with the EM-LSAM increasing. These results show
that the EM-LOAM and EM-LSAM will result in noticeable
non-dipole effects in vortex HHG.
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Express 22 30315

[45] Ch´vez-Cerda S, Padgett M J, Allison I, New G H C,
Gutierrez-Vega J C, ÓNeil A T, MacVicar I and Courtial J
2002 J. Opt. B: Quantum Semiclassical Opt. 4 S52

[46] Li M, Geng J, Liu H, Deng Y, Wu C, Peng L, Gong Q and
Liu Y 2014 Phys. Rev. Lett. 112 113002

7

https://orcid.org/0000-0002-8471-5585
https://orcid.org/0000-0002-8471-5585
https://doi.org/10.1103/physreva.45.8185
https://doi.org/10.1103/physreva.45.8185
https://doi.org/10.1016/s0079-6638(01)80018-4
https://doi.org/10.1016/s0079-6638(01)80018-4
https://doi.org/10.1364/aop.3.000161
https://doi.org/10.1364/aop.3.000161
https://doi.org/10.1103/physreva.73.013805
https://doi.org/10.1103/physreva.73.013805
https://doi.org/10.1038/nphoton.2012.138
https://doi.org/10.1038/nphoton.2012.138
https://doi.org/10.1038/nphoton.2011.81
https://doi.org/10.1038/nphoton.2011.81
https://doi.org/10.1038/nature01935
https://doi.org/10.1038/nature01935
https://doi.org/10.1126/science.1227193
https://doi.org/10.1126/science.1227193
https://doi.org/10.1038/35085529
https://doi.org/10.1038/35085529
https://doi.org/10.1038/ncomms14971
https://doi.org/10.1038/ncomms14971
https://doi.org/10.1038/ncomms14970
https://doi.org/10.1038/ncomms14970
https://doi.org/10.1103/physrevlett.111.083602
https://doi.org/10.1103/physrevlett.111.083602
https://doi.org/10.1103/physreva.98.053404
https://doi.org/10.1103/physreva.98.053404
https://doi.org/10.1103/physrevlett.117.265001
https://doi.org/10.1103/physrevlett.117.265001
https://doi.org/10.1088/1367-2630/12/8/083053
https://doi.org/10.1088/1367-2630/12/8/083053
https://doi.org/10.1103/physrevlett.117.163202
https://doi.org/10.1103/physrevlett.117.163202
https://doi.org/10.1103/physreva.96.033807
https://doi.org/10.1103/physreva.96.033807
https://doi.org/10.1038/srep43888
https://doi.org/10.1038/srep43888
https://doi.org/10.1364/ol.388516
https://doi.org/10.1364/ol.388516
https://doi.org/10.1103/physrevlett.71.1994
https://doi.org/10.1103/physrevlett.71.1994
https://doi.org/10.1103/physreva.49.2117
https://doi.org/10.1103/physreva.49.2117
https://doi.org/10.1088/0953-4075/47/20/204006
https://doi.org/10.1088/0953-4075/47/20/204006
https://doi.org/10.1103/physrevlett.115.193001
https://doi.org/10.1103/physrevlett.115.193001
http://dx.doi.org/10.1088/0953-4075/39/14/r01
http://dx.doi.org/10.1088/0953-4075/39/14/r01
https://doi.org/10.1364/oe.386299
https://doi.org/10.1364/oe.386299
https://doi.org/10.1088/0034-4885/60/4/001
https://doi.org/10.1088/0034-4885/60/4/001
https://doi.org/10.1103/physreva.101.053407
https://doi.org/10.1103/physreva.101.053407
https://doi.org/10.1038/nphoton.2014.141
https://doi.org/10.1038/nphoton.2014.141
https://doi.org/10.1021/acsphotonics.8b00931
https://doi.org/10.1021/acsphotonics.8b00931
https://doi.org/10.1021/acsphotonics.8b00931
https://doi.org/10.1021/acsphotonics.8b00931
https://doi.org/10.1103/physrevlett.113.243001
https://doi.org/10.1103/physrevlett.113.243001
https://doi.org/10.1103/physrevlett.118.163203
https://doi.org/10.1103/physrevlett.118.163203
https://doi.org/10.1103/physreva.97.013404
https://doi.org/10.1103/physreva.97.013404
https://doi.org/10.1103/physrevlett.101.159901
https://doi.org/10.1103/physrevlett.101.159901
https://doi.org/10.1017/s0263034602202050
https://doi.org/10.1017/s0263034602202050
https://doi.org/10.1364/oe.388480
https://doi.org/10.1364/oe.388480
https://doi.org/10.1016/s0030-4018(00)00960-3
https://doi.org/10.1016/s0030-4018(00)00960-3
https://doi.org/10.1088/2040-8978/18/6/064004
https://doi.org/10.1088/2040-8978/18/6/064004
https://doi.org/10.1103/physreva.98.053410
https://doi.org/10.1103/physreva.98.053410
https://doi.org/10.1103/physrevlett.124.109702
https://doi.org/10.1103/physrevlett.124.109702
https://doi.org/10.1364/ao.54.008030
https://doi.org/10.1364/ao.54.008030
https://doi.org/10.1016/j.mee.2006.01.066
https://doi.org/10.1016/j.mee.2006.01.066
https://doi.org/10.1103/physreva.94.033410
https://doi.org/10.1103/physreva.94.033410
https://doi.org/10.1103/physrevlett.113.153901
https://doi.org/10.1103/physrevlett.113.153901
https://doi.org/10.1103/physrevlett.120.223203
https://doi.org/10.1103/physrevlett.120.223203
https://doi.org/10.1364/oe.22.030315
https://doi.org/10.1364/oe.22.030315
https://doi.org/10.1088/1464-4266/4/2/368
https://doi.org/10.1088/1464-4266/4/2/368
https://doi.org/10.1103/physrevlett.112.113002
https://doi.org/10.1103/physrevlett.112.113002

	Non-dipole effect in vortex high-order harmonic generation
	1.  Introduction
	2.  Theoretical model
	3.  The generation of even harmonics
	4.  The generation of elliptically polarized harmonics
	5.  Conclusion
	Acknowledgment
	ORCID iDs
	References


