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By numerically solving the three-dimensional time-dependent Schrödinger equation, we have inves-
tigated multiphoton ionization of hydrogen atom in the two-color circularly polarized (TCCP) laser
fields consisting of a strong 400 nm and a much weaker 800 nm pulses. Due to the presence of pertur-
bative 800 nm laser pulse, sideband peaks emerge between the above-threshold ionization rings in the
photoelectron momentum distributions. Our numerical results show that the sideband peaks exhibit
one-lobe structure in the co-rotating TCCP laser fields, while it displays the three-lobe structure in the
counter-rotating TCCP laser fields. Moreover, the photoelectron yield of sidebands in the co-rotating
TCCP fields is much higher than those of the counter-rotating TCCP fields. These phenomena could
be well explained from the perspective of the photon-absorption channels via the selection rules. In-
terestingly, an obvious phase shift between the sidebands of different orders from the co-rotating and
counter-rotating TCCP fields is observed. This shift indicates the helicity-dependent time delay in the
one-photon continuum-continuum transition process.

Keywords helicity-dependent time delay, TCCP, multiphoton ionization

1 Introduction

The development of coherent extreme-ultraviolet (XUV)
attosecond laser pulses makes it possible to resolve elec-
tronic dynamic on an unprecedented time scale. Attosec-
ond pulse trains (APT), in the presence of weak infrared
(IR) laser pulses, is a very promising tool to conduct time-
resolved experiments, known as reconstruction of attosec-
ond beating by interference of two-photon transition (RA-
BITT) technique [1–8]. In the typical RABITT experi-
ments [1, 2], the sideband signals exhibit a cosine modu-
lation as a function of the time delay between APT and
IR laser fields. These modulations of different order side-
bands reveal the phase shift, encoding the time delay in-
formation of the photoionization dynamics [7].

In recent years, the photoemission time delay in vari-
ous atoms or molecules has been theoretically [9–12] and
experimentally [7, 8, 13–17] investigated using the RA-
BITT interferometric technique. For instance, the differ-
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ence in time delay of tens of attoseconds between the elec-
trons emitted from the 3s and 3p subshell of argon has
been measured [7]. Very recently, the angular-resolved
RABITT technique has been developed [16–20]. The
anisotropic photoemission time delay has been measured
in the presence of the autoionizing states [15, 16]. Molec-
ular stereo Wigner time delay has also been demonstrated
by the orientation- and energy-resolved experiments [14].
The time delay in the typical RABITT experiments gen-
erally consists of three parts [8, 9], the group delay of
the XUV field, the Wigner or intrinsic time delays and
the continuum-continuum (c–c) delay τcc. In most previ-
ous works, attention was paid to the intrinsic time delay,
while it was approximately that the c–c delay was univer-
sal and it can be eliminated. Recently, the c–c time delay
has attracted more and more interest [21, 22]. The scheme
by comparison of two measurements with different orders
of c–c transitions was proposed to extract phase informa-
tion on c–c couplings [21]. The dependence of the time
delay on angular quantum number of the liberated photo-
electron in the one-photon transition between continuum
states has been experimentally quantified, and a time de-
lay of 12 attoseconds between outgoing s and d electrons
has been measured using the RABITT technique [22].
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This two-photon transition interferometric technique
has been extended to multiphoton regime [23–25] in past
years. In Ref. [23], a phase measurement technique sim-
ilar to the RABITT technique was proposed to probe
the intrinsic delay in above threshold ionization (ATI),
where the combination of a strong 400 nm and a weak
800 nm linearly polarized laser pulses was employed. In
that scheme, the electron absorbs several 400 nm photons
to reach the ATI peaks and subsequently absorbs or emits
one 800 nm photon to reach sideband peaks. According
to the selection rule, the angular quantum number of the
electron could change by ±1 when the electron absorbs
one linearly polarized photon, and thus the mixture of
the angular quantum numbers at the ATI and sideband
peaks is complex. It prevents us from studying the details
of the time delay in the multiphoton ionization region.
This problem could be avoided by employing the circu-
larly polarized pulses. In the circularly polarized laser
pulses, only one photon-absorption channel where the an-
gular quantum number of the electron increases by one
for the electron starting from the s state is allowed, while
the other channel where the angular quantum number de-
creases by one is forbidden due to the selection rule. Thus,
the mixture of the angular quantum numbers in the ATI
and sideband peaks is relatively simpler compared to the
case of linear laser pulses. As a consequence, the elec-
tron could reach a very high angular quantum number
in the multiphoton region. This provides us a way to
study the time delay of the electron with high angular
quantum number, in contrast to previous RABITT exper-
iments where only the s, p and d partial waves have been
reached in the two-photon process. For the electron with
high angular quantum numbers, the contribution of the
short-range potential to the scattering phase is negligible,
and thus the measured time delay is mainly attributed to
the c–c transition process. This provides us a clean way
to survey the angular momentum dependence of the c–c
time delay, which is usually assumed to be independent
on the angular momentum in previous studies.

In this paper, we have performed a theoretical study
on multiphoton ionization of hydrogen atom by the two-
color circularly polarized (TCCP) laser fields which con-
sists of a strong 400 nm and a perturbative 800 nm laser
fields. We should mention that the TCCP laser fields
have been widely used in the strong-field ionization [26–
35]. In our study, the 800 nm laser field is very weak
and thus only one 800 nm photon is exchanged between
the ATI peaks of the 400 nm laser field. This enables
us to study the dynamics of the one-photon continuum-
continuum transition. Our numerical results reveal two
properties of the sidebands in the TCCP laser fields. The
sidebands exhibit the one-lobe structure in the co-rotating
laser fields, while the sidebands show the three-lobe struc-
ture in the counter-rotating laser fields. Moreover, the
sideband yields in the co-rotating laser fields are much
stronger than those in the counter-rotating TCCP laser

fields. More interestingly, the maxima of sideband inten-
sities at different orders show different relative shift, which
is dependent on the helicity of TCCP laser fields. This
shift difference is attributed to the c–c phase difference
dependent on the angular quantum numbers. Throughout
this paper, atomic units (a.u.) are used unless otherwise
noted.

2 Numerical methods

In this paper, the photoelectron momentum distributions
are obtained by numerically solving the three-dimensional
(3D) time-dependent Schödinger equation (TDSE). It
reads

i∂ψ(r, t)
∂t

= H(r, t)ψ(r, t), (1)

where

H(r, t) = −1

2
∇2 − 1

r
− iA(t) · ∇. (2)

∇ is the gradient operator. A(t) is the vector potential in
dipole approximation, and it consists of two components:

Ax(t) = −f(t)[A1 cos(ω1t) +A2 cos(ω2t+∆ϕ)],

Ay(t) = f(t)[A1 sin(ω1t) + ϵA2 sin(ω2t+∆ϕ)].
(3)

Here, ω1(ω2) is the angular frequency of 400 (800) nm
laser field and A1(A2) is the amplitude of the vector po-
tential. A sine-square envelope f(t) is adopted with a du-
ration time of 30T1 (T1 = 2π/ω1). The intensities of the
400 nm and perturbative 800 nm circularly polarized laser
pulses are 3 × 1013 W/cm2 and 1 × 1011 W/cm2, respec-
tively. ϵ = 1 (ϵ = −1) represents co-rotating (counter-
rotating) TCCP laser fields with same (opposite) helicity.
The relative phase ∆ϕ of the two circularly polarized laser
fields ranges from 0 to 2π separated by π/40.

The 3D-TDSE in Eq. (1) is solved in the spherical co-
ordinate, where the wavefunction ψ(r, t) can be expanded
by spherical harmonics |l,m⟩

|ψ(r, t)⟩ =
∑
l,m

Rlm(r, t)

r
|l,m⟩. (4)

Here, Rlm(r, t) is the radial part of wavefunction, which is
discretized by a finite-element discrete variable represen-
tation method [36]. The time propagation of the TDSE is
calculated by the split-Lanczos method [37, 38] with the
time step of ∆t = 0.1 a.u.

The ionization amplitudes are obtained from the fi-
nal wavefunction by projecting it to the scattering state
|ψk(r)⟩ of hydrogen atom,

M(k) = ⟨ψk(r)|ψ(r, t)⟩. (5)

The scattering state is given by

ψk(r) =
1

k

1√
2π

∑
l,m

ile−i(σl+δl)Y ∗
l,m(k̂)Rkl(r)Ylm(r̂), (6)
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Fig. 1 (a, b) The PEMDs (logarithmic scale) of polariza-
tion plane. (c, d) The angular-resolved energy spectra. (e,
f) The angular-integrated energy spectra. The ATI and side-
band peaks are marked by square and triangle, respectively.
The angle φ is the polar angle with φ = 0 along +px direction.
The intensities of 400 nm and 800 nm circularly polarized laser
pulses are 3× 1013 W/cm2 and 1× 1011 W/cm2, respectively.
The relative phase of the TCCP laser fields is ∆ϕ = 0.

where σl = argΓ(l+1− iZ/k) is the Coulomb phase shift,
Z is the effective nuclear charge. The short-range induced
phase shift δl = 0 for the hydrogen atom.

The energy spectra (E = |k|2/2) are given by

D(E) =

∫ π

0

sin θdθ
∫ 2π

0

dφ|M(k)|2|k|. (7)

In our numerical simulations, the maximal box size for
radial coordinates is Rmax = 200 a.u., and the absorbing
boundary is Rc = 120 a.u. The number of partial waves in
Eq. (4) is limited to Lmax = 35 which ensures convergence
of the calculations.

3 Numerical results and discussion

3.1 Numerical results

Figures 1(a) and (b) show the photoelectron momentum
distributions (PEMD) in the polarization plane by the co-

rotating and counter-rotating TCCP laser pulses, respec-
tively. The intensity of the 400 nm laser pulse is 3× 1013

W/cm2, and it is 1×1011 W/cm2 for the 800 nm laser field.
The relative phase is ∆ϕ = 0. The presence of the pertur-
bative 800 nm pulses leads to the sideband peaks between
the ATI peaks in the PEMDs. To see the sideband peaks
more clearly, the angular-resolved photoelectron energy
spectra are presented in Figs. 1(c) and (d). By comparing
the sidebands in the PEMDs by the co-rotating [Figs. 1(c)]
and counter-rotating [Fig. 1(d)] TCCP fields, two phe-
nomena are revealed. First, the sidebands in Fig. 1(c) have
only one maximum, while the sidebands in Fig. 1(d) have
three maxima. Second, the sideband yields in Fig. 1(c) are
much stronger than those of the same orders in Fig. 1(d).
The latter phenomenon is more clearly presented in the
angular-integrated energy spectra in Figs. 1(e) and (f). In
Fig. 1(e), there are small sideband peaks (triangle) be-
tween ATI peaks (square), while the sideband peaks in
Fig. 1(f) are difficult to distinguish in the linear scale.
This phenomenon has been reported in a recent experi-
ment [39], wherein the dependence of sideband intensity
on the relative helicity of the TCCP laser fields was ex-
plained by the modulation of sub-cycle interference. In
this study, we will explain these phenomena from the per-
spective of the absorption channels. We note that the
structures adjacent to the ATI peaks can be mainly at-
tributed to the effects of the laser field envelope [40, 41].

Closer inspection of Fig. 1(d) shows the relative shift
among the maxima of different order of the sidebands.
To investigate this relative shift, Fig. 2 presents photo-
electron energy spectra cut from the PEMDs at φ = π
as a function of the relative phase ∆ϕ. Different orders
of the ATI and sideband peaks are labeled at the right
side in Fig. 2. The photoelectron yields of sideband peaks
oscillate with respect to the relative phase [42]. To quan-
titatively show the oscillation of sideband peaks, Fig. 3
presents the slices (circle) at sideband peaks in Fig. 2
as a function of the relative phase ∆ϕ. For comparison,
the slices of the 4th-order ATI peaks (bottom panel) is

Fig. 2 The energy spectra cut at φ = π in the co-rotating
(a) and counter-rotating (b) TCCP laser fields as a function
of the relative phase ∆ϕ.
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Fig. 3 The slices of the sideband and ATI peaks in Fig. 2
as a function of relative phase. The left and right panel are
results of the co-rotating and counter-rotating TCCP lasers
fields, respectively. The bottom panel is the 4th-order ATI
yields. The circles are the TDSE results and the solid lines are
fitting curves.

also shown in Fig. 3. The relative shift of sideband yield
maxima in the counter-rotating TCCP laser pulses (right
panel) is revealed. While the relative shift of sideband
yield maxima in the co-rotating TCCP laser pulses (left
panel) is much smaller.

3.2 Discussion

To explain the phenomena above, Fig. 4 shows the scheme
of multiphoton ionization of hydrogen atom by the TCCP
laser pulses. For the TCCP fields in this study, where the
800 nm component is very weak, the ionization dynam-
ics can be approximately considered as two-step process.
First, the electron in the ground state 1 s of hydrogen
atom absorbs several 400 nm photons to reach the ATI
peaks. Subsequently, the electron in the ATI peaks ex-
changes one co-rotating or counter-rotating 800 nm pho-
ton to reach the sidebands. Note that the absorbing of
the 400 nm photon is the same for the co-rotating and
counter-rotating TCCP fields.

The angular and magnetic quantum number (l,m)
(with l = m) of the electron at ATI peaks are presented
at the right side in Fig. 4. Due to the perturbative in-
tensities of 800 nm laser fields, only one-photon transition

Fig. 4 The multiphoton ionization scheme of H atom by the
TCCP laser pulses. The electron absorbs several photons of
400 nm and subsequently exchanges a photon of 800 nm, reach-
ing ATI and sideband peaks. The numbers at right side are
angular and magnetic quantum number (l,m) of the electron
reaching this ATI peak. The absorption and emission channels
to sidebands are presented below and above the dashed lines.

from ATI peaks to sidebands is considered. When the elec-
tron absorbs one co-rotating or counter-rotating 800 nm
photon from ATI peaks to sideband peaks, the magnetic
quantum number changes ∆m = 1 or ∆m = −1, respec-
tively. For the sideband peak between the lower ATI peak
(l,m) and upper ATI peak (l + 1,m+ 1), there are three
channels. In the co-rotating case, there are one absorption
channel (l + 1,m + 1) and two emission channels (l,m),
(l + 1,m). While in the counter-rotating case, there are
two absorption channels (l + 1,m− 1), (l − 1,m− 1) but
one emission channel (l + 2,m + 2). The quantum num-
bers (l,m) of the emission and absorption channels are
represented above and below dashed lines in Fig. 4, re-
spectively.

In the co-rotating case, the photoionization amplitude
at the sideband peaks is [9, 22, 43]

Aco =A
(+)
l+1,m+1Y

m+1
l+1 +A

(−)
l,mY

m
l +A

(−)
l+2,mY

m
l+2, (8)

where (+) and (–) stand for the absorption channels from
the lower ATI peak (l,m) and the emission channels from
the upper ATI peak (l+1,m+1), respectively. While for
the counter-rotating TCCP laser pulses, it reads

Acounter = A
(+)
l−1,m−1Y

m−1
l−1 +A

(+)
l+1,m−1Y

m−1
l+1

+A
(−)
l+2,m+2Y

m+2
l+2 ,

(9)

Here, the transition amplitude

A
(±)
l,m = |Al,m| exp[i(φ(±)

l ± ω2τ)], (10)

where |Al,m| is the modulus of transition amplitude and
τ = ∆ϕ/ω2. The phase of the one-photon matrix element
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Table 1 Angular integrals of transition amplitudes from
ATIs to sidebands. (l,m) is the angular momentum and mag-
netic number of this channel. ± represent absorption from the
lower ATI (l,m) or emission from the upper ATI (l+1,m+1).

Co (l + 1,m+ 1,+) (l,m,−) (l + 2,m,−)

SB 1 0.4804 0.4804 0.0506
SB 2 0.4830 0.4830 0.0443
SB 3 0.4851 0.4851 0.0393

Counter (l − 1,m− 1,+) (l + 1,m− 1,−) (l + 2,m+ 2,−)

SB 1 0.4767 0.0591 0.4830
SB 2 0.4804 0.0506 0.4851
SB 3 0.4830 0.0443 0.4867

has two parts [22, 23],

φ
(±)
l = φATI

<
>

+ φcc±
l , (11)

where φATI
<
>

represents the total phase of the multiphoton
transition from bound state to the lower (<) or upper (>)
ATI peak, and φcc±

l is the c–c transition phase induced
by the transition from ATI peaks to sideband peaks.

From Eq. (8), there are two emission channels in the
co-rotating TCCP laser fields. The angular integral in
Table 1 of the amplitude for the transition from the ATI
peaks to the sideband is described by the products of two
Clebsch–Gordan coefficients [46]. From table 1, the an-
gular integral of the emission channel (l,m) is about one-
order larger than the other emission channel (l + 2,m).
Hence, the channel (l,m) is the dominant emission chan-
nels in the co-rotating TCCP laser fields. Similarly, in the
counter-rotating TCCP laser fields, the absorption chan-
nel (l − 1,m − 1) dominates. The sideband probabilities
in the polarization plane are thus approximately reduced
to [22, 23]

I(Ef , φ,∆ϕ) ≈

{
|A(+)

l+1,m+1Y
m+1
l+1 +A

(−)
l,mY

m
l |2,

|A(+)
l−1,m−1Y

m−1
l−1 +A

(−)
l+2,m+2Y

m+2
l+2 |2,

∝

{
c11 + c12 cos(δ1 + φ+ 2∆ϕ), Co
c21 + c22 cos(δ2 − 3φ+ 2∆ϕ). Counter

(12)

Here, c11, c12, c21 and c22 are the parameters related to
the modulus of the transition amplitude. The phase shifts
δ1 and δ2 are

δ1 = φATI
< − φATI

> + φcc+
l+1 − φcc−

l ,

δ2 = φATI
< − φATI

> + φcc+
l−1 − φcc−

l+2 .
(13)

From Eq. (12), in the co-rotating case, the magnetic
quantum number difference between the absorption and
emission channels is δm = 1, which explains the angular
one-lobe structure of the sidebands in Fig. 1(c). While in
the counter-rotating case, this difference is δm = 3, and

Fig. 5 (a) The retrieved relative phase shift of ATI (red) and
sideband (blue) peaks. (b) The retrieved time delay δi/(2ω2)
(i = 1, 2).

thus the sideband yields reveal the three-lobe structures
in Fig. 1(d).

According to the Fano’s propensity rule [44, 45], for the
sideband yields, the absorption channel (l+1,m+1) in the
co-rotating TCCP laser fields is stronger than the channel
(l − 1,m − 1) in the counter-rotating TCCP laser fields.
Similarly, the emission channel (l,m) in co-rotating case
is also stronger than the channel (l+2,m+2) in counter-
rotating case. As a result, the sideband yields in the co-
rotating TCCP laser fields is much stronger than those in
the counter-rotating TCCP laser fields in Fig. 1.

Equation (12) indicates that the sideband yields exhibit
a cosine modulation as a function of the relative phase
∆ϕ with φ fixed. The signals of sidebands in Fig. 3 are
well fitted (solid lines) by Eq. (12) using the genetic al-
gorithm [47]. This implies that the higher-frequency con-
tribution is negligible and it is reasonable for only con-
sidering one-photon transition between continuum states
in our cases. The fitted phase shifts δi of both ATI and
sideband peaks are shown in Fig. 5(a). The phase shift
of sideband peaks increases as the photoelectron energy
increases and approaches to 0 in both the co-rotating and
counter-rotating cases. But the phase shift difference be-
tween the co-rotating and counter-rotating TCCP laser
fields are clearly revealed in Fig. 5(a). The phase shift
of sidebands in the co-rotating case shows little variation
around 0, while it reaches about −0.3π at the lowest-order
of sideband in the counter-rotating case. The interaction
phase [48] is not observed in our results in Fig. 5(a). The
phase shift in both the co-rotating and counter-rotating
cases consists of two parts in Eq. (13). The first part
is the bound to ATI peak phase difference φATI

< − φATI
> .

This part is difficult to deal with in the multiphoton pro-
cess but it is the same for the co-rotating and counter-
rotating cases as stated before. The second contribution
is the c–c phase difference φ+

cc − φ−
cc. The phase shift

difference between the co-rotating and counter-rotating
cases is thus attributed to the c–c phase dependent on
the angular quantum numbers. In the counter-rotating
case, the angular quantum number difference of the inter-
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ference channels is δl = 3, leading to a larger c–c phase
difference, while it is δl = 1 in the co-rotating case. This
interpretation of the dependence of the c–c phase on the
angular quantum numbers is further supported by a very
recent article [49]. The corresponding time delay δi/(2ω2)
(i = 1, 2) of sidebands retrieved from the TDSE results is
presented in Fig. 5(b). The time delay difference between
two cases reaches about 150 as at the lowest-order side-
band and it decreases with the increase of the sideband
order. This time delay difference in multiphoton regime
between the TCCP laser fields with same and opposite
helicities has not been reported in previous studies.

4 Conclusions

In conclusion, we have theoretically investigated multi-
photon ionization of H atom by solving the 3D-TDSE
using 400 nm combined with co-rotating and counter-
rotating perturbative 800 nm TCCP laser fields. The side-
band signals present the one-lobe and three-lobe struc-
tures in the co-rotating and counter-rotating TCCP laser
fields, respectively. Moreover, the sideband signals in co-
rotating TCCP laser fields is much stronger than those
of counter-rotating TCCP laser pulses. These phenomena
have been explained with the absorption channels.

Interestingly, the modulations of sideband yields in
the counter-rotating TCCP laser fields exhibit a visible
phase shift, compared to those in the co-rotating TCCP
laser pulses. It is mainly attributed to the one-photon
continuum-continuum phase difference dependent on the
angular quantum numbers.
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