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Here we investigate the Bloch oscillations (BOs) in a pho-
tonic spectral lattice created with four-wave mixing Bragg
scattering (FWM-BS). By injecting a signal and two pumps
with different frequencies into a silicon nitride waveguide, a
spectral lattice can be created for the generated idlers through
successive FWM-BS. The phase-mismatch during FWM-BS
acts as an effective force that induces BOs in the spectral
lattice. Both the oscillation period and amplitude are deter-
mined by the magnitude of the effective force. With cascaded
FWM-BS processes, the spectrum of idlers experiences a di-
rectional shift as the phase differences of pumps are modu-
lated. Additionally, introducing long-range couplings in the
spectral lattice will change the trajectory of BOs within each
period. The pattern of BOs for a single frequency input
can also be tailored. This Letter provides a new platform
to realize BOs in the frequency dimension and paves a prom-
ising way for broadband frequency control with all-optical
schemes. © 2019 Optical Society of America

https://doi.org/10.1364/OL.44.005430

As imposed by a constant electric force, electrons in a crystal
lattice will manifest periodic oscillation motions. The effect is
known as Bloch oscillations (BOs), which have been experi-
mentally observed in many solid systems [1,2]. Apart from elec-
trons, photons can also take on BOs in discrete optical systems,
such as curved waveguide arrays and optical lattices with gra-
dient potentials [3–6]. Recently, BOs have been demonstrated
in frequency dimension by detecting the evolution of a light
spectrum in dynamically modulated optical waveguides and
resonators [7,8]. However, the dynamic modulation imple-
mented by electro-optic modulators is subject to the intrinsic
limited bandwidth in gigahertz range [7–12]. To fulfill a larger
bandwidth requirement in optical communication and signal
processing [13], recent efforts have been dedicated to all-optical
techniques based on nonlinear optical processes [14–16], of
which the four-wave mixing Bragg scattering (FWM-BS)
has been utilized to create spectral lattice for controlling pho-
tons [14,17–19]. Compared with electro-optic modulation,

the FWM-BS process manifests lower loss and larger band-
width up to terahertz, resulting in more efficient manipulation
of a light spectrum.

In FWM-BS, the phase-match condition is usually required
to achieve high conversion efficiency. Here we find that a slight
phase-mismatch can induce an effective force for photons and
arouse BOs of the generated idler in the frequency dimension.
By cascading multiple FWM-BS processes and modulating the
phases of pumps, the directional shift of a light spectrum can be
achieved. Additionally, anharmonic Bloch oscillations (ABOs)
in frequency dimension are also observed by introducing more
pumps in the FWM-BS process [20]. This Letter provides a
unique platform to demonstrate BOs in frequency dimension
and may find applications in all-optical frequency control.

The FWM-BS is implemented in a strip waveguide with a
core of Si3N4 [17,18] embedded in SiO2. The dimensions of
the cross section of the core are 700 nm × 300 nm, as shown
in Fig. 1(a). A signal with frequency ωs and two pumps with
frequencies ωp1,2 are incident together into the waveguide.
They are all continuous waves and can be generated by a
mode-locked laser [14]. The profile of fundamental TE0 mode
in the waveguide is shown in the inset. The field is mainly con-
centrated in the core region. As a signal photon is scattered by
two pump photons, the idler photons are generated at frequen-
cies ωi � ωs �Ω [19]. When the phase-match condition is sat-
isfied, the successive FWM-BS processes will occur, giving rise to
a spectral lattice ωn � ωs � nΩ (n � 0, � 1, � 2,…), as
shown in Fig. 1(b). The lattice constant Ω � ωp2 − ωp1 is
uniquely determined by the frequency interval between the two
pumps. The total field in the waveguide can be written as [21]

U �
X∞

n�−∞
an�z�ei�βnz−ωnt� � A1�z�ei�βp1z−ωp1t�ϕ1�

� A2�z�ei�βp2z−ωp2t�ϕ2�, (1)

where an�z� and βn are the amplitude and propagation constant,
respectively, of the idler at frequency ωn. The frequency of
input signal equals ω0. A1,2�z� represent the amplitudes of
the two pumps. The propagation constants and initial phases
of the pumps are denoted by βp1,p2 and ϕ1,2, respectively.
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The dispersion relations of the pumps and idlers are shown in
Fig. 1(c). They are treated as fundamental modes with different
frequencies in the waveguide. Due to the dispersion of Si3N4,
the group velocities of the modes in distinct frequencies are dif-
ferent. Considering that Ω ≪ ωs, the dispersion curve for the
idlers near ωs, as well as for the pumps near ωp1 and ωp2,
can be treated as a straight line. Hence, the wavevector mismatch
is given by

−Δβ � �βp1 − βp2� − �βn�1 − βn�: (2)

The FWM-BS process is governed by the nonlinear Schrödinger
equation [21]

∂U
∂z

� iγjU j2U , (3)

where γ is nonlinear coefficient of the Si3N4 waveguide. Using the
undepleted pump approximation in which the pump amplitudes
are treated as constants, and substituting Eq. (1) into Eq. (3), we
could obtain the coupled-mode equation for the idlers:

∂an�z�
∂z

� iC �an−1�z�ei�−Δβz�Δϕ� � an�1�z�e−i�−Δβz�Δϕ��, (4)

where C � 2γA1�0�A2�0� is the coupling strength between ad-
jacent modes, and Δϕ � ϕ1 − ϕ2 denotes the phase difference
between the two pumps.

First, we consider the eigen Bloch mode in the spectral
lattice, i.e., an infinite-width frequency comb an�z� �
a0 exp�inϕ0� exp�ikzz�, where a0 is the amplitude, and ϕ0 �
kω�0�Ω and kz are the initial Bloch momentum in the fre-
quency dimension and propagation constant, respectively,
along the waveguide. Substituting an�z� into Eq. (4) and

assuming zdkz∕dz ≪ kz , we can obtain the band structure
for the spectral lattice:

kz �ϕω�z�� � 2C cos�ϕω�z� − Δϕ�, (5)

where ϕω�z� � ϕ0 � Δβz, denoting a linearly varying Bloch
momentum during propagation. Thus, a constant effective force
F � ∂ϕω�z�∕∂z � Δβ is generated in the spectral lattice.
Figure 2(a) shows the band structures for Δϕ � 0 and π.
Denoting ϕω�z� � kω�z�Ω and considering a finite-width fre-
quency comb input into the waveguide, the group velocity in
spectral lattice is given by vg�z� � −∂kz �kω�z��∕∂kω�z� �
2CΩ sin�ϕ0 � Δβz − Δϕ�, which is perpendicular to the band
structure. Thus, the accumulated spectral shift is obtained by

ω�z� � −
2CΩ
Δβ

�cos�ϕ0 � Δβz − Δϕ� − cos�ϕ0 − Δϕ��: (6)

It appears that the center-of-mass of the frequency comb man-
ifests a cosine oscillatory motion in the spectral lattice, which
refers exactly to BOs in the frequency dimension. The corre-
sponding oscillation period is

T BO � 2π

Δβ
, (7)

which is inversely proportional to the mismatched wavevector.
The theoretical analysis above can be verified by the numeri-

cal simulations of spectrum evolutions of idler lights in the
waveguide. The wavelengths of the pumps are λp1 �
1550 nm and λp2 � 1550.4 nm; the wavelength of the signal
λs � 1330 nm. The corresponding frequency difference of the
pumps is Ω∕2π � 50 GHz. The peak powers of the pumps
have the same value of 15 W [17]. According to the above
parameters, we can obtain the wavevector mismatch −Δβ �
−0.0001 μm−1 and, hence, T BO � 2π∕Δβ � 62.8 mm. In
order to observe BOs, we choose the length of the waveguide

Fig. 1. (a) Schematic diagram of FWM-BS in the Si3N4 waveguide.
The insets show the cross section and fundamental TE0 mode of the
waveguide. (b) Synthetic spectral lattice created by FWM-BS. Ω is the
frequency interval of generated idlers. ϕ1 and ϕ2 are the initial phases
of the input pumps with frequencies ωp1 and ωp2, respectively. ωs de-
notes the frequency of signal. (c) Dispersion relation of fundamental
modes in the Si3N4 waveguide. The green and purple lines indicate the
dispersion relation near the pump and signal frequencies. Δβs and Δβp
are the wavevector interval of adjacent idlers and that of pumps.
The wavevector mismatch of FWM-BS is denoted by Δβ.

Fig. 2. (a) Band structures of the spectral lattice for Δϕ � 0 (red)
and Δϕ � π (blue). F � Δβ denotes the effective force, which makes
the Bloch momentum shift over the band curve along the dashed line.
(b) Spectral evolution of BOs for a single frequency input. T BO and
ABO are the period and amplitude of BOs, respectively. (c), (d) Spectral
evolutions of BOs under a Bloch wave packet input for (c) Δϕ � 0
and (d) Δϕ � π. The dashed lines denote z � T BO, and the blue
curves represent the theoretical predictions of oscillation trajectories.
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as 126 mm [22]. Additionally, the effect of dispersion on the
spectrum evolution is negligible due to the dispersion curve
being almost linear in the vicinity of frequencies of the signal
and idler lights. The results obtained by numerically solving
Eq. (4) are illustrated in Figs. 2(b)–2(d). Almost the same re-
sults can be achieved by solving Eq. (3) using the split-step
Fourier method [14], as the power of the pumps is much larger
than that of the signal. Figure 2(b) shows the spectrum evolu-
tion of idlers with a single frequency input. The spectrum ex-
periences a periodically breathing behavior during propagation,
and a self-focusing effect appears repeatedly with a period of
63 mm, which coincides fairly with the theoretical prediction
of T BO. We also input a Bloch wave packet, which is obtained
by truncating a frequency comb into a finite-width W � 5Ω.
As the initial Bloch momentum of the wave packet ϕ0 � 0,
that is, the incident modes in the packet are all in phase, the
spectrum evolution of generated idlers is shown in Fig. 2(c) for
Δϕ � 0. The trajectory of the spectrum center follows a cosine
function, which agrees well with the theoretical prediction de-
picted by the blue curve. The effect of BOs can be explained
by the band structure shown in Fig. 2(a). Due to the effective
force, the Bloch momentum of idlers should experience a continu-
ous shift along to the right, and the group velocity changes peri-
odically according to the shape of the band curve. Consequently,
the spectrum undergoes a periodic oscillation. For Δϕ � π, the
group velocity at the same Bloch momentum is opposite in lateral
direction to that for the caseΔϕ � 0. The BOs show an opposite
phase in contrast to the latter, as shown in Fig. 2(d). In both cases,
the amplitude of the BOs ABO � 2π × 287 GHz, which also
agrees well with the theoretical value.

Since BOs are periodically oscillatory motions, as demon-
strated above, the maximum spectral shift is limited by the
finite oscillation amplitude. Nevertheless, by cascading multi-
ple processes of FWM-BS with different Δϕ for the pumps, the
periodic nature of BOs might be broken, and aperiodic spectral
shifting can be achieved. The phase differenceΔϕ of the pumps
in each process can be varied by the optical delay line (ODL), as
shown in Fig. 3(a). Here we depict two segments of waveguides
as an example. After each waveguide, the pumps are filtered
out, and the generated idlers are combined with pumps which
are phase delayed through another route. Without loss of gen-
erality, we numerically simulate the spectral evolution in the
case of directly cascading four segments of Si3N4 waveguides,
each of which has a fixed length of L � 0.5T BO. The phase
differences in each segment are Δϕ � 0, π, 0, and π.
Figures 3(b)–3(d) show the spectral evolutions for the inci-
dence of a Bloch wave packet. Here all parameters are the same
as that in Fig. 2. As the Bloch wave packet carries an initial
Bloch momentum ϕ0 � 0, it experiences a directional spectral
blueshift, as shown in Fig. 3(b). While for ϕ0 � π, as shown in
Fig. 3(c), the Bloch wave packet undergoes a directional spec-
tral redshift, which manifests a mirror symmetry with respect to
that in Fig. 3(b). Both the accumulated spectral blueshift and
redshift reach jΔωj � 4ABO � 16CΩ∕Δβ. If we choose
ϕ0 � π∕2, as illustrated in Fig. 3(d), the spectral directional
shift does not occur, and the wave packet exhibits a periodic
localization with the envelope center recovering to the initial
position at the end of each segment. Finally, we consider the
spectral evolution under a single frequency input into the sys-
tem, as shown in Fig. 3(e). Differing from the periodically self-
focusing pattern, as obtained in Fig. 2(b), the single frequency

exhibits successive discrete diffraction and bandwidth expan-
sion, with the bandwidth reaching 8ABO � 32CΩ∕Δβ which
will be greater than terahertz at the output.

In the above discussion, BOs are formed by the nearest-
neighbor coupling, where only two pumps are involved in
the FWM-BS. However, by introducing a third pump into
the process, the long-range coupling can be realized, giving rise
to ABOs in frequency dimension [7,18]. Assuming the fre-
quency interval between the second and third pumps is 2Ω,
the coupled-mode equation for the idler lights can be written
as the superposition of three sets of BOs, which reads

∂an�z�
∂z

� i
X3

m�1

�Cm�an−m�z�ei�−mΔβz�Δϕm�

� an�m�z�e−i�−mΔβz�Δϕm���, (8)

where C1 � 2γA1�0�A2�0�, C2 � 2γA2�0�A3�0�, and C3 �
2γA1�0�A3�0� are coupling strengths for different order cou-
pling. Δϕ1 � ϕ1 − ϕ2, Δϕ2 � ϕ2 − ϕ3, and Δϕ3 � ϕ1 − ϕ3

are the phase differences between different pumps. Con-
sidering an infinite-width frequency comb input, the band
structure can be expressed as

kz�ϕω�z�� � 2
X3

m�1

Cm cos�ϕ0 � Δβz − Δϕm�, (9)

and we can obtain the accumulated spectral shift

Fig. 3. (a) Schematic diagram for cascading multiple FWM-BS
processes. ODL, optical delay line; BPF, bandpass filter. (b), (c),
and (d) Spectrum evolutions of four cascaded processes of FWM-
BS for the Bloch wave packet input with initial Bloch momentum
(b) ϕ0 � 0, (c) ϕ0 � π, and (d) ϕ0 � π∕2. (e) Spectrum evolution
for a single frequency input. The yellow dashed lines indicate the in-
terfaces of different waveguides. The blue curves denote the theoretical
trajectories.
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ω�z� � −
X3

m�1

2CmΩ
Δβ

�cos�ϕ0�Δβz −Δϕm� − cos�ϕ0 −Δϕm��:

(10)

Figure 4(a) shows the band structures in the presence of long-
range coupling. As C1 � C2 � C3 and Δϕ1 � Δϕ2 �
Δϕ3 � 0, the band structure has a symmetric shape, as de-
picted by the red curve in the figure. The spectral evolution
under an input of Bloch wave packet is shown in Fig. 4(b).
Since the band structure and spectrum shift follow the same
function, as shown in Eqs. (9) and (10), the oscillation trajec-
tory is analogous to the shape of the band structure. Apart from
controlling the oscillation trajectory, the pattern of the spec-
trum evolution can also be controlled by tailoring the band
curve. For example, we construct an asymmetric band struc-
ture, as depicted by the blue curve in Fig. 4(a) for C1 �
C2 � C3 and Δϕ1 � 0, Δϕ2 � π∕2, and Δϕ3 � π. The
spectrum evolutions for a single frequency input of signal are
shown in Figs. 4(c) and 4(d), as the band curves are symmetric
and asymmetric. The breathing oscillation patterns show dis-
tinct symmetry according to the band structure. The symmetry
of the oscillation pattern is attributed to the time-reversal
symmetry (TRS) of the band structure [9]. The input of single
frequency arouses arbitrary Bloch momentums all over the
Brillouin zone. As the band structure manifests TRS, i.e.,
kz�kω� � kz�−kω�, any opposite Bloch-mode components at
kω and −kω contribute equally to the spectrum evolution, re-
sulting in a symmetric pattern of BOs, as shown in Fig. 4(c).
On the other hand, as the TRS is broken, the oscillation pattern
becomes asymmetric, as shown in Fig. 4(d).

In summary, we have studied BOs in a synthetic spectral
lattice created by successive FWM-BS processes in the Si3N4

waveguides. By choosing different frequency regions of the sig-
nal and pumps, a slight wavevector mismatch can be achieved
due to the waveguide dispersion. Thus, an effective force is in-
troduced in the spectral lattice, and the spectrum of generated
idlers undergoes BOs. By cascading multiple FWM-BS proc-
esses with distinct phase differences between adjacent pumps,
the spectrum of BOs is no longer periodic, and aperiodic
spectral shifting appears. By introducing long-range couplings
in the spectral lattice with more pumps, the ABOs can also
be achieved. For an input of single frequency, the breathing
oscillation patterns of BOs can be symmetric and asymmetric
by tailoring the band structure of the Bloch modes in the
spectral lattice. This Letter paves a promising way towards
all-optical manipulation of a light spectrum and may find
many applications in optical communication and signal
processing, such as temporal-spectral imaging and informa-
tion reconstruction [23,24].
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