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Abstract: We study the carrier-envelope phase (CEP) dependent photoelectron energy spectra
from above-threshold ionization by numerically solving the time-dependent Schrodinger
equation of hydrogen atom in a few-cycle laser field at intensities in the range of (2-10) x 10"
W/em?. Depending on the electron energy and the laser intensity, the yield of the photoelectron
reveals clear oscillations with respect to the CEP. At high laser intensities (larger than ~3 x 10"
W/em?), the yield of the high-energy photoelectrons (larger than 2U,, with U, being the
ponderomotive potential) shows two kinds of oscillations with the CEP for different electron
energies. There is a clear phase jump for those two kinds of oscillations. In contrast, at low laser
intensities (smaller than ~3 x 10" W/cm?), the phase of the oscillation for the high-energy
photoelectron yield with the CEP is nearly independent on the electron energy, which will
reduce the sensitivity of the retrieval of single-shot CEP using the method reported by T.
Wittmann et al. [Nat. Phys. 5, 357 (2009)] at low laser intensities. We further show that the
low-energy photoelectrons display distinct CEP-dependent intercycle interference fringes,
providing an alternative approach to retrieve the CEP with high sensitivity in a few-cycle laser
field with low intensity.
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1. Introduction

The advent of few-cycle laser pulses has greatly promoted the development of technologies
associated with the strong-field physics and the attosecond science [1-5]. The dynamics of
electron ionized from atoms or molecules by a strong few-cycle laser field critically depend not
only on the amplitude and frequency of the field but also on the carrier-envelope phase (CEP).
Actually, the CEP acts as a vitally important parameter for a few-cycle laser field, which
determines the electron motion on a sub-femtosecond timescale and thus it has a significant
effect on a number of strong-field phenomena, such as high harmonic generation (HHG) [6, 7],
above-threshold ionization (ATI) [8—11], and non-sequential double ionization (NSDI) [12—
16]. Nowadays, a few-cycle laser pulse with well-defined waveforms employing CEP
stabilization has been widely used to generate isolated attosecond pulses [17-19], to
manipulate electron emissions [20], and to control molecular dissociations [21-24].

The photoelectron energy spectrum from the ATI in a strong few-cycle laser field has been
intensively studied in the past years. Generally, the relative yield of the photoelectrons from the
ATI drops exponentially with increasing the electron energy. Due to the effect of electron
rescattering, there is a photoelectron energy plateau ranging from ~2U,, to a cutoff around 10U,
Uy - Fy’/4w* is the ponderomotive energy where F, and o are the field amplitude and
frequency, respectively. Atomic units are used unless specified otherwise) in the electron
energy spectrum [25, 26]. For those high-energy photoelectrons, they are scattered backward
by the parent ion so that they can gain large energy at the end of the laser pulse. In a few-cycle
laser field, those high energy electrons reveal asymmetric electron emission along the laser
polarization direction depending on the CEP. Thus the high-energy electrons with positive
momentum and with negative momentum exhibit different energy spectra [9,20]. In the plateau
region of the energy spectrum, the higher-energy electrons (near 10U,) are dominated by a
single pair of trajectories and thus the emission direction along the laser polarization can be
directly manipulated by the CEP [9, 11]. For the lower-energy electrons (near 2U,), more
trajectories have significant contributions and a CEP-dependent attosecond double-slit
interference is observed in the lower-energy region [27].

Recently, Wittmann et al. reported a novel measurement of single-shot CEP using the
stereographic detection of the high-energy electrons from the ATI of the rare gases [28]. This
stereo-ATI method measured the CEP of every single laser shot without CEP locking. In this
pioneering experiment, the asymmetry parameters for the higher and lower energy electrons in
the plateau region of the energy spectrum were measured and then the CEP was retrieved from
the fact that the dependence of the asymmetry parameters on the CEP for the higher and lower
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energy electrons is shifted with each other. With the two asymmetry parameters calculated
from those two high-energy regions in the ATI spectrum, the unlocked CEP of every single
shot was mapped on one point in a Lissajous-like parametric plot with each axis corresponding
to one of the two asymmetries. Because of its convenience, this method was subsequently
employed in the study of the NSDI [29] and the electron emission from the nanospheres [30].
And it was further used to retrieve the CEP of a multi-cycle pulse [31], to measure real-time
pulse length [32], and to stabilize the CEP in real time [33].

Much effort to date is focused on the effect of the CEP on the photoelectrons in the high
laser intensity regime while little attention is paid to the low laser intensity regime. Indeed, a
few studies revealed an important role of the CEP in a few-cycle laser field with low intensity,
but they mainly investigated the CEP effect on excited state populations and interference
between multiphoton pathways [34-37]. Abel et al. experimentally studied the CEP effect on
the low-energy photoelectrons at a low laser intensity of ~3 x 10" W/ecm? [36]. Up to now, the
CEP effect on the high-energy photoelectron spectrum is rarely studied in the low laser
intensity regime.

In this paper, we study the CEP-dependent asymmetry spectra and CEP-dependent
photoelectron energy spectra of hydrogen atom in a few-cycle laser field from high intensity to
low intensity by numerically solving the time-dependent Schrodinger equation (TDSE). Both
the asymmetry parameters and the photoelectron yields reveal clear oscillations with respect to
the CEP, which depend sensitively on the electron energy and the laser intensity. At high laser
intensities (> 3 x 10"* W/cm?), the yield of the high-energy photoelectrons shows two kinds of
oscillations with the CEP for different electron energies. In contrast, at low laser intensities (<3
x 10" W/em?), the oscillation of the high-energy photoelectron yield with the CEP is nearly the
same for different electron energies. The oscillations for the higher-energy and lower-energy
photoelectrons in the plateau region show no clear phase shift, which will decrease the
sensitivity of retrieving the single-shot CEP using the method reported by Wittmann et al. at
low laser intensities [28]. We further find that the low-energy photoelectrons exhibit distinct
CEP-dependent interference fringes. Based on a simple semiclassical model, we show that
those fringes come from the intercycle interferences among electron wave packets emitted at
time intervals separated by one laser cycle. Those CEP-dependent intercycle interference
fringes might be used to retrieve the CEP in a few-cycle laser field with low intensity.

2. Theoretical methods
2.1 TDSE calculation
We first use the numerical solution of the two-dimensional TDSE to study the CEP effect on

the photoelectron energy spectrum [38—42]

%‘Pm = H, )P, (1)

where W() is the wave function. The Hamiltonian H (¢, ¢) is given by equation:
Ht0) == V4V () +V (D) @

where V (¢, ) =r - F(¢, p) is the interaction of electron with the laser field, r is the position of
the electron, and ¥(r) is the Coulomb potential. The electric field of the laser pulse is

F(1,9) = F, f (t) cos(art + p)e,., 3

with ¢ the CEP. f{f) = sin® (n/mT,) is the envelope of the laser pulse with m being the number
of the optical cycle and T being the laser cycle.
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We use the split-operator method to solve the TDSE [43]. In order to obtain the momentum
distribution, we separate the whole wave function into the inner (0—R,) and outer (R.— Rax)
regions by a wave-function splitting technique [9] at any given time

P(6)=YO)[1-F R)]+¥(E)F (R) =Y, (1) +¥, (). “

Here, F.(R)= l/ (1+e’”2”’2’R‘)/ *)is the split function, R, is the radius of the boundary to
separate those two regions, and A is the width of the crossover region. ¥, represents the wave
function in the inner region numerically propagated under the full Hamiltonian, and ¥,
represents the wave function in the outer region. Because R, is chosen large enough, the
Coulomb potential is neglected and ¥, propagated under the Volkov Hamiltonian analytically
in the outer region. When the laser field is over, the final wave function in the outer region is the
Fourier transformation of the wave function in momentum space C(p, ¢, t;)

i(px+pyy)

W (eout) = [C(0.9.1) b, )

Here x is the direction of the laser polarization, y is the direction perpendicular to the laser
polarization, and p is the electron momentum. Therefore, the final momentum distribution is
related to the sum of the wave function in momentum space over ¢,

dar(p, )
dEd6

=‘ZC([),¢?,Z}) > (6)

where E is the energy corresponding to the momentum p, and 6 is the emission angle of the
photoelectron. Here we only consider the electrons emitted at exactly § = 0 and 6 = 180. The
ionization probability of the electron with the positive momentum and the negative momentum
are obtained from the momentum distribution at exactly 8 = 0 and 6 = 180, respectively,

R E9=TLD (50) )
P(Ep =D (51507 ®)

where + (-) stands for the positive (negative) momentum. The asymmetry parameter As(E, ¢) is
defined as

R(E’¢)_R(Es¢)

A= o)+ P (Eg)

&)

The CEP-dependent asymmetry spectra and CEP-dependent photoelectron energy spectra are
obtained with changing the CEP over a range from 0 to 4w with a step of 0.1x, as shown in Fig.
1 and 2 respectively. To improve the visibility, the CEP-dependent photoelectron energy
spectra are normalized at the maximum for each electron energy.

2.2 Quantum-orbit theory

We also use the quantum-orbit theory [3,44] to study the CEP effect on the high-energy
photoelectrons. Briefly, for the laser field given in Eq. (3), we numerically solving the
saddle-point equation for the high-energy photoelectrons to obtain the dependence of the final
electron energy on the ionization time. The saddle-point equations for the high-energy
electrons is given by [44]
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[k+ A, @) =21, (10)
K+A(, @) =[p+A(,9)T, (1)
(t—1,)k =— L"drA(r, ), (12)

where /, is the ionization potential, ¢, is the ionization time, ¢’ is the rescattering time, and K is
the canonical momentum before the rescattering. #,, t' and k are all complex. A(¢', ¢) is the
vector potential of the laser field at time #". Because we only consider the electrons scattered
backward, the final energy for the backward scattered electron is

E — p2(105¢).

= (13)

By solving the Egs. (10)-(13), we obtain the dependence of the final energy of the backward
scattered electron on the real part of the ionization time for a specific CEP value.

3. Result and discussion

Figure 1 shows the asymmetry spectra of the high-energy photoelectron (> 2U,)) with respect to
the CEP and the photoelectron energy at different laser intensities by solving the TDSE of
hydrogen atom. The laser wavelength is 800 nm and the pulse duration is 4 optical cycles. The
electron energy range shown in Fig. 1 corresponds to the plateau part in the energy spectrum.
The blue color stands for photoelectrons mainly emitted with positive momentum and the red
color stands for photoelectrons mainly emitted with negative momentum along the laser
polarization direction.

(€)§ 4x10" Wicm®
_4_55 E o —

0.8
Aﬂ.
2 0.6
>
&
2
w 0.4
0.2
0
0.2
2 0.4
8
2 06
w
08

CEP ()

Fig. 1. The asymmetry spectra of high-energy photoelectron (> 2U,) with respect to the CEP and
the photoelectron energy at different laser intensities by solving the TDSE of H. The laser pulse
duration is 4 optical cycles with a wavelength of 800 nm. (a)- (f) correspond to the laser
intensities of 2 x 10" W/em?®, 3 x 10" W/em?, 4 x 10" W/em?, 6 x 10” W/enr’, 8 x 10" W/em’,
1 x 10" W/em?, respectively. In (c)-(f), the black dashed lines are used to guide the boundary of
the two kinds of oscillations.

One can see that the asymmetry parameter reveals obvious oscillations with respect to the
CEP for the high-energy photoelectrons, and those oscillations are dependent on the laser
intensity. At the highest laser intensity of 1 x 10'* W/cm?, as shown in Fig. 1(f), one can see two
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kinds of oscillations of the asymmetry parameter with respect to the CEP. On one hand, the
oscillation in the lower-energy region of 2U,-6U,, reveals a vertical-stripe structure. For those
electrons, the oscillation of the asymmetry parameter with the CEP is nearly independent on the
electron energy. On the other hand, the oscillation in the higher energy region of 6U,-12U,
shows a tilted-stripe structure (positive slope compared with vertical stripes). With increasing
the electron energy, there is a gradual phase shift in the dependence of the asymmetry on the
CEP for those higher-energy electrons. The black dashed line in Fig. 1(f) is used to guide the
boundary to separate those two kinds of oscillations. With decreasing the laser intensity, those
two kinds of oscillations can still be distinguished from the CEP-dependent asymmetry spectra
when the laser intensity is larger than 3 x 10" W/cm?, and the energy of the boundary
obviously increases as the laser intensity decreases, i.e., the energy of the boundary is ~7U, at 8
x 10" W/em® [Fig. 1(e)], ~8U, at 6 x 10"* W/em® [Fig. 1(d)], and ~9U§, at4 x 10" W/em? [Fig.
1(c)]. Interestingly, when the laser intensity is smaller than 3 x 10" W/cm? the boundary
disappears and only the oscillation with the vertical-stripe structure appears in the asymmetry
spectra, as seen in Figs. 1(a) and 1(b). The oscillation of the asymmetry parameter with the CEP
is almost independent on the electron energy at such low laser intensities. Thus, there is no clear
phase shift of the oscillations with the CEP for the symmetries of the higher-energy and
lower-energy electrons. As known, the method to measure the single-shot CEP in Ref [28].
relies on the obvious phase shift of the oscillations for the higher-energy electrons and
lower-energy electrons in the asymmetry spectra. Therefore, the sensitivity to retrieve the
single-shot CEP [28] might be reduced at low laser intensities.

- = 1

b)= 8x10"? Wiem®

a)§ 2x10'3 wiem

P

Energy (U)

Energy (Up)

2 2
CEP () CEP ()

Fig. 2. The same as Fig. 1 but the color scale is the ionization probability of the electrons with
positive momenta. To improve the visibility, the ionization probability is normalized at the
maximum for each electron energy. In (a), the black dashed line is used to guide the intercycle
interference fringe.

Because the asymmetry parameter is related to the electrons emitted along two opposite
directions, i.e., the electrons with positive momenta and with negative momenta, it is
instructive to analyze the CEP effect with only considering the electrons emitted along one
direction. We show in Fig. 2 the CEP-dependent electron energy spectra of the electrons with
only positive momenta by the TDSE calculation at different laser intensities. The laser
parameters are the same as those in Fig. 1. Depending on the laser intensity, the yield of the
high-energy photoelectrons also shows obvious oscillations with the CEP. At the laser intensity
of 1 x 10" W/cm?, as shown in Fig. 2(f), two kinds of oscillations of the electron yield with the
CEP can be clearly seen, i.e., a vertical-stripe structure at the energy range of 2U,-6U, and a
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tilted-stripe structure at the energy range of 6U,-12U,. With decreasing the laser intensity, the
energy of the boundary to separate those two kinds of oscillations also increases when the laser
intensity is larger than 3 x 10'> W/cm®. Different with Fig. 1, there is a clear phase jump for the
oscillations of the yield with the CEP at almost the energy of the boundary [45], as seen in Figs.
2(c)-2(f). This implies that the lower-energy photoelectrons might be contributed by more
trajectories than the higher-energy photoelectrons [27]. When the laser intensity is smaller than
3 x 10" W/em?, as seen in Figs. 2(a) and 2(b), the boundary also disappears and only the
oscillation with the vertical-stripe structure is left.

In order to reveal the underlying mechanism of the above phenomena, we show the electron
energy spectra with positive momenta at three laser intensities (CEP = 0.5m) by the TDSE
calculation in Fig. 3(a). At the laser intensity of 1 x 10" W/cm?, we can see a sharp dip at the
energy of ~6U,. Separated by this sharp dip, two parts of electrons have significant
contributions to the energy spectra. Decreasing the laser intensity to 6 x 10" W/em?, the dip
structure becomes less obvious. When the laser intensity is 3 x 10"* W/cm?, the dip structure in
the energy spectrum disappears and the whole energy spectrum becomes smooth except for
some small peak structures.
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Fig. 3. (a) The electron energy spectra with positive momentum at different laser intensities. (b)
The electron final energy (> 2U,) with positive momentum with respect to the ionization time by
the quantum-orbit theory. The green curve represents the electric field with the scale given on
right-side ordinate. The CEP is 0.5n and the other laser parameters are the same as Fig. 1.

The origin of those two parts of electrons at the laser intensity of 1 x 10"* W/cm? shown in
Fig. 3(a) can be well explained by the quantum-orbit theory. Figure 3(b) shows the electron
final energy with positive momentum with respect to the real part of the ionization time by the
quantum-orbit theory at CEP = 0.5x. Here we only consider the electrons which scatter off the
parent ion at their first return. For a specific electron energy, there are two pairs of solutions that
might have significant contributions. The first pair of solutions ionized at ~0.857 [labeled as
A, and A, in Fig. 3(b)] has a lower cutoff energy of ~7U,,, while the second pair of solutions
ionized at ~1.87) [labeled as B, and B, in Fig. 3(b)] has a higher cutoff energy of ~8.7U,,.
Hence, at the intensities of 6 x 10> W/ecm® and 1 x 10'* W/cm? the electrons with the energy
higher than ~7U, in the ATI spectra mainly come from the solutions of the B; and B,. Due to
the destructive interference of the solutions of the B, and B,, there will be a sharp dip at the
energy of ~6U,, as seen in Fig. 3(a). For the lower energy region (2U,, < E <7U,), both pairs of
solutions (A, A,, By, and B,) have important contributions to the energy spectra. One can see a
serial of peak structures separated by one photon energy in the lower-energy region of the
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energy spectra. Those peak structures originate from the interferences among both pairs of
solutions.

For the electron energy not very close to the cutoff, since the solutions of A; and B, are
released near the field maximum, the relative contribution of the solutions of A, and B, is larger
than that of the solutions A, and B,. According to the adiabatic approximation of the
Perelomov-Popov-Terent’ev tunneling theory [46], the ionization probability at a laser phase

3/2
2(21,)

3 |F0 cos(a)t)|
of the pulse envelope. The ratio of the ionization probability for the higher-energy electron
trajectory versus the lower-energy electron trajectory for the solution B; is
2(21P )3/2 1 l

/VVIOWCT o< exp[_ -
3FZ) |Cos(wthigher) |COS(a)t
are the tunneling phase of the higher-energy and the lower-energy electron trajectories,
< |cos(a)t

ot of the solution B, can be expressed as W o< exp(— ) with neglecting the effect

R=W,

higher

)] s where wthigher and Olower

lower )

respectively. Since |cos(a)thigher) (as seen from the solution of the B, in Fig. 3(b),

lower )

the relative contribution of the higher-energy electrons decreases with the decrease of the laser
intensity. For each pair of trajectories, the contribution from the trajectory starting at a later
time becomes negligible at low laser intensity. Thus, at the low intensities of 3 x 10" W/cm?,
the contribution of the higher-energy electrons of the solution of the B; becomes negligible
compared to the lower-energy electrons of the solution of the B;. Thus, the dip structure
originating from the destructive interference of the higher-energy electrons of the solutions of
the B; and B, disappears. The whole energy spectrum is dominated by the lower-energy
solutions of the B; and A;. Those solutions of the A; and B, are extended to higher energy at
lower laser intensity [47]. Thus the energy spectrum looks smooth except for the intercycle
interference peaks between the solutions of the A; and B; in Fig. 3(b). As a result, only one CEP
dependence of the electron yield can be observed at low laser intensities, as seen in Figs. 2(a)
and 2(b).
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Fig. 4. The photoelectron energy spectrum (0-5U, with positive momentum) of H at different
laser pulse durations by the TDSE calculation. The laser intensity is 2 x 10 W/cm? with the
wavelength of 800 nm. (a)-(c) correspond to the pulse duration of 4 optical cycles, 5 optical
cycles, 6 optical cycles, respectively. The black dashed lines are used to guide the intercycle
interference fringes, which depend sensitively on the CEP (see text for details).

With close inspection of the CEP-dependent energy spectra at low laser intensities [Figs.
2(a) and 2(b)], we see that the intercycle interference peaks depend sensitively on the CEP, as
marked by the black dashed line in Fig. 2(a). In order to see those intercycle interference
structures clearer, we show the CEP-dependent energy spectra at the energy range of 0-5U,, in
Fig. 4(a) with the pulse duration of 4 cycles. The CEP-dependent energy spectrum reveals an
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interference pattern with many tilted fringes, as guided by the black dashed lines. Those
interference fringes appear not only for the electrons with energy larger than 2U,, but also for
the electrons with energy smaller than 2U,,, which are dominated by the direct electrons. The
energy spacing of those interference fringes is one photon energy, supporting that they
originate from the intercycle interferences. With increasing the pulse duration, those intercycle
interference fringes become more obvious, as seen in Fig. 4(b) and Fig. 4(c) with the pulse
durations of five and six cycles, respectively.
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Fig. 5. (a) The vector potential of a few-cycle pulse with the pulse duration of 4 optical cycles at
CEP = 0.5m. t, and £, stand for two typical ionization times with the same final momentum p =
-A(t). (b) The photoelectron energy corresponding to the interference maximum as a function of
the CEP. The blue line shows the result calculated by the simple classical model and the red line
shows the result calculated by the TDSE. (c) The intensity-averaged photoelectron energy
spectrum with respect to the CEP of H by the TDSE calculation. The pulse duration is 4 optical
cycles with the wavelength of 800 nm. The laser peak intensity is 2 x 10"* W/cm?.

We use a semiclassical model to explain the CEP-dependence of the intercycle interference
fringes. As seen in Fig. 5(a), we obtain the ionization times of two trajectories with the same
final momentum from the relation of p = -A(#y) (corresponding to the same energy) at a specific
CEP value. Those two ionization times are separated by almost one laser cycle, e.g., #; and £, in
Fig. 5(a). The phase of the trajectory can be calculated from the classical action

2
o t . . . .
S = L (v2( )+Ip )dt , where v(f) is the electron velocity. Thus the intercycle interference

fringes are determined by the phase differences of those two trajectories, i.e.,
W =cos’(AS/2), where AS is the phase difference. By scanning the electron energy, the

electron energy corresponding to the interference maximum (# = 1) is obtained at a specific
CEP. In Fig. 5(b), we show the electron final energy with respect to the CEP corresponding to
the interference maximum by this simple semiclassical model. The red line in Fig. 5(b) shows
the TDSE result extracted from the dashed line in Fig. 4(a). We can see that both lines show the
identical slope. The result of the simple semiclassical model is in good agreement with that of
the TDSE calculation. Because the phase difference between those two trajectories depends
sensitively on the waveform of the few-cycle laser field, the positions of the interference
maximum is determined by the CEP value. Those CEP-dependent intercycle interferences
provide an alternative approach to measure the CEP at the low laser intensity with high
sensitivity. With increasing the pulse duration, the intercycle inference will be enhanced and
thus the interference fringes will become more obvious, as seen in Fig. 4.

To check whether the interference fringes would survive in experiment, it is important to
carefully consider the intensity averaging effect in the focal volume. In Fig. 5(c), we show the
intensity-averaged photoelectron energy spectra calculated by the TDSE with respect to the
CEP. We calculate the CEP-dependent energy spectra for a serial of laser intensities with the
peak intensity of 2 x 10"* W/ecm®. And the result of each intensity / is weighted by the volume in
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the laser focus, i.e., (I, +20)(1,—1)"*, where I, is the peak intensity. One can see

that the CEP-dependent tilted intercycle interference fringes still survive after summing up
photoelectron energy spectra induced by different laser intensities.

4. Conclusion

In summary, we systematically study the CEP-dependent asymmetry spectra and
CEP-dependent photoelectron energy spectra of hydrogen atom in few-cycle laser fields from
high intensity to low intensity by solving the TDSE. Depending on the electron energy and the
laser intensity, clear oscillations are found in both the asymmetry parameter and the
photoelectron yield with respect to the CEP. At high laser intensities (> 3 x 10" W/cm?), the
yield of the high-energy photoelectrons shows two kinds of oscillations with the CEP for
different electron energies. In contrast, at low laser intensities (< 3 x 10" W/cm?), the
oscillation of the high-energy photoelectron yield with the CEP is nearly independent on the
electron energy. There is no clear phase shift for the oscillations of the higher-energy and
lower-energy photoelectron yield with the CEP at the low laser intensities. This implies that the
sensitivity to measure the single-shot CEP will be reduced in the low laser intensity regime. We
further find that the low-energy photoelectrons exhibit distinct CEP-dependent interference
fringes. With a semiclassical model, we show that they come from the intercycle interferences
among electron wave packets emitted at time intervals separated by one laser cycle. Those
CEP-dependent intercycle interference fringes can survive with considering the intensity
averaging over the focal volume, thus they might be used to retrieve the CEP in a few-cycle
laser field at the low laser intensity. This work provides deep insight into the CEP effect of the
perturbative fields and has implications for further efforts to study ultrafast electron dynamics
in the multiphoton ionization regime.
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