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Temporal Imaging Using Dispersive
Gradient-Index Time Lenses

Tianwen Han

Abstract—We study the temporal imaging with a gradient-index
(GRIN) time lens in which both dispersion and time-varying
quadratic phase modulation are introduced. The lens is built by
using cross-phase modulation between a signal and a parabolic
pump pulse in the nonlinear optical fiber with group velocity
dispersion. A general theoretical analysis of temporal imaging by
the GRIN time lens is performed in detail. Compared to thin lens in
previous studies, the introduction of dispersion, benefits periodic
self-imaging of both time waveform and frequency spectrum for
optical pulses. Interestingly, the temporal and spectral profiles of
the input can be exchanged with each other periodically in the
GRIN time lens. By combining the GRIN time lens with dispersive
elements on both sides, the temporal waveforms of incident opti-
cal pulses can be stretched and compressed. For an input signal
composed of multiple pulses experiencing different dispersions,
the temporal depth imaging of the signal is realized by scanning
the timing of the pump pulse applied on the lens. The study may
find great applications in ultrafast optical signal processing and
measurement.

Index Terms—Dispersion, fiber nonlinear optics, optical signal
processing, ultrafast optics.

I. INTRODUCTION

HE spatial paraxial diffraction is analogous to temporal
T narrow-band dispersion in terms of space-time duality [1].
Based on this duality, the spatial thin lens can be extended to the
time domain. Thus the time lens was created, which imposes
a quadratic phase shift in time. By combining a time lens with
dispersive elements on both sides, a temporal imaging system
can be established, which enables expanding and compressing
time waveforms [2]-[8]. In particular, at the Fourier plane of
the time lens, the temporal and spectral profiles of the input
pulse can be exchanged with each other. The effect has been
studied in time-to-frequency and frequency-to-time conversion
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systems, where the time-to-frequency conversion factor refers
to the ratio of temporal shift of the input to spectral shift of the
output [9]-[13]. Time lens has also found great applications in
time microscope [14], [15], temporal telescope [16], [17], and
Talbot effect [18]-[22]. All the schemes are temporal analogies
of spatial imaging for planar objects. Recently, non-flat temporal
signals were studied in temporal depth imaging by using time
lens arrays [23]. Similar to spatial three-dimensional objects
which are longitudinally expanded, the non-flat temporal signal
is formed by the superposition of optical pulses experiencing
different dispersions. By comparing the different images from
the time lens array, one can retrieve the dispersion acquired
by each pulse. The temporal depth imaging enables the inves-
tigation of the dynamics of ultrafast nonperiodic phenomena
where dispersion plays an important role, such as optical rogue
waves and the evolution of ultrafast pulses in fiber lasers [15],
[23]-[27].

The time lenses are usually implemented in crystals or nonlin-
ear fibers. The previous analytical models that describe the time
lenses do not take into consideration the dispersion inside the
lens and the time lens is considered as a thin lens. The treatment
is valid for long-duration optical pulse, the dispersion introduced
by the media plays a minor role during pulse propagation. For
an ultrashort pulse propagating in the time lens, the dispersion
of media will significantly distort the pulse profile [28], [29].
In this regard, the dispersion inside the time lens cannot be
neglected. Thereafter, the gradient-index (GRIN) time lens was
proposed with both dispersion and quadratic phase modulation
[30], [31]. The lens is analogous to a spatial GRIN lens with
quadratic index distribution in the lateral direction [32]—[37]. At
the same time, the waves therein experience spatial diffraction. It
has been reported that the GRIN time lens can be created using
electro-optic (EO) crystal under a low-frequency modulation
[30]. The applications of the GRIN time lens have also been
proposed [31], including time-frequency mapping, temporal
filtering, and temporal imaging. However, the phase shift of
an EO phase modulator is limited by the maximum driving
voltage applied on the crystal, thus a large dispersion is required
[31], [38], [39]. In addition, the time-varying quadratic phase
envelope is an approximation of a cosine modulation signal in
a small region, greatly limiting the time aperture of the lens and
the time duration of input optical pulses.

In this work, we shall perform a systematic investigation on
temporal imaging using GRIN time lens, which is realized by
introducing both dispersion and cross-phase modulation (XPM)
in nonlinear optical fibers [31], [40], [41]. Compared to the EO
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Fig. 1. Schematic of GRIN time lens created by using dispersion and XPM
in a nonlinear optical fiber. The pump is a parabolic pulse with high power. 7
stands for time variable. The temporal envelope of input signal was distorted
after passing through the GRIN time lens.

modulation approach, the XPM method can provide larger phase
shift and time aperture by adjusting the power and duration of
the pump pulse [22]. We first study the propagation dynamics of
an arbitrary optical pulse in the GRIN time lens. The pulse mani-
fests periodic self-imaging in both time and frequency domains.
Additionally, the periodical time-to-frequency and frequency-
to-time conversion behaviors of the pulse are demonstrated.
We also derive the self-imaging period and time-to-frequency
conversion factor. A formalism based on temporal ABCD matrix
is proved to analyze the pulse propagation in the GRIN time
lens. Then we create a temporal imaging system based on the
GRIN time lens and dispersive elements around. The imaging
process is discussed in detail. Finally, a moving GRIN time lens
is created to realize temporal depth imaging. The GRIN time
lens provides a promising platform for precisely manipulating
optical pulses.

II. PROPAGATION DYNAMICS OF OPTICAL PULSES IN
GRIN TIME LENS

The GRIN time lens can be created by using dispersion and
XPM in a nonlinear optical fiber, where the latter is induced by
a parabolic pump pulse, as shown in Fig. 1. The evolution of the
signal in the GRIN time lens can be described by

0As(z,T) B &82143(2,7')
! 0z 2 or?

72
+2vP, (1 - 7'2> As(z,7) =0,

P

ey
where Ag(z, 7) represents the slowly varying envelope
of the signal light with 7 = ¢t — z/v, referring to retarded
time in the frame of reference moving at a group velocity vg.
The real time and propagation distance are denoted by 7 and z,
respectively. o is the group velocity dispersion (GVD) value
and + is the nonlinear coefficient of the fiber. P, and 7, are the
peak power and half duration of the pump pulse, respectively.
The time aperture of the GRIN time lens is given by

Ta =27, 2)

Note that the higher-order effects including third-order dis-
persion (TOD), self-steepening (SS), and Raman scattering are
neglected here. TOD can arouse a significant distortion to the
pulse profile as the input pulse width is <1 ps in common
optical fibers. SS can lead to an asymmetry in the self-phase
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modulation-broadened spectra of ultrashort pulses, while the
Raman scattering is able to shift the spectrum of an ultrashort
pulse toward long wavelengths [42]. It is commonly accepted
that the SS and Raman scattering effects can be neglected if the
input pulse width is longer than 5 ps [42]. At the same time, the
effect of TOD on the pulse propagation is also quite small. Here
we consider long-duration input pulses, the influences of TOD,
SS and Raman scattering are much weaker than that of GVD and
thus can be neglected. In addition, the self-phase modulation
(SPM) can give rise to spectral broadening of optical pulses.
Nevertheless, due to the weak intensity of signal light compared
to the pump light, the effect of SPM is much weaker than that of
XPM and can also be ignored. Furthermore, the weak intensity
of the signal can also weaken SS and Raman scattering effects.
The eigensolutions of (1) are Hermite-Gaussian functions

2
~1/2 T T
o (1) = (2ll!ﬁ) / H,; (UT) exp (_M) )
where H; denotes the Hermite polynomial of order / and 0, =
(—B2/a)' with v = (=4 B2y P, /72)"/? is a scale parameter.
For an arbitrary input pulse comprised of superposition of
Hermite-Gaussian functions

As (07 T) = Z arp; (T) ) (4)
=0

where a; is an arbitrary coefficient.
The propagation solution in the GRIN time lens follows

Ag(2,7) = exp (iQ'prz - z%) Z arp; (1)exp (—ilaz).

1=0
&)
By performing the Fourier transform of (5), we obtain the
corresponding spectrum evolution

A, (z,w) = V2morexp (iQVsz — i%)

2
S (e @ exp (—ilaz),  ©
where B
1 (W) = (20m) P Hy (0,w) exp ( "32(” 2) NG

According to (5) and (6), the initial temporal waveform and
spectrum envelope of the pulse are reshaped during propagation
due to the different phase accumulation rate for each Hermite-
Gaussian component. As the propagation length satisfies the
condition az = 2mm with m being a positive integer, all the
Hermite-Gaussian components become in-phase. As aresult, the
pulse propagating in the GRIN time lens exhibits periodic self-
imaging in both time and frequency domains. The self-imaging
period is given by

zr =271/ 8)

More interestingly, at the positions of z = (2m — 1)zp /4, the
pulse undergoes automatic Fourier transforms including time-
to-frequency conversion and frequency-to-time conversion. In
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Fig. 2. (a) (b) Temporal and spectral evolutions of the pulse in the GRIN time
lens. The white dashed lines denote the position of z = 4.5 km. (c) Normalized
temporal intensity profile at z = 4.5 km and the scaled spectrum envelope at
z= 0. (d) Normalized spectrum envelope at z = 4.5 km and the scaled temporal
waveform at z = 0.

other words, the temporal profile of the input is converted to
the spectral profile of the output, and at the same time the input
spectrum envelope is mapped into the output temporal envelope.
The relationship between the output temporal waveform and the

input spectrum envelope is
UT

where k = 1 if m is even and k = —1 if m is odd. Likewise, the
expression that relates the output spectrum envelope to the input
temporal waveform can be written as

2

)

[0 =

2
4 op

- 2
‘AS [(Qm -1) %,w} ‘ = 27r0£|As [0,k (1 = 02w)] |2.
(10)
Thus the time-to-frequency conversion factor is given by

AT/Aw = =52/, (11)

where A7 is the temporal shift of the input pulse and Aw denotes
the resulting spectral shift.

To confirm the above theoretical analysis, we simulate the
evolution of an optical pulse in the GRIN time lens by employ-
ing the split-step Fourier method [42]. Here we choose B2 =
—10 ps*/km, v = 20 W 'km~!, P, =1W, and 7, = 16 ps.
The input pulse is formed by the superposition of the first 6-order
Hermite-Gaussian functions. According to (8), we calculate the
self-imaging period of z7 = 3.6 km. The temporal and spectral
evolutions of the pulse in the GRIN time lens are shown in
Figs. 2(a) and 2(b), where periodic self-imaging phenomena can
be clearly seen. The white dotted lines in Figs. 2(a) and 2(b)
denote the position of z = 4.5 km. The normalized temporal
intensity profile at z = 4.5 km is a mirror symmetric version of
the scaled input spectrum envelope, as presented in Fig. 2(c).
Fig. 2(d) depicts the corresponding spectrum envelope at 7 =
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Fig.3. Temporal ray diagrams of (a) second-order dispersive medium and (b)
GRIN time lens. The time ray is characterized by the two vectors of time delay 7
and angular frequency d7/d®. 71 and d71/d® are the time delay and frequency
of the time ray on the incident plane of the GRIN time lens, respectively. The
time delay and frequency of the time ray on the output plane of the lens are
indicated by 7o and d72/d®, respectively.

4.5 km, which is a scaled replica of the temporal waveform
at z = 0. All numerical results agree well with the theoretical
predictions of (8)—(11).

III. ABCD MATRICES OF SECOND-ORDER DISPERSIVE
MEDIUM AND GRIN TIME LENS

The ABCD matrix method in the spatial domain has been
widely used to study the effects of optical elements on the
paraxial ray, which is described by the radial position r and
the gradient dr/dz. By analogy with ray optics the concept of a
time ray was introduced, which is described by the two vectors
of time delay and frequency sweep [43]-[45]. In addition, the
time-domain ABCD matrices of optical elements including dis-
persion, amplitude and frequency modulators, and self-phase
modulation were also developed [43], [46]. Here we adopt a
different approach to characterize a time ray and derive the
ABCD matrices of second-order dispersive medium and GRIN
time lens.

As shown in Fig. 3(a), a narrow-band pulse will be broad-
ened after passing through a second-order dispersive medium.
The medium imposes a quadratic phase modulation on the
pulse spectrum. The frequency-domain transfer function of the
medium is

)
Gy (®,w) = exp (i2w2) , (12)
where ® represents the group delay dispersion (GDD) of the
dispersive medium. w denotes the baseband angular frequency of
the pulse. The dispersion will cause redistribution of frequency
components of the pulse in time. The relative time delay is given
by

~ 0Ap (w)
o Oow

where Ap(w) is the spectral phase shift of the pulse induced
by the GVD of dispersive medium. In other words, each point
on the dispersed pulse corresponds to a different instantaneous
frequency, given by w = d7/d®. By exploiting the equivalence
between free-space propagation and dispersion, a time ray can
be characterized by the two vectors of 7 and d7/d®. The former
refers to the position of time ray in the 7 axis and its derivative
with respect to GDD denotes the frequency of the ray. Note that

5t = dw, (13)
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there is only the frequency redistribution as a function of time
but not new frequency components appear, thus the spectrum of
the output pulse is the same with that of the input pulse. Then
the ABCD matrix of second-order dispersive medium takes the

form of
1
Mp — (0 1).

For an optical pulse propagating in the GRIN time lens, the
relations between incident and output time rays can be written as

(14)

dr
= A + Bd—qi, (15)
dry dm
di(I)_CTl+DE7 (16)

where 71 is the time delay of the incident time ray on the incident
plane of the lens. The frequency of the incident time ray is
dr1/d®. 75 and dT2/d® are the time delay and frequency of the
output time ray on the output plane of the lens, respectively. A,
B, C, and D are the four elements of the matrix of GRIN time
lens. Based on the analysis in Section II, the time ray propagates
in the lens along a periodic oscillation trajectory, as shown in
Fig. 3(b). Therefore, all the four matrix elements are periodic
functions with respect to z

= ajcos (az) + agsin (az)

= bycos (az) + basin (az)
= cycos (az) + cosin (az)

D = djcos (az) + dosin (az) . (17)

Plugging (17) into (15) and (16), at z = zp, we get 79 =
ajTy +b1 dTl/d(b and dTQ/d(I) = ClTl-I-dld’Tl/d(I). Based on the
self-imaging properties of the pulse in the GRIN time lens, the
results of ay = 1, b1 =0, ¢y = 0, and d; = 1 can be derived.
In addition, at z = 27 /4, we have 79 = as71+badr1/dP and
dtold® = coT1+dodT1/d®. According to (9)—(11), we deduce
as =0, by = Bola, co = —al B, and dy = 0. Hence the ABCD
matrix of GRIN time lens is given by

cos (az) = B2gin (az

Me = ([%Sin (az) COS (CVZ))) '

IV. TEMPORAL MAGNIFICATION AND COMPRESSION WITH
GRIN TIME LENS

(18)

By combining the GRIN time lens with dispersive elements
on both sides, we can create a temporal imaging system for ex-
panding and compressing time waveforms, as shown in Fig. 4(a).
The relationship between the input signal and the output image
can be described by

Tout \ _ 1 Pout cos (aLg) &sm(aLg)
Qs )70 1 —gosin(aLg) cos(aLg)

dTin )
01 B

where ®;, and @, are the GDD values of input and output
dispersions, respectively. 7i, and 7,y are the time delays of the
input signal and the output image. d7;,/d® is the frequency of

19)
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Fig. 4. (a) Schematic diagram of the GRIN time lens-based temporal imag-

ing system. ®@j,, and @, are input and output dispersions, respectively.
(b) Temporal waveforms of the input signal and output images. The input signal
is depicted by the black dotted curve. The output images corresponding to M =2
and 1/2 are plotted by the blue solid curve and the red dashed curve, respectively.

the incident time ray and d7,/d® is the frequency of the output
time ray. For the GRIN time lens with a fixed length L, when
the input and output dispersions satisfy the imaging condition

<— ﬁg@infbout + ﬁz) sin(a L)+ (Pin + Pout)cos(aLg) =0,
2 «

(20)
the temporal waveform of the output image is a scaled replica of
that of the input signal. The corresponding magnification factor
is given by

M — dTout

= cos (aLg) — —Poussin (aLg) . 20

o
dTin 52

Fig. 4(b) shows the numerical results in the case of aLg =
7 /2. The input signal consists of two Gaussian pulses with 3.3 ps
pulse width and 10 ps separation, as plotted by the black dotted
curve in Fig. 4(b). The parameters of the GRIN time lens are
chosen as 3 = —20 ps*/km, v = 20 W~ 'km™!, P, =1 W,
and 7, = 40 ps. For ®;,, = 10 ps?, the corresponding output
dispersion and temporal magnification are ®,,; = 40 ps> and
M = 2, respectively. Thus the input signal is stretched in time
and the pulse separation becomes 20 ps, as depicted by the
blue solid curve in Fig. 4(b). In addition, the peak power of
the output image is half of that of the input signal, satisfying the
energy conservation law. On the contrary, as the input and output
dispersions are ®;,, = 40 ps” and ®,,,,; = 10 ps?, respectively, the
magnification factor becomes M = 1/2. Hence the input signal
is compressed in time, as plotted with the red dashed curve in
Fig. 4(b). Accordingly, the pulse separation becomes 5 ps and
the peak power of the output is twice that of the input.

Next we investigate the influence of the mismatch between
input and output dispersions on the temporal imaging. For
convenience, we take the GRIN time lens with length Lg = 2
as an example. Then Eq. (19) can be simplified to

( Tout > _ < 1 <I)in + (bout > < Tin >
dTout | — drin | -
s o 1 @

(22)
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except for 7, = —20 ps.

According to (22), the output image has the time delay

dr; in
Ao’

In the case of &1 = —P;,, we have 7oyt = Tin and M =1,
indicating that the output image has the same time delay with
that of the input signal. In the presence of a mismatch between
input and output dispersions, denoted as A®;,, = Oy, + Py, the
image is out of focus and is shifted along the 7 axis. The offset is
determined by the frequencies of the time rays collected by the
GRIN time lens. By moving the GRIN time lens along the T axis,
we can choose different frequency components of the signal to
form an image. Here we consider only the central frequency of
the time rays entering the GRIN time lens, which is effective for
the lens with a small time aperture. Under this condition, (23) is
recast into

Tout = Tin + (cDin + q)out) (23)

(I)in - A(I)in A(I)in

(I)in Tin ‘bin T
where 7; is the timing of the GRIN time lens. By scanning the
timing of the pump pulse applied on the lens, we can obtain
images with different output time delays.

The theoretical analysis can be verified by implementing
numerical simulations. The input signal is a Gaussian pulse
with 3.3 ps pulse width and time delay 7i, = 0. The input
dispersion is ®;,, = 100 ps. The parameters of the GRIN time
lens are the same with that in Fig. 4, corresponding to the time

(24)

Tout =
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aperture of 7, = 80 ps. According to (8), the self-imaging period
of the pulse in the GRIN time lens is z7 = 6.3 km. Fig. 5(a)
illustrates the temporal evolution of the pulse in the GRIN time
with timing 7; = 0, where the central frequency of the time
rays collected by the lens is d7i,/d® = 0. Hence the center
of the pulse after the lens remains 7, = 0 regardless of the
magnitude of output dispersion, as shown in Fig. 5(b). When the
output dispersion is equal to ®,,; = —100 ps?, a sharp image
is observed, as plotted by the red dashed curve in Fig. 5(c).
Compared to the input pulse depicted by the black dotted curve,
the output one is broadened and distorted, which is induced by
the equivalent effect of diffraction of the GRIN time lens with
a finite time aperture. The blue solid curve in Fig. 5(c) depicts
the image as the output dispersion is @, = —120 ps>. The
pulse profile is broadened and distorted more significantly due
to both diffraction effect of the GRIN time lens and mismatch
between input and output dispersions. Whereas for the GRIN
time lens with 7; > 0, the central frequency of the incident time
rays collected by the lens is positive. Fig. 5(d) shows the temporal
evolution of the pulse in the GRIN time lens with 7; = 20 ps.
The corresponding intensity distribution of the output pulse
versus the output dispersion is presented in Fig. 5(e). As the
output negative dispersion increases, the time delay of the output
pulse decreases. Similarly, the pulse is focused and forms a
sharp image at 7., = 0 when the output dispersion is @,y =
—100 ps?. Differing from the situation with 7; = 0, the image is
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Fig. 6. (a) Schematic of depth imaging system with a GRIN lens array. The

distance between the object plane and the incident plane of the lens is u. The
corresponding image plane is located at the same distance u behind the output
plane of the lens. For an object point shifted by Au from the object plane, the
corresponding image point is also shifted by Au from the image plane. Since
we are measuring at the image plane, the image point is out of focus and is
transversally shifted. The offsets Ax; and Axy are caused by the lenses with
lateral displacements of x; and x2 relative to the object point, respectively.
(b) Schematic of temporal depth imaging with a moving GRIN time lens. The
input signal is composed of two pulses, which are separated by Arj,,. The input
dispersions acquired by the two pulses are ®;,, and ®;, +Ad;;,, respectively.
The output dispersion is @yt = —Pin. Three images of the signal with pulse
separations of A7y, A1y, and Arg are formed by the GRIN time lens with
timings of 71, T2, and 73, respectively.

shifted to 7oy = —4 ps in the case of ®,y = —120 psz, as the
inset in Fig. 5(f) shown, which is in excellent agreement with the
theoretical prediction of (24). In addition, the temporal evolution
of the pulse in the GRIN time lens with 7, = —20 ps is illustrated
in Fig. 5(g), where the negative frequency components of the
pulse are chosen. Fig. 5(h) shows the intensity distribution of
the output pulse with respect to the output dispersion, which
exhibits an exactly opposite process to that of 7, = 20 ps. As a
result, the output image is shifted to 7, = 4 ps in the case of
@, = —120 ps?, as plotted by the blue solid curve in Fig. 5(i),
which is also consistent with the theoretical analysis.

V. TEMPORAL DEPTH IMAGING BASED ON GRIN TIME LENS

In this section, we utilize the GRIN time lens to realize
temporal depth imaging. A depth imaging system [47]-[50]
in the spatial domain has the ability to distinguish two object
points, which are separated along the z axis. Fig. 6(a) shows
the schematic of depth imaging with a GRIN lens array. The
longitudinal interval between the two object points is denoted
by Au. The object plane is placed at a distance u from the incident
plane of the lens. The incident rays with different gradients are
collected by the lenses at different positions, corresponding to
distinct angular spectrum components of the object. The GRIN
lens has a parabolic index profile in the lateral direction, resulting
in periodic oscillation trajectories for light rays [32]-[34]. When
the GRIN lens length is an integral multiple of the oscillation
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period of rays, both radial position and gradient of each ray
on the output plane are the same as those on the incident plane.
Consequently, the point on the object plane forms an image point
at the image plane, which is located at the distance u behind the
output plane of the lens. The lateral positions of the object point
and the image point are also identical. For another object point
shifted by Au from the object plane, the corresponding image
point is also shifted to the position at the same distance Au
from the image plane. Since we observe the output at the image
plane, the image point is blared and transversally shifted. The
offset Az; as a function of GRIN lens position is given by

Au
— i,
u+ Au

where x; denotes the lateral displacement of the ith GRIN lens
relative to the object point. By measuring Az; formed by each
GRIN lens in the lens array together with the position of each
lens, we can acquire the depth of each point and reconstruct the
full depth information of the object.

The temporal counterpart of the depth imaging system based
on the GRIN lens is illustrated in Fig. 6(b). A single pulse first
propagates along a dispersive medium with GDD = A®;,, and
then another pulse joins. Therefore, the input signal is composed
of two pulses experiencing different dispersions. The time inter-
val between the two pulses is A7y,. Next the signal continues to
propagate in additional dispersive material with GDD = &,
and reaches the incident plane of the GRIN time lens. The
GRIN time lens with a finite time aperture imposes temporal
and spectral quadratic phase modulations simultaneously on part
of the signal, which is determined by the lens timing. Here we
choose L = zr, thus the signal on the output plane of the lens
has the same temporal shape with respect to that on the incident
plane. Unlike the spatial imaging system where a virtual image
of the object is formed behind the output plane of the GRIN
lens, the possibility of having positive or negative dispersion
provides an extra degree of freedom in the time domain. The
output signal propagates in additional dispersive medium with
®,ut = —Piy, and reaches the image plane. By moving the GRIN
time lens along the 7 axis, we can obtain images with different
pulse separations. The separation A7; between the two pulses
in the image as a function of GRIN time lens timing 7; is given
by

o ACI)in . (I)in
B cI)ilﬂ + Aq)in K (I)in + A(I)im

By measuring pulse separations in the images together with
the GRIN time lens timings, we can retrieve the dispersion
difference between the two input pulses.

Then we perform numerical simulations to demonstrate the
temporal depth imaging with a moving GRIN time lens. In the
simulations, the input signal is composed of two Gaussian pulses
with 3.3 ps pulse width and separated by A7;,, = 20 ps. The input
dispersions acquired by the two pulses are 100 ps” and 120 ps?,
corresponding to ®;,, = 100 ps? and Ad;,, = 20 ps®. The output
dispersionis @, = —100 ps”. The parameters of the GRIN time
lens are the same with those in Fig. 4. The numerical results of the
pulse separation in the image for different timings of the GRIN

AT; ATy, (26)
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Fig. 7. (a) Numerical results of the pulse separation in the image for different
timings of the GRIN time lens. Two insets represent the output images when
the GRIN time lens is shifted by —20 ps and 420 ps compared with the input
signal, respectively. Red solid line denotes the linear fitted result. (b) Temporal
evolution of the signal in the GRIN time lens with timing 7; = 0. (c) Intensity
distribution of the signal after the lens versus the output dispersion.

time lens are shown in Fig. 7(a). The upper left inset in Fig. 7(a)
represents the image when the GRIN time lens is shifted by
—20 ps compared with the input signal, showing a pulse separa-
tion of A7; = 13.5 ps. In contrast, when the GRIN time lens is
shifted by +20 ps relative to the input signal, the pulse separation
in the image becomes A7; = 20.2 ps, as presented in the lower
rightinsetin Fig. 7(a). Fig. 7(b) illustrates the temporal evolution
of the signal in the GRIN time lens with timing 7; = 0. The
corresponding intensity distribution of the signal after the lens
versus the output dispersion is shown in Fig. 7(c). According to
(26), the dispersion difference A®;;, can be retrieved by taking
the derivative of the pulse separation in the image with respect
to the GRIN time lens timing. The red solid line in Fig. 7(a)
depicts the corresponding linear fitted curve with a slope of

aaAT? = 0.171 ps/ps,
which indicates that the dispersion difference between the two
input pulses is A®;, = 20.63 ps?. Compared to the theoretical
dispersion difference of A®;, = 20 psz, the numerical error
is 3%. The error is resulted from interference between the two
pulses in the images.

Next we investigate the sensitivity of our system to changes
in the signal dispersion. We observe the pulse separation in the
image as a function of GRIN time lens timing for different
dispersion difference A®;,. The inset in Fig. 8 shows five
representative numerical results and the corresponding linear
fitted curves. The numerical results of the separation derivative
as a function of the dispersion difference between the two input
pulses are depicted by the blue squares in Fig. 8. We also present
theoretical results according to (26), as plotted with the red solid
curve in Fig. 8. One can find that the numerical and theoretical
separation derivative can agree well with each other when the
input dispersion difference is less than 30 ps2. In particular, if the
input dispersion difference is small, such as for A®;, = 1 psz,
the defocus effect induced by the mismatch between input and
output dispersions is weak. Therefore, the separation derivative
is nearly zero, which is close to the situation of A®;, = 0. On the
contrary, for large A®;,,, both diffraction and defocus effects will

27)

2389

0.35

g 031 Analytical

\8; 025 a Numerical

o oO0o0pg u}

=

© L

Z 02 21

o} 08 20 P

© 015} - ~§19

o o 1 2

T o1} g 187 Y 10pe

o . = | ps

] §17q * 20 ps?

) & 162 ¢ 30 ps,

o 0.05 15 . . %*40ps

0 5 10 15 20

0 . . Gll?IN time Ien? delay (ps)

0 10 20 30 40 50
GDD difference between the pulses (ps?)

Fig. 8. Numerical (blue squares) and theoretical (red solid curve) results of
the separation derivative as a function of the dispersion difference A®;,,. The
inset represents five representative numerical results of the pulse separation in
the image as a function of GRIN time lens timing for different A®;,,.

lead the first pulse to broaden and even overlap with the second
pulse at the image plane. Thus two pulses in the images cannot
be distinguished clearly and the numerical result deviates the
analytical result.

Finally, we discuss the temporal resolution of the proposed
system, which refers to the smallest time interval between the
two points in the input signal that can be resolved [1]. The
temporal resolution degrades due to the finite time aperture of
the GRIN time lens. The relationship between output and input
fields can be expressed as

+oo
A(®,7) = / hirro) A0, 70)dr,  (28)

where & (1, Tg) is the response function of the system at 7 to an
impulse applied at time 7¢ [1]. To find A(7, 7(), we consider an
impulse with time delay 7 as the input, given by A(0, 7) = § (7
— To), and then the field after the input dispersion becomes

A (P, 7) = G (Pin, 7) %0 (7 — 710) = G1 (Pin, T — T0) ,
(29)
where an asterisk denotes convolution. G1(®;,,, 7) is the transfer
function of the input dispersion in the time domain, given by

Gl ((biny T) = (30)

1 T2
Nz T <12<I>in> '
The GRIN time lens with a time aperture 7, imposes temporal
and spectral quadratic phase modulations on part of the signal
simultaneously. As the length Lg of the GRIN time lens is an
integral multiple of z7, the effect of the GRIN time lens on the
signal is from only its finite aperture. Then the field on the output

plane of the lens can be written as
A((I’in"i_BQLG)T) - Gl ((binaT_TO)P(T)) (31)

where P(7) is the pupil function of the GRIN time lens. For
convenience, we assume that the pupil function is rectangular in
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time, having the form of

P (1) =rect (7/7,) - (32)
Finally, after the output dispersion, we have
h(7,70) = G1 (Pin, 7 — 70) P (7) * G2 (Pous, 7),  (33)

where G2 (D¢, 7) denotes the transfer function of the output
dispersion. According to the convolution integral theorem and
the imaging condition @,y = — ®;,, we obtain

1 T Tg — 72
— €X 1— —_—
20w TP "2\ o

+oo T —1T0
X [w P (7")exp [2772' (27Tq)in) T/:| dr’. (34)
The integral term in (34) is the Fourier transform of the pupil
function. Substituting (32) into (34), we get
1 exp |im o sinc Talr — 7o)
27 | @iy | P 2 Oy 2m Py, .
(35)

As suggested in Ref. 1, the time from the peak to the first zero
of the sinc function can be indicative of the output temporal
resolution, corresponding to a time interval of

0Tout = 27 |Pin| /7a-

h(T,T()) =

h(r,70) =

(36)

According to (22), the temporal magnification of the system
is unity, thus the input temporal resolution § 7y, is equal to dToys.-
In our simulations, the input dispersion is ®;,, = 100 ps”. If we
want to obtain an input resolution §7;,, = 10 ps, the time aperture
of the GRIN time lens should be greater than 63 ps.

VI. CONCLUSION

In summary, we have studied the temporal imaging with
a GRIN time lens. The lens is built by using dispersion and
XPM in a nonlinear optical fiber. The latter is induced by a
parabolic pump pulse. Compared to the traditional thin time lens,
the introduction of dispersion benefits periodic self-imaging
and time-frequency conversion for ultrashort pulses. The self-
imaging period and time-to-frequency conversion factor can be
manipulated by varying the GVD and nonlinear coefficients of
the fiber as well as the power and duration of the pump pulse. By
combing the GRIN time lens with dispersive elements on both
sides, a temporal imaging system for expanding and compress-
ing time waveforms is created. For an input signal composed
of two pulses experiencing different dispersions, the dispersion
difference between the two pulses is retrieved by comparing
images from different timings of the GRIN time lens. The
study provides a promising way to precisely manipulate ultrafast
optical pulses and may find wide applications in ultrafast optical
signal processing and measurement.
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