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Optical Imaginary Directional Couplers
Shaolin Ke, Dong Zhao, Qingjie Liu, Shun Wu, Bing Wang , and Peixiang Lu, Fellow, OSA

Abstract—We investigate the light propagation in a double-
waveguide coupler with imaginary-valued coupling coefficient.
The imaginary coupling is realized by incorporating an additional
waveguide between the coupled waveguides and considering both
gain and loss. Both symmetric and asymmetric couplers with imag-
inary coupling are analyzed. The coupling strength can be con-
trolled by varying the dielectric gain and loss. As the coupling is
imaginary, the energy of the system is no longer conserved and
the light intensities in individual waveguides should oscillate in
phase. It is also found that the exceptional points can emerge in the
asymmetric couplers, which are reflected from the beat length of
the intensity oscillation. The study may find great applications in
optical switches and splitters.

Index Terms—Exceptional point, imaginary coupling, optical
waveguides.

I. INTRODUCTION

O PTICAL coupled waveguides have attracted considerable
attention as they may find application in optical switches,

routing, and power dividers [1]–[7]. They can be also utilized
to demonstrate optical analogues of semiclassical electron dy-
namics [8], [9], such as Bloch oscillations [10]–[12] and topo-
logical edge states [13]–[19]. Recent interest has focused on
non-Hermitian systems with gain and loss [19]–[21], which may
yield complex propagation constants. So far, many fascinating
phenomena have been observed in coupled waveguides by alter-
nating the imaginary parts of propagation constants [22]–[24].
For example, double refraction is found in parity-time (PT)
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Fig. 1. Schematic of imaginary couplers. (a) The supposed coupler with imag-
inary coupling. (b) The proposed structures to realize effective imaginary cou-
pling for outer two waveguides. Light propagates along the z axis.

symmetric waveguide arrays due to the non-orthogonal eigen-
modes [25]. Loss induced transparency is observed in the vicin-
ity of exceptional points (EPs) [23], which are the degeneracies
of non-Hermitian system with two eigenvalues and eigenstates
coalescing. In a PT-symmetric coupler, light propagates in a
non-reciprocal manner both below and above the PT-symmetric
threshold [26]. The loss induced amplification and localization
are proposed in the realm of graphene plasmonic waveguides
[27]–[30].

In spite of the complex propagation constants, the coupling
coefficient between adjacent waveguides might be real in non-
Hermitian waveguides. Many efforts have been paid to change
the sign of coupling in order to modulate the flow of light [31]–
[33]. The negative coupling is realized by inserting an ancillary
waveguide [31] or utilizing sinusoidal curved waveguides [32].
The complex couplings can be achieved by embedding am-
plifying or lossy media between adjacent waveguides [34] or
periodically modulating the gain and loss [35], which may slow
down the light diffraction [36] and allow bound states [37] and
flat bands [38] exist in photonic lattices. It remains an interest-
ing issue to explore the light propagation in directional couplers
governed by complex couplings.

In this work, we propose a method to realize imaginary cou-
pling in a double-waveguide coupler, by inserting an ancillary
waveguide and carefully setting the dielectric gain and loss.
Both symmetric and asymmetric imaginary couplers are dis-
cussed. The coupled-mode theory and the numerical simulation
are performed to reveal the optical features of the couplers with
imaginary coupling.

II. SYMMETRIC DIRECTIONAL COUPLERS

Fig. 1(a) shows the schematic diagram of the two evanes-
cently coupled waveguides with imaginary coupling. The
two waveguides are identical with both propagation constants
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denoted by β0. The coupling coefficient is imaginary and labeled
as ic0. The light propagates along the z axis with the amplitude
A(z) = [A1(z), A2(z)] T, which is governed by coupled-mode
theory. Throughout the study, the time dependence term is exp
(–iωt) with ω denoting frequency. Then, the coupled-mode equa-
tion is given by –idA/ dz = HA, where the system Hamiltonian
reads as

H =
[

β0 ic0

ic0 β0

]
(1)

The system is non-Hermitian as the off diagonal elements are
not conjugate. The eigenvalues of (1) stands for the propagation
constants of the supermodes, which read

β± = β0 ± ic0 (2)

The corresponding eigenvectors are A+ = (1, 1)T and A- =
[ 1, – 1] T, which represent the symmetric and anti-symmetric
modes, respectively. As the coupling strength is zero, that is,
c0 = 0, the system becomes Hermitian and the diabolic point
emerges. The diabolic point is the singularity of spectrum as
two eigenvalues coalesce but with different eigenvectors, which
is also known as Dirac point in the momentum space [33].

In gainless and lossless waveguides, the coupling coefficients
are real-valued as they are positive in dielectric waveguides and
negative in metallic ones [33], [39]. The gain and loss in the
waveguides will introduce nonzero imaginary parts to the cou-
pling coefficient and the cross coupling coefficients turn to be
asymmetric as they are conjugate to each other [23], [36], [40].
In the low-loss limit, the imaginary part of coupling coefficient
is quite small when compared with the real part [40]. There-
fore, these imaginary parts can be neglected and the coupling
coefficients are approximately real and symmetric [19]. The
imaginary-valued coupling coefficient can be realized by in-
corporating an additional waveguide into the coupler as shown
in Fig. 1(b). The field amplitudes of the triplet are denoted
by B(z) = [B1(z), B2(z), B3(z)]T. The system Hamiltonian is
written as

H =

⎡
⎢⎣

β0 + δ1 c1 0

c1 β0 + δ2 c1

0 c1 β0 + δ1

⎤
⎥⎦ . (3)

where δ1, 2 stand for the detuning of propagation constants, and
c1 is real and represents the coupling strength.

There are three supermodes in the triplet waveguides. The
eigenvalues are given by

βA = β0 + δ1,

βB = β0 + δ1+δ2
2 −

√
2c1

2 + (
δ1−δ2

2

)2
,

βc = β0 + δ1+δ2
2 +

√
2c1

2 + (
δ1−δ2

2

)2
,

(4)

The corresponding eigenvectors can be taken as follows

BA = (−1 0 1
)T

,

BB =
(

1 − δ1−δ2+
√

8c2
1+(δ1−δ2)2

2c1
1
)T

,

Bc =
(

1 − δ1−δ2−
√

8c2
1+(δ1−δ2)2

2c1
1
)T

.

(5)

The ideal symmetric and anti-symmetric modes in ternary
waveguide can be defined as B+ = (1, 0, 1)T and B– =
(– 1, 0, 1)T, respectively. For the equivalence to achieve imag-
inary coupling, we have to ensure two of three eigenval-
ues and eigenvectors of triplet waveguide match that of the
double-waveguide couplers, which can be realized according
to the following steps. Firstly, we choose βA = β0 – ic0 and
βB = β0 + ic0 to fulfill the matching of eigenvalues. Both con-
dition are satisfied for

δ1 = −ic1, δ2 = i(c2
0 + c2

1)/c0 (6)

We assume the imaginary coupling strength c0 is positive.
Then, (6) indicates the two side waveguides are with gain and
the center waveguide is with loss. Secondly, we have to analy-
sis the matching condition of eigenvectors to ensure BA = B–
and BB = B+ . From (5), one can find the anti-symmetric mode
BA is perfect and remain unchanged as other parameters vary.
Applying (6) into (5), one find BB = [ 1, 2ic0/c1, 1] , which is
not expected as an imaginary component resides on the cen-
ter waveguide. In order to quantify the similarity of symmetric
mode, we can define the fidelity of field, which is given by

F =
∣∣∣∣∣∣
∑

j

A+
j B+

j
∗
∣∣∣∣∣∣ (7)

It is found that F = [ 1 – 2(c0/c1)2]–1/2 for the symmetric
mode. The fidelity tends to be unity as the coupling satisfies the
condition |2c0/c1| � 1. Finally, in this region, the eigenvalue
and eigenvectors of third eigenmode are βc =β0 + i(c2

1 – c2
0)/c0

and B3 = [ 1, ic1/c0, 1] , respectively. The mode is strongly de-
cayed and the energy resides mostly on the center waveguide,
which almost has no effect on the other side modes. Therefore,
the imaginary coupler can be effectively realized for the two
side waveguides.

Here we consider the InGaAsP waveguides to exam the fea-
tures of complex coupling. The real part of permittivity of In-
GaAsP is ε0 = 12.25. The optical gain can be generated by
optical pumping, while the loss can be achieved by evaporating
thin Cr layer on the waveguides. The waveguides are assumed
to be suspended in air with εd = 1 for simplicity. The widths of
waveguide and air are w = 0.24 μm and d = 0.5 μm, respec-
tively. The incident wavelength is fixed at λ = 1.55 μm. The
parameters are chosen such that a waveguide only supports a
single propagating mode of TM polarization. The propagation
constants and field distributions can be calculated by utilizing
transfer matrix method [41]. The propagation constant of single
waveguide is figured out as β0 = 7.76 μm–1. The simulation
results show the complex propagation constants of single wave-
guide are β ≈ β0 + 0.713i�ε with �ε denoting the detuned
imaginary part of permittivity of InGaAsP. The coupling be-
tween adjacent waveguides should exponential decrease with the
increases of spacing and has the form c1 = a0exp [ – κ(d + w)]
[35]. By fitting the propagation constants as a function of the
distance, one can find that a0 = 2.65 μm–1 and κ = 6.5 μm–1.
The interlayer space of the waveguides is chosen as d = 0.5 μm
and thus the coupling coefficient is c1 = 0.047μm–1. Then
we can determine the detuned permittivity to construct the
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Fig. 2. The propagation constants and mode profiles of imaginary couplers.
(a) and (b) Real and imaginary parts of propagation constants as coupling
strength is varying. (c) and (d) Simulated mode profile for the symmetric and
anti-symmetric modes, respectively. (e) Overlap of the symmetric matched
eigenmodes of the triplet and the ideal imaginary coupler. (f) The required
detuning of the central waveguide as a function of coupling c1.

imaginary couplers. For example, as imaginary coupling
strength is c0 = 4 × 10–3 μm–1, the additional propagation con-
stants of outer waveguides should be δ1 = – 4i × 10–3 μm–1.
Then the detuned propagation constants can be determined ac-
cording to (6) as δ2 = 0.56i μm–1. Therefore, the additional
imaginary permittivity of side and center waveguides should
be �ε1 = –5.6 × 10–3 and �ε2 = 0.79. The different imagi-
nary coupling strength can be acquired by tuning the detuned
permittivity �ε1 and �ε2.

Fig. 2(a) and (b) illustrate the propagation constants as a
function of the imaginary coupling strength. The line stands
for the simulations for the triplet waveguides. The dots rep-
resent the indications for imaginary coupler according to (2).
The real parts of propagation constants for symmetric and anti-
symmetric modes remain unchanged as coupling c0 increases. In
contrast, the imaginary parts of symmetric and anti-symmetric
modes show a linear increase and decrease, respectively. The
simulation and theory agree well with each other. In Fig. 2(c) and
(d), we plot the mode profiles for symmetric and anti-symmetric
modes as c0 = 4 × 10–3 μm–1. For the anti-symmetrical mode,
the fields are perfectly confined at outer two waveguides with
gain and there is almost no energy on the middle lossy wave-
guide. Therefore, the anti-symmetric is amplified. However, for
the symmetric mode, the energy is mostly confined at outer two
waveguides with gain but also with field locating at the middle
lossy waveguide. As the loss coefficient is about one hundred
times larger than the gain coefficient of the outer waveguides,
the little energy in middle waveguide could make the symmetric
mode attenuated. On the other hand, the symmetric mode could

Fig. 3. Intensity distribution (|H|2) in the triplet for different excitation con-
ditions: (a) symmetric mode, (b) anti-symmetric mode, (c) lower waveguide,
and (d) upper waveguide. The field is normalized by the maximum of incident
wave.

be amplified and the anti-symmetric mode decays by reversing
the distributions of gain and loss.

The fidelity of symmetric mode is related to the coupling
strength c1 in triplet waveguide. Fig. 2(e) depicts the fidelity as
a function of c1 for c0 = 4 × 10–3 μm–1. The fidelity grows with
the increases of ratio of coupling strength and tends to unity as
c1/c0 → ∞. However, the imaginary detuning of propagation
constant is serious for larger ratio, as shown in Fig. 2(f). In
this situation, it is hard to maintain the real part of propagation
constants.

The mode propagation in the triplet waveguide system should
be coincident with the imaginary coupler as the eigenvalues and
eigenmodes of the two systems match well with each other.
Fig. 3 shows the light propagation in the triplet waveguides
for different excited conditions. The propagation is simulated
using Rigorous coupled-wave analysis (RCWA) method [42].
In all cases, the effective imaginary coupling strength is fixed
at c0 = 4 × 10–3 μm–1. Fig. 3(a) and (b) depict the propaga-
tion of symmetric and anti-symmetric modes, respectively. For
symmetric mode, the energy decreases as propagation distance
increase, while the energy increases for anti-symmetric mode.
The energy is always dominated at outer waveguides for both
cases, indicating that the wave propagation is coincident with
that of the imaginary couplers. Here, we try to explain more
about the propagation for symmetric injection. Mode Bc and Bb

are simultaneously excited as a symmetrical mode is injected.
For the parameter we choose, a symmetrical mode can be ex-
panded as 0.9929 × Bb + 0.119i × Bc with Bb, and Bc being
normalized eigenvectors. Obviously, the mode Bb dominates in
both modes. Because mode Bc is attenuated faster than mode
Bb, only mode Bb survives after propagating a certain distance.

The output amplitudes can be solved analytically according
to the coupled mode theory [43], that is

A(z) = Exp(iβ0z)

(
cosh (c0z) −sinh (c0z)

−sinh (c0z) cosh (c0z)

)
A(0) (8)
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Fig. 4. (a) Schematic of supposed asymmetric directional couplers with imag-
inary coupling. (b) The proposed structures to realize effective imaginary cou-
pling. (c) The real and (d) imaginary parts of propagation constants as a function
of coupling strength. (e) and (f) Field fidelity and required detuning of the central
waveguide versus coupling c1, respectively.

where A(0) = [A1(0), A2(0)] T represents the initial excited
conditions. The output intensities for the upper and lower waveg-
uides are both |A1, 2(z)|2 = exp (– 2c0z) as the symmetric mode
is injected. The output becomes |A1, 2(z)|2 = exp (2c0z) as the
initial condition changes to anti-symmetric mode. The analysis
agrees well with the simulations shown in Fig. 3(a) and (b).
It is well known that light intensity oscillates in conventional
directional couplers with real coupling as a single waveguide is
excited. In contrast, the intensities no longer oscillate but ex-
ponentially grow during propagation in the imaginary couplers.
As the lower waveguide is excited with A(0) = [0, 1], the in-
tensities in individual waveguides are |A1(z)|2 = |sinh (c0z)| 2

and |A2(z)|2 = |cosh (c0z)|2, respectively. The output intensi-
ties tend to be equal as the ratio A1/A2 approaches unity for
enough long propagation distance. The similar phenomenon
is observed as the upper waveguide is excited. Fig. 3(c) and
(d) show the wave propagation in the triplet waveguides as
lower and upper waveguides are excited, respectively. The ini-
tial field can be regarded as the composition of symmetric and
anti-symmetric modes, which amplitudes either exponentially
decay or increase. Only the anti-symmetric mode effectively
survives for long propagation distances. Therefore, the intensi-
ties in two waveguides tend to be equal at the output, which may
be utilized to design stable optical dividers.

III. ASYMMETRIC DIRECTIONAL COUPLERS

The above method can be further used to develop the asym-
metric directional couplers with imaginary coupling. Fig. 4(a)
presents the schematic diagram of the asymmetric imaginary

coupler. The propagation constants of lower waveguide is larger
than that of the upper with the detuning denoted by �, which
is assumed to be real and positive. The system Hamiltonian is
then written as

H =
[

β0 ic0

ic0 β0 + �

]
(9)

The eigenvalues of (9) are derived as

β± = β0 + �

2
±
√

�2

4
− c2

0 (10)

The most prominent characteristic of the asymmetric cou-
plers is that EPs can take place. An EP arises at the square-root
branch point as two eigenvalues coalesce with β+ = β– . The
condition is fulfilled as the detuning is twice as large as the cou-
pling strength, that is, � = 2c0. The EPs are phase transition
point as eigenmode show distinct behavior. Above the threshold
(2c0 > �), the eigenmodes are given by [±exp (iθ ), 1]T with
sin (θ ) = �/2c0. The absolute values of two elements are equal,
indicating the energy is averagely distributed in two waveguides.
At phase transition for � = 2c0, two modes coalesce to [i , 1] T,
where the amplitudes in two waveguides have the same ampli-
tude. Below the threshold (2c0 < �), the eigenmodes becomes
[iexp (∓θ ), 1], where cosh (θ ) = �/2c0. The energy tends to
localize at a single waveguides. The asymmetric coupler with
imaginary coupling can be also realized by placing an additional
waveguide in the middle of the coupler, as shown in Fig. 4(b).
The Hamiltonian of the triplet is given by

H =

⎡
⎢⎣

β0 + δ1 c1 0

c1 β0 + δ2 c1

0 c1 β0 + δ1 + �

⎤
⎥⎦ . (11)

The eigenvalues are β1,2 ≈ β0 + �/2 + (�2/4 + δ2
1)1/2 and

β3 ≈ c2
1/δ1 when δ2 = c2

1/δ1 and c1 	 δ2, �. The first two
modes can be used to construct the asymmetric couplers with
imaginary coupling by setting the detuning to be δ1 = –ic0.

We now consider the InGaAsP waveguides to exam the fea-
tures of asymmetric coupler with imaginary coupling. The addi-
tional permittivity of right waveguide is set to be �ε3 = 0.014
such that the detuning of the propagation constant is � =
0.01 μm–1. The other parameters keep unchanged. In Fig. 4(c)
and (d), we plot the real and imaginary parts of the propagation
constants as a function of imaginary coupling strength. The sim-
ulation and the theory agree well with each other. They share
the characteristics of the square root. Increasing the coupling
strength causes the propagation constants of the two modes
to move towards each other to the critical point, that is, the
branch point or called EP. Two propagation constants coalesce
at c0 = �/2. The propagation constants become complex as
c0 > �/2, and the systems support one gain- and one loss-
guiding modes. In additional to the matching of the eigenval-
ues, the eigenmodes of triplet should also match that of the
asymmetric coupler with imaginary coupling. Fig. 4(e) and (f)
depict the field fidelity as a function of coupling strength c1 as
c0 = 2 × 10–3 μm–1 and 6 × 10–3 μm–1, which corresponds to
the cases below and above EP, respectively. The fidelity grows
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Fig. 5. Intensity distribution (|H|2) for different coupling strength. (a) and (d) c0 = 3 × 10–3 μm–1, (b) and (e) c0 = 4 × 10–3 μm–1, and (c) and (f)
c0 = 5.5 × 10–3 μm–1. The light is injected from upper waveguide for (a)–(c) and lower waveguide for (d)–(f). The field is normalized by the maximum.

with the increases of ratio of coupling strength and tends to unity
as c1/c0 → ∞. Therefore, a larger ratio is desired to achieve
better eigenmode matching. Similar to the case for a symmetric
imaginary coupler, the imaginary detuning of propagation con-
stants is large for a large ratio indicated by the red line shown
in Fig. 4(e) and (f). As a result, it becomes challenging to keep
the real part of propagation constants unchanged. Overall, the
coupling strength should be properly designed.

We further investigate the light propagation in the asymmet-
ric couplers with imaginary coupling. The light propagation
shows distinct behavior below and above the threshold 2c0 = �.
Fig. 5 illustrates the simulated field intensity distributions in the
triplet for three values of imaginary coupling strengths c0. In
Fig. 5(a)–(c), the light is launched from the upper waveguide.
The center waveguide is always dark. Below the threshold, as
shown in Fig. 5(a) and (b), the beat patterns are observed as light
intensity oscillates during propagation. The intensities in the two
waveguides always oscillate in phase as the wave intensities in
individual waveguides always reach maximum or minimum at
the same time. It is different from the conventional couplers
with real coupling where the light intensity in one waveguide
reaches maximum while approaches the minimum in the other
one. The energy of upper waveguide is always larger than that of
lower waveguide. The total energy slightly enlarges at first and
then decreases with the increase of propagation distance. More-
over, the beat length increases as the coupling approaches the

critical value 2c0 = �. When the EP is approached, the beat
length goes to infinity. The field intensity no longer oscillates
between the two side waveguides but rather travels in both
waveguides simultaneously as shown in Fig. 5(c). Moreover,
the total energy exponentially increases because the propagation
constants are complex and only the amplifying mode survives.
In this region, the intensities of two individual waveguides are
identical. Therefore, the output energies in side waveguides tend
to be of equal amplitude. Fig. 5(d)–(f) depict light propagation as
lower waveguide is excited. Below the EP, one can also observe
beating pattern. The fields at the output are mainly confined at
lower waveguide. This is different from the case in Fig. 5(a)
and (b) whereas the energy at upper waveguide is dominated.
Above EP, the field intensity no longer oscillates and the output
fields in upper and lower waveguides are almost of equal ampli-
tudes, which is similar to the case for the excitation from upper
waveguide.

IV. CONCLUSION

In conclusion, we have designed a double-waveguide coupler
with imaginary coupling coefficient. The imaginary coupling is
realized by incorporating an additional waveguide such that the
wave vectors and eigenmodes of the triplet waveguide match
well with that of the double-waveguide coupler with imagi-
nary coupling. The method is valid to develop symmetric and



KE et al.: OPTICAL IMAGINARY DIRECTIONAL COUPLERS 2515

asymmetric couplers with imaginary coupling. We also show
that the exceptional points (EPs) appear in the asymmetric cou-
plers by varying the coupling strength. Below the EPs, the light
intensities oscillate during propagation and the beat length in-
creases when approaching EPs. Above the EPs, the light travels
in both waveguides simultaneously and the output intensities in
two waveguides tend to be identical. Our results provide a new
way to design optical switches and splitters by taking advantage
of the gain and loss present in the system.
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