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Filming movies of attosecond charge
migration in single molecules with high
harmonic spectroscopy

Lixin He1,2,5, Siqi Sun1,5, Pengfei Lan 1,2 , Yanqing He1, Bincheng Wang1,
Pu Wang1, Xiaosong Zhu1,2, Liang Li1,2, Wei Cao 1,2, Peixiang Lu 1,2,3 &
C. D. Lin 4

Electron migration in molecules is the progenitor of chemical reactions and
biological functions after light-matter interaction. Following this ultrafast
dynamics, however, has been an enduring endeavor. Here we demonstrate
that, by using machine learning algorithm to analyze high-order harmonics
generated by two-color laser pulses, we are able to retrieve the complex
amplitudes and phases of harmonics of single fixed-in-space molecules. These
complex dipoles enable us to construct movies of laser-driven electron
migration after tunnel ionization of N2 and CO2 molecules at time steps of 50
attoseconds. Moreover, the angular dependence of the migration dynamics is
fully resolved. By examining themovies, we observe that electron holes do not
just migrate along the laser polarization direction, but may swirl around the
atom centers. Our result establishes a general scheme for studying ultrafast
electron dynamics in molecules, paving a way for further advance in tracing
and controlling photochemical reactions by femtosecond lasers.

Understanding the ultrafast motion of electrons and nuclei after light-
molecule interaction is fundamental to a broad range of chemical
reactions and biological processes1–7. With the advent of attosecond
light pulses at the dawn of the 21st century8–10, various emerging
techniques have been implemented by using attosecond pulse in
combination with a femtosecond infrared (IR) pulse in a pump–probe
configuration, such as attosecond extreme-ultraviolet (XUV) transient
absorption spectroscopy11,12, attosecond streaking technique13 and
mass/ion spectroscopy14, making it possible to observe and partially
manipulate the electronic degrees of freedom in molecular systems.

Quantum mechanically, after an electron was suddenly removed,
the molecule is represented by a wave packet which is a complex-
valued many-particle wavefunction of all the electrons and the nuclei
of the molecule. Since electrons move on much faster (attosecond)
timescales than the heavier nuclei (few to few-ten femtoseconds),
within thefirst femtosecond, the nuclei positions canbe assumedfixed

and the electron wave packet (EWP) can be expressed as a super-
position of the electronic eigenstates, which will oscillate with the
frequencies of the energy differences of the eigenstates. In previous
publications by Cederbaum and coworkers1,2, such time dependence
of the electric charge density was called charge migration. This defi-
nition thus neglects the coupling from the escaping electron. On a
longer timescale, the time-dependent EWP would cause the change of
electronic potential landscape, forcing the nuclear wave packet to
evolve in time. Ultrafast electron diffraction can be used to extract
time-dependent nuclear dynamics15–17, from which molecular movie
canbe constructed to provide a visualization of the nuclearmotion. An
equivalent attosecond electronmovie of chargemigration, however, is
not readily available in conventional pump–probe experiments due to
the limited time resolution by the pulse duration of the IR field18,19.
Obtaining charge migration directly from experiment has been a
challenging topic with great interest in the past decade.
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In ref. 19, a pseudo pump–probe protocol based on the recollision
mechanism20,21 of electrons in the laser field was discussed. In this
process, the electron dynamics is triggered at the ionization step
(pump), and probed at the recollision instant by the returning elec-
tron, either through elastic scattering with molecular ion or harmonic
spectra by electron-ion recombination [see Fig. 1a]. Probing static or
dynamicmolecular structure using the diffraction image or high-order
harmonic generation (HHG) are called laser-induced electron diffrac-
tion (LIED)22–25 and high harmonic spectroscopy (HHS)26–31, respec-
tively. In HHS, the temporal resolution arises from the intrinsic
frequency chirpof harmonic emission32, i.e., different harmonic orders
are associated with well-defined ionization-recombination delays
spent by the electron in the continuum [see Fig. 1b], which can reach
about 100 as for a commonly-used 800-nm laser field26–28. The spatial
resolution of HHS comes from the de Broglie wavelength of the
recombining electron and can reach sub-ångström29–31.

Recently, using HHS, charge migration of ionized iodoacetylene
(HCCI) was first reported by Kraus et al.28. Note that for charge
migration derived from HHS the EWP evolves in the intense laser field
while the original charge migration defined by Cederbaum et al.1,2 are
electron dynamics under the field-free condition. In this article, we
make distinction by calling the electron dynamics in HHS laser-driven
charge migration. As demonstrated in Ref. 28, to reconstruct electron
dynamics from experimental harmonic spectra, one has to address
many challenges. First, reconstruction is an inverse scattering pro-
blem,which is generally solved by iterativemethods. Reconstruction is

possible only if the scattering theory is on firm ground. Second, the
laser-driven electron dynamics is a property of a single molecule at a
fixed position, thus it depends on the alignment angle of themolecular
axis with respect to laser polarization. Since molecules cannot be
alignedperfectly in experiment, themeasuredharmonics are the result
of a coherent superposition of individual radiation weighted by the
angular distribution of the molecules33–35. By taking angular averaged
harmonic spectra from the experimentaldata, thephases of harmonics
are severely compromised (see Supplementary Note 3), which would
incur the loss of dynamics information of EWP that is at the heart of
charge migration. Thus, it is critical to extract fixed-in-space single-
molecule harmonic amplitudes and phases. Such a deconvolution or
similar ones should be carried out in all measurements involving gas-
phase molecules if single-molecule parameters are to be extracted,
which, however, has not been properly treated in all of existing pub-
lications of HHS. In this work, this nontrivial deconvolution has been
carriedout. Besides, to extract chargemigration, extraparameters, i.e.,
the population coefficients of different cation states, that describe the
EWP of a single molecule should be obtained as well. Thus, it is also
necessary to evaluate if adequate experimental data are available to
ensure accurate retrieval of charge migration.

Here we demonstrate that, by properly addressing the above
three issues, we have succeeded in filming movies of laser-driven
charge migration in the molecular ion using HHS to reveal substantial
sub-ångström electronmigration. Since electron dynamics runs on the
timescale of about 20 as (one atomic unit of time is 24 as), while the
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Fig. 1 | Harmonic generation fromN2molecule. aHHG fromeachmolecule canbe
described by the semi-classical three-step model: (1) ionization, (2) acceleration,
and (3) recombination. After ionization, the molecular system is usually left in
ground and several electronically excited states of the ion. In the HHG process,
these ionic states provide different channels (ChannelsX andA for N2) that connect
the same initial and final states of the system. The interference of harmonics of
these channels leads to the eventual harmonic emission. b Time-frequency map-
ping in the HHG process. For different high-harmonic orders, the freed electron
spends different excursion times (the time interval between the ionization and
recombination of the electron) in the continuum, providing a mapping between
time and harmonic photon energy to enable temporal measurement of charge
migration underlying the HHG process. Here we show only harmonics from the
short-trajectory electrons due to its better phase matching in our experiment.

c Time-dependent degrees of molecular alignment [hcos2θi(t)] near the half rota-
tional revival of N2 in our experiment. The embedded false-color plots with prolate
and oblate shapes correspond to molecular angular distributions at maximal
alignment (4.08 ps) and maximal anti-alignment (4.32 ps) moments, respectively.
Blue and red arrows indicate the directions of molecular alignment and the
polarization of the driving laser pulse. d Measured HHG signals of H21, H25, H31,
and H33 of N2 at the time delays in (c). For clarity, the harmonic intensities here
have been normalized to results measured for the isotropic case (i.e., without the
alignment pulse). The results of H25, H31 and H33 have been shifted vertically.
Shaded areas in (d) represent the standard deviation of the signals averaged over
1000 laser shots. The different spectral features of H31 and H33 from lower har-
monics are due to contribution from the HOMO-1 orbital, especially at the time of
maximal anti-alignment.
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emission time difference between two odd harmonics by an 800-nm
laser is about 100 as, we shorten this interval by half, by generating
both even and odd harmonics with a two-color laser field. With har-
monic spectra from both single-color and two-color lasers in standard
molecular alignment measurements, together with the powerful
modern machine learning (ML) algorithm, we have abundant data to
retrieve the complex dipole amplitude and phase of each fixed-in-
space molecule to construct the charge migration movies. Thus, the
alignment-angle-resolvedmolecular chargemigration in the laser field
has been fully characterized.

Results
Deciphering charge migration with HHS
We first explain how ultrafast charge migration is encoded in and how
it can be identified from the molecular HHG signals. After strong-field
tunneling ionization, the molecule in general is left in the ground as
well as several nearby electronically excited states of the ion1–4,36–38.
Once the electron is ejected, the occupation amplitudes of these
electronic states would change with time, under the influence of the
external laser field, creating a time-dependent many-electron wave
packet, or equivalently, an electron–hole wave packet. The time
dependence of the modulus square of the wave packet is called elec-
tron charge (or hole) migration. Such hole dynamics is encoded in the
harmonic spectra of each single molecule36–38.

To decipher electron dynamics from the harmonic spectra, we
choose the two most widely studied molecules N2 and CO2 as the
candidates to demonstrate our scheme. First, we consider N2. As illu-
strated in Fig. 1a, the two channels (Channel X and A) relevant to HHG
in N2 are associated with the ground ~X

2
Σg and first excited ~A

2
Πu states

of N+
2 ion. Inmolecular orbital picture, these two channels correspond

to ionization of an electron from the two highest-occupied molecular
orbitals, HOMO and HOMO-1, respectively. Owing to the different
symmetries of these orbitals, HHG from different ionization channels
depends differently on molecular alignment. Figure 1c depicts the
typical alignment distributions of N2 molecules near the half revival
period, while Fig. 1d shows the typical harmonic spectra measured in
the experiment (for experimental details, see Methods and Supple-
mentary Note 1). When molecules are aligned (anti-aligned) with
respect to laser polarization, the signals of lower order harmonics (e.g.,
H21 and H25) are strong (weak) because they are generated from the
HOMO orbital. For higher orders, like H31 and H33, the signals receive
a substantial contribution from the HOMO-1 orbital and thus becomes
quite large when the molecules are anti-aligned. These properties of
the harmonic spectra of N2 have been well-studied experimentally39

and can be calculated with quantitative rescattering (QRS) theory40–43.
Similar results are also observed in HHG from CO2 molecule (see
Supplementary Note 2). The different alignment dependence of the
contribution to HHG from multiple molecular orbitals allows us to
access their complex population amplitudes in the complex wave
packet of themolecular ion, fromwhich ultrafast chargemigration can
be uncovered.

Retrieval of single-molecule dipole
For a parallel configuration of the polarizations of the alignment and
probe pulses, the time-dependent harmonic signal is given by33,34

Sðω, τÞ=
Z π

0
Dðω,θÞρðθ, τÞ sin θdθ

����
����
2

, ð1Þ

where θ is the alignment angle of the molecule, τ is the time delay
between these two pulses, D(ω, θ) is the fixed-angle-dependent total
dipole moment from the single-molecule response, and ρ(θ, τ) is the
angular distribution of molecules at delay τ. In our experiment, ρ(θ, τ)
is determined with method in Ref. 44. Note that perfect molecular
alignment cannot be achieved in experiment. Our simulations show

that single-molecule harmonic amplitudes and phases deviate sub-
stantially from the angle-averaged ones (see Supplementary Note 3).

To obtain molecular-frame electron dynamics, the first and fore-
most step (omitted in all previous literature) is to decode angle-
dependent single-molecule dipole moment D(ω, θ) (including both
amplitude and phase) from the measured harmonic signals. However,
to solve this inverse problem directly is rather difficult since Eq. (1) is
nonlinear and is ill-posed. Here, we introduceML to this problem. The
modern ML algorithm has been demonstrated to have remarkable
abilities in characterizing complex sets of data with a high degree of
accuracy, and has beenwidely utilized in genetics45, condensed-matter
physics46, and material science47. We show here that it can effectively
deal with the complicated decoding in HHS (see Methods and Sup-
plementary Note 4).

The second step of our reconstruction is to disentangle the mul-
tichannel contributions from the total single-molecule dipolemoment
D(ω, θ) obtained in the first step. Driven by a one-color 800-nm probe
pulse, only one set ofD(ω, θ) can be obtained for each harmonic order
which is insufficient for the reconstruction. To overcome this problem,
we employed an additional parallel two-color laser field to generate
harmonics. This two-color field consists of an intense 800-nm funda-
mental field and a weak second-harmonic (SH) field. The SH field is
weak (~2 × 10−3 of the fundamental field), which barely alters the elec-
tron dynamics of the molecular ion (see Supplementary Note 5), but
could affect the intensities and phases of even harmonics as in ref. 48.
Thus, measurement of harmonics at different relative phases between
the fundamental and SH fields can replenish the additional data set
needed to retrieve multichannel contributions in the second step.
Figure 2a, b show the time-dependent signals of H22 and H27 from N2

measured as a function of the relative phase of the two-color laser
fields. One can see that the modulation of HHG intensity depends
sensitively on the relative phase, and different harmonic orders pre-
sent different dependences. Applying the ML-based reconstruction
procedure to each harmonic order, we can obtain the time-dependent
complex mixing coefficients of the multiple orbitals of the molecular
cation, for each fixed-in-space angle, at the excursion time when the
recombination of that harmonic order occurs, as illustrated in Fig. 1b.

Figure 2c shows the reconstructed population amplitudes of the
ground ~X state of the N+

2 ion for four specific alignment angles versus
the excursion time. The circles indicate the data extracted from the
experiment for harmonics from H15 to H27 (including even and odd
orders). Figure 2d shows the reconstructed relative phase between the
wavefunctions of ~X and ~A states. With these parameters, a complex-
valued time-dependentwave packet from the two holes ~X and ~A canbe
constructed for N+

2 .
We have also carried out the measurements for CO2 molecules.

Harmonic spectraof CO2 involves three electronic states of the ion, the
ground ~X (HOMO), the first ~A (HOMO-1) and second ~B (HOMO-2)
excited states36,37. Using the same procedure as for N2, the recon-
structed populations and relative phases of these three ion states are
shown in Fig. 2e, f and g, h, respectively. With these parameters, a
complex-valued time-dependent wave packet from the three holes ~X ,
~A and ~B can be constructed for CO+

2 . To evaluate our reconstructions,
we have carried out calculations based on the time-dependent density
functional theory (TDDFT) to simulate the parameters we obtained.
The theoretical calculations are in reasonable agreement with the
reconstructions (see Supplementary Note 5).

Filming attosecond charge migration in the laser field
To visualize hole dynamics, we have calculated the modulus square of
thewave packet versus time for N+

2 andCO+
2 with the data in Fig. 2c–h.

To quantify attosecond charge migration processes, we first examine
hole dynamics of CO+

2 when the fixed-in-space molecule is aligned
parallel to the laser polarization axis. The results are shown in Fig. 3a, b.
To help understanding, we plot the relevant molecular orbitals in
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Fig. 3c. Figure 3a presents hole densities extracted at the recombi-
nation times of harmonics H15 to H26. Here, t = 0 is when electron is
born. In the figures, the frames are separated by steps of about 50 as.
At a quick glance, we can see substantial hole migration from +x side
to the−x side over the0.5 fs duration. To take a closer look at how the
hole migrates, in Fig. 3b we zoom in the region of x = [−1.2, 1.2] a.u. In
the first 0.25 fs, we can see that the hole density coalesces in the
middle region along the x-axis slowly from the +x side to the −x side,
but in the secondhalf, the pace turns fasterwhere at later timewe can
see some density is moving back to the +x side. In fact, its time
evolution is more like a counterclockwise swirling than a direct
migration. To observe the continuous evolution of hole density, we
have constructedmovies at steps of 10 as by interpolating themixing
coefficients in the complex wave packets shown in Fig. 2e–h (see
Supplementary movie 1).

Since quantum mechanics can predict single-hole behavior only
statistically, it is inappropriate to associate such movement with

trajectory or speed. It is more proper to think suchmovement like that
of a flock of migrating birds. Each bird has its own mind and there is
nothing to govern the trajectory of each bird, yet the flock will move
on. In the presence of an external disturbance, the movement of the
flock will change. So is the migration of an electron or a hole in the
presence of the laser field. To describe the movement of charge den-
sity of a quantum system, consider the equation of continuity, ∂ρe

∂t +∇ ⋅
J = 0, where ρe is the probability density and J is the probability current
density. By calculating them from the complex hole wave packet, we
canobtain the total flux crossing the x =0plane at each time instant, as
shown by the red line in Fig. 3d. We have confirmed that the total flux
change is equal to the rate of change of the total charge density.
Likewise, the total flux crossing the y = 0 plane can be calculated (the
blue line). The total flux varies rapidly versus time, demonstrating
attosecond dynamics.

Our reconstruction method for each harmonic obtains the occu-
pation amplitude and phase for all angles of each fixed-in-space

Fig. 2 | Two-color HHS scheme for probing molecular charge migration in N2

and CO2. a, b Measured harmonic signals of H22 and H27 in the two-color
experiment of N2. Measurements at different relative phases of the two-color lasers
provide sufficient data sets for resolving the multichannel electronic dynamics.
c, dReconstructed population amplitude of the ~X state (∣pX∣) and the relative phase
between the wavefunctions of ~X and ~A states (ΔϕXA) in N2 for the alignment angles
of 0° (red circles), 30° (black circles), 60° (orange circles), and 90° (blue circles),
respectively. Each circle represents the excursion time of a single harmonic order,

as depicted in Fig. 1b. e, f Reconstructed population amplitudes of the ~A state (∣pA∣)
and ~B state (∣pB∣) in CO2 for the alignment angles of 0° (red triangles), 45° (black
triangles), and 90° (blue triangles), respectively. g, h Reconstructed relative phases
between the wavefunctions of ~X and ~A (ΔϕXA) and ~X and ~B (ΔϕXB) states in CO2 for
the above three angles. Shaded areas in (c–h) represent the standard deviations of
the reconstructions. These amplitudes and phases retrieved for each harmonic
order are used to construct the wave packet of the hole dynamics of the cations.
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molecules. In Fig. 4a–c, we show a sample of hole density plots of CO2

molecule for alignment angles of 15°, 45°, and90°, respectively. For the
same 0.5 fs duration, we can clearly see that the hole density does
undergo significant change and vary significantly with alignment
angles. These results prove that one should not obtain single-molecule
harmonic phase and amplitude directly from the experiment without
angular deconvolution. In Fig. 4d, e we also calculated the total flux
across the x = 0 and y = 0 planes, respectively, for the three angles. In

Supplementary Movies 2, 3, 4 we show the movies of hole migration
for these three angles.

In Fig. 4f–h, we show the reconstructed hole densities in N2 at
several selected excursion times for the alignment angles of 0°, 60°,
and 90°, respectively. The hole densities are symmetric about the x = 0
plane for all alignment angles because of the symmetry of the HOMO
and HOMO-1 orbitals of N2. At 0° and 60°, only small migration can be
seen, because HHG from HOMO-1 is weak. At 90°, HOMO-1 becomes
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Fig. 3 | Reconstruction of attosecond charge migration in CO+
2 . a Snapshots of

the reconstructed hole densities for the alignment angle of 0°. b Enlarged views of
the results in (a) in the range from x = −1.2 a.u. to x = 1.2 a.u. cHOMO,HOMO-1, and

HOMO-2 orbitals of CO2molecule. d Flux of charge density crossing the x = 0 (red)
and y = 0 (blue) planes. Positive value means charge migration from +x (+y) side to
−x (−y) side.

Fig. 4 | Alignment-angle-dependent attosecond charge migration in N+
2 and

CO+
2 . a–c Snapshots of the reconstructed hole densities in CO+

2 for the alignment
angles of 15°, 45° and 90°, respectively. d Flux of charge density crossing the x = 0
plane for the three angles in (a–c). e Same as (d), but for the y = 0 plane. Positive

valuemeans chargemigration from+x (+y) side to −x (−y) side. f–h Snapshots of the
reconstructed hole densities in N+

2 for the alignment angles of 0°, 60°, and 90°,
respectively. i Flux of charge density crossing the plane of x = −1.5 a.u. for the three
angles in (f–h). j Same as (i), but for the y = 0 plane.
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important and one can see faster change of charge density at later
excursion time. These results are consistent with the time dependence
of total flux across the x = −1.5 a.u. and y = 0 planes, respectively, as
shown in Fig. 4i, j. Note that the hole density is symmetric about the x =
0 plane, thus the flux crossing the x = 0 plane is very small. Hole
migration for N2 has also been constructed (see Supplementary
Movies 5–8). In the constructed movies, the time span is associated
with the excursion time of the harmonic orders (H15-H26 for CO2, and
H15-H27 for N2) used in the reconstruction, which is limited to
approximately0.94 fs to 1.5 fs for an800-nmdriving laser as illustrated
in Fig. 1b. This time window can be further expanded by using a long
wavelength driving laser28. The extended time window of the mole-
cular movie will help to capture the effect of nuclear motions on the
electron dynamics at longer time.

Comparing to results previously reported by Kraus et al.28, we are
able to make movies of laser-driven charge migration at steps of 10 as
by interpolating the experimental data, for molecules at all alignment
angles. This is because we were able to retrieve single-molecule com-
plex dipole at each fixed-in-space angle and probe chargemigration at
recombination times for both even and odd harmonics at every 50
attoseconds, instead of 100 attoseconds if only odd harmonics are
measured.With twice asmany data pointswithin the same interval, it is
more accurate to interpolate. Figure 3b has shown that such 10 as
resolution is needed in order to follow the charge migration in CO2.
Before closing, we mention that we have confirmed that charge
migration dynamics of single molecules constructed directly from
experimental harmonic spectra would cause large errors (see Sup-
plementary Note 6), and that charge migration under field-free con-
dition evolves slower than when electrons are under the intense laser
field (See Supplementary Note 7). The latter is similar to the familiar
field-free two-level oscillation is slower than the Rabi oscillation when
the two levels are driven by an intense laser pulse. In experiment, the
influence of the strong laser field on the chargemigration processmay
be reduced by using a few-cycle fundamental pulse instead of a multi-
cycle pulse. But in the few-cycle regime, itmay increase the difficulty to
build the time-frequency mapping due to the less sharp spectrum
structure of each individual harmonic.

Discussion
In summary, we have used a ML-based HHS method to construct
movies of laser-driven chargemigration in amolecular ion at its natural
timescale of 10 as to follow the change of hole density during the time
between electron is removed till it has recombinedwith the ion to emit
harmonics. We presented the migration dynamics at the most funda-
mental level for each single fixed-in-space molecule at all alignment
angles from the experimental HHG spectra. The method presented
here in principle can be extended to other molecules, but in reality, it
will be limited by the number of molecular orbitals in the wave packet.
As the number of mixing parameters in the wave packet increases,
larger amount of experimental data would be needed for retrieval.
Looking ahead, themethodmaybeextended toothermoleculeswhere
harmonic spectra have been well studied to identify other possible
migration pathways, for examples, in ring molecules. Finally, we want
to emphasize that the method of retrieving single-molecule para-
meters used in the present work should be extended to other ultrafast
experiments, including tomography, time delays, photoelectron
momentum spectra, just name a few, for any gas-phase targets where
the experimental data are always resulting from coherent or inco-
herent superposition of signals from individual single fixed-in-space
molecules weighted by the angular distribution of the molecules.

Methods
Experimental methods
Our experiment is carried out by using a commercial Ti:sapphire laser
system (Legend Elite-Duo, Coherent, Inc.), which delivers 35-fs,

800-nm laser pulses at a repetition rate of 1 kHz. The output laser is
split into an alignment and a probe pulse. The alignment pulse with
moderate intensity is used to induce nonadiabatic alignment of
molecules along its polarization. The intense probe pulse has been
used either directly (one-color scheme) or remolded to a parallel two-
color laserfield (see SupplementaryNote 1) to interactwith the aligned
molecules to generate high-order harmonics. The alignment and
probe pulses are parallel in the polarization. A motorized delay line is
installed in the arm of the alignment pulse to adjust the time delay
between the two pulses. These two pulses are focused to a supersonic
gas jet by a spherical mirror (f = 250 mm). The gas jet is placed 2 mm
after the laser focus to ensure good phase matching for short-
trajectory harmonics, and the backing pressure is maintained at 0.8
bar. The generated high harmonics are detected by a homemade flat-
field soft x-ray spectrometer. In the one-color experiment, the har-
monic signals measured at different time delays [Fig. 1d and Supple-
mentary Fig. 2e] are used to identify the multiple orbitals effect in
HHG. In the two-color experiment, the time-dependent harmonic sig-
nals aremeasured at various relativephases of the two-color laserfield,
providing a two-dimensional data set for decomposing the multiple
orbital contributions in HHG process.

Reconstruction methods
Our reconstruction procedure has two steps. The first step is to
retrieve single-molecule dipole moment from the measured time-
dependent HHG signals. HHG from aligned molecular ensemble is
expressed as Eq. (1). For a given harmonic order, Eq. (1) can be
expanded as49,50

SðτÞ=
Z π

0
DðθÞρðθ, τÞ sin θdθ

� �* Z π

0
DðθÞρðθ, τÞ sinθdθ

� �

=
Z π

0

Z π

0
D*ðθ1ÞDðθ2Þρðθ1, τÞρðθ2, τÞ sinθ1 sin θ2dθ1dθ2:

ð2Þ

Let

Rðθ1,θ2Þ=Re½D*ðθ1ÞDðθ2Þ�, ð3Þ

ρðθ1, θ2, τÞ= ρðθ1, τÞρðθ2, τÞ sinθ1 sinθ2, ð4Þ

anddiscretizeθ1,θ2 in the rangeof [0,π]with a stepof0.01 rad, the S(τ)
then can be rewritten as

SðτÞ= ∑
p
∑
q
Rðθp

1 ,θ
q
2Þρðθp

1 ,θ
q
2, τÞdθ1dθ2: ð5Þ

Note that in Eq. (3), the imaginary part of D*(θ1)D(θ2) is omitted due to
its asymmetry upon the exchange of θ1 and θ2, which will vanish after
the convolution. In Eqs. (2) and (4), the molecular axis distribution
ρ(θ, τ) and therefore ρ(θ1, θ2, τ) can be determined from the one-color
experiment with the method in44. To retrieve single-molecule dipole
moment D(θ), we first solve the matrix R(θ1, θ2) according to Eq. (5).
Here, weutilize awidely-usedMLalgorithm, sparse representation51, to
do the retrieval. In the reconstruction,wefirst build a dictionarymatrix
for S(τ) by expanding the R matrix with a series of two-dimensional
Legendre polynomial basis functions. The expansion coefficients then
canbe solvedwith the LASSO regression52 byminimizing the l1-normof
the coefficient vector and also the difference between the reproduc-
tions and themeasurements.WithR(θ1, θ2) retrieved,we canobtain the
amplitude and phase of the dipole moment D(θ) in terms of the
derivations of Eq. (3). The validity and robustness of this algorithm
have been validated by simulation experiments (see Supplementary
Note 4). Applying this procedure tomeasurements at different relative
phases α of the two-color laser field, we can get a set ofD(θ; α) for each
harmonic order.
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The second step of the reconstruction is to decompose the mul-
tichannel contributions from the total dipolemomentD(θ; α) obtained
in the first step. Inmolecular HHG, the total dipolemomentD(ω, θ) is a
coherent superposition of the induced dipole moment of each emis-
sion channel, i.e.,

Dðω, θÞ= ∑
i
Diðω, θÞ, ð6Þ

whereDi(ω, θ) is the induced dipolemoment of eachemission channel.
The subscript i denotes the involvedmolecular orbitals (molecular ion
states) during the HHG process. Consider the initially populated
molecular ion state i, Di(ω, θ) is given by

Diðω, θÞ=di
ionðω,θÞai

accðωÞdi
recðω,θÞ, ð7Þ

where di
ionðω,θÞ and di

recðω,θÞ are the transition dipole moments
related to the ionization and recombination steps, respectively. ai

accðωÞ
denotes the propagation amplitude of the EWP in the continuum.
di
ionðω,θÞ can be expressed as

di
ion =

ffiffiffiffiffi
ηi

p hΨ0ðNÞ∣~D∣ΦiðN � 1Þχki ð8aÞ

=
ffiffiffiffiffi
ηi

p hψi∣r∣χki: ð8bÞ

Here ηi is the ionization rate, Ψ0(N) is the ground state of the
N-electronmolecule,Φi(N−1) is the ground state or excited state of the
(N-1)-electron molecular ion, where a molecular orbital ψi has been
removed to a continuum state χk. Both many-electron wavefunctions
Ψ0(N) andΦi(N − 1)χk are properly antisymmetrized and ~D is the dipole
operator from all the electrons. In obtaining Eq. (8b), we assume that
all themolecular orbitals are in the neutral and the iondoes not change
before and after ionization.

To calculate the recombination transition dipole, we take into
account that the molecular ion has been modified by the laser field
during the time interval between ionization and recombination to
Φ0

iðN � 1Þ, where

Φ0
iðN � 1Þ= ∑

j
CijðθÞΦjðN � 1Þ: ð9Þ

Thus, the recombination dipole

di
rec = hΦ0

iðN � 1Þχk ∣~D∣Ψ0ðNÞi
= ∑

j
CijðθÞhχk ∣r∣ψji: ð10Þ

Inserting Eq. (10) to Eq. (7), we obtain

Diðω,θÞ= ∑
j
CijðθÞdi

ionðω, θÞai
accðωÞdj

recðω, θÞ: ð11Þ

Eq. (11) implies that hole hopping occurs before recombination. The
degree of hopping depends on laser parameter and the alignment
angle θ of themolecule.With Eq. (11), the total dipolemoment forHHG
can be expressed as

Dðω, θÞ= ∑
ij
CijðθÞ�Dijðω, θÞ, ð12Þ

where

�Dijðω, θÞ=di
ionðω,θÞai

accðωÞdj
recðω, θÞ: ð13Þ

In our reconstruction, only the most relevant molecular orbitals ψj are
considered (that is, ~X and ~A states for N2, and ~X , ~A, and ~B states for
CO2). The dipole moment �Dijðω,θÞ is calculated under the experi-
mental laser conditions. The complex-valued coefficients Cij(θ) are

directly associatedwith the electron dynamics in themolecular ion. To
determine Cij(θ), we have performed two-color experiment. Since the
SH field in the two-color experiment is weak enough and hardly alters
the laser-driven electron dynamics, the coefficients Cij(θ) can be
assumed to be independent of the relative phase α. The coefficients
Cij(θ) are then retrieved from the dipole moment D(θ; α) obtained at
different relative phases α by solving Eq. (12) with the genetic
algorithm.

With the coefficients Cij(θ) retrieved, we can further calculate the
wavefunction of the molecular ion at the recombination instant as

ψsum = ∑
i
γiðθÞψ0

i = ∑
i
∑
j
γiðθÞCijðθÞψj , ð14Þ

and the population coefficient of the molecular orbital ψj as
28

pj = ∑
i
CijðθÞγiðθÞ, ð15Þ

where γi(θ) is the initial population of themolecular ion state i, which is
related to the alignment-angle-dependent ionization rate ηi(θ) by
∣γi(θ)∣2 = ηi(θ)/Σiηi(θ). In our work, the alignment-angle-dependent
ionization rates of each molecular orbital are simulated by the MO-
ADK theory53,54. Repeating the above procedure for different harmonic
orders, we can then construct the hole dynamics in the ionized
molecular ion according to time-frequency mapping underlying the
HHG process.

Data availability
All the data that support the findings of this study are available from
the corresponding author upon reasonable request.

Code availability
All the codes that support the findings of this study are available from
the corresponding author upon reasonable request.
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