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Abstract: Carrier-envelope phase (CEP) dependence of high-order harmonic generation (HHG)
from H+2 in a multi-cycle laser pulse is investigated by solving the non-Born-Oppenheimer time-
dependent Schrödinger equation (TDSE). It is found that high harmonics in the plateau exhibit
counterintuitive frequency modulation (FM) as the CEP of the multi-cycle laser varies. Based on
the classical electron trajectories and time-frequency analysis, this multi-cycle CEP-dependent
FM is demonstrated to result from the interference of half-cycle HHG radiations, which is
modulated by laser-driven nuclear motion. The mechanism of the CEP-dependent FM is further
confirmed by simulations based on a simple algorithm in the time domain, which satisfactorily
reproduces the TDSE results. The CEP-dependent FM encodes rich information on the correlated
electron and nuclear dynamics, which paves the way for probing nuclear motion with attosecond
resolution.

© 2018 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

High-order harmonic generation (HHG) through laser-matter interaction is considered to be
essential for tabletop sources of the extreme ultraviolet (XUV) to soft x-ray radiation [1–3]
and attosecond (1 as = 10−18 s) pulses [4–6]. Moreover, HHG is also an important tool to
probe the structure and electron dynamics in atoms, molecules and solid with unprecedented
resolution [7–17], since rich information is encoded in the amplitude, frequency, phase, and
polarization of the harmonic emission during the laser-mater interaction [18–32]. For these
potential applications, HHG has been a topic of great interest in the past two decades.

The mechanism of HHG can be understood by the semiclassical three-step model: removal of
an electron by an intense laser pulse, acceleration of the electron in laser field, and recombination
with the parent ion [33, 34]. In temporal domain, this process repeats every half optical cycle
and pulsed radiations are generated during the process. The radiation within each half-cycle
defines a series of temporal slits and constitutes a multi-slit interferometer. The total emission
is a coherent superposition of these half-cycle radiations. In spectral domain, this interference
results in a comb of harmonics in the plateau. Resolving two neighboring harmonics is equivalent
to the detection of a single fringe. In this context, the carrier-envelope phase (CEP), a critical
parameter of ultrashort laser pulses, directly determines the laser waveform within each half
optical cycle. The variation of CEP will therefore modulate the half-cycle radiations and then
make a difference in the harmonic spectrum [35–40]. To date, the CEP effect has been widely
studied in HHG from atoms. For instance, by using 5-fs CEP-stabilized laser system, Baltus̆ka
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et al . found the CEP-dependent frequency shift of the harmonics in the cutoff region [35–37].
Haworth et al . also demonstrated that the CEP can significantly influence half-cycle cutoffs in
harmonic spectra [38]. Recently, the CEP-dependent HHG has been extended to the mid-infrared
regime to generate soft X-ray attosecond pulses [39]. However, the CEP effects are expected to
be inessential for multi-cycle driving lasers.
Recently, molecular high-order harmonic generation (MHOHG) has attracted widespread

attention. Compared to atoms, MHOHG exhibits some more interesting features, such as the
structure or dynamic minimum [41–43], the shape resonance [44], and so on. More than that,
the laser-driven nuclear motion in molecules can also influence the electron dynamics and
then the HHG. Zuo and Bandrauk has demonstrated that charge-resonance-enhanced ionization
(CREI) [45,46] will occur at large internuclear distance, which will result in the amplitude [18–22]
and frequency [23–25] modulations in HHG. These effects, in turn, can be used to retrieve the
information of molecular structure and nuclear dynamics.
In this paper, we theoretically investigate CEP effect on HHG from H+2 in a multi-cycle laser

pulse by numerically solving the non-Born-Oppenheimer (non-BO) time-dependent Schrödinger
equation (TDSE). A multi-cycle frequency modulation (FM) of high harmonics in the plateau is
observed as the CEP varies. Such a multi-cycle CEP effect, however, has never been observed in
HHG from noble-gas atoms. Our simulations based on the classical electron trajectories and
time-frequency analysis indicate that the CEP-dependent multi-cycle FM mainly arises from
the interference of the half-cycle radiations in HHG, which is modulated by the CREI induced
by laser-driven nuclear motion. By using a simple algorithm of this temporal interference, we
reproduce the CEP-dependent FM in HHG fromH+2 . The CEP-dependent FM reveals the temporal
information of HHG from moving H+2 and is potential for retrieving the nuclear dynamics with
attosecond resolution.

2. Theoretical model

We investigate HHG from H+2 by numerically solving the non-BO TDSE, which consists of
one-dimensional motion of nuclei and one-dimensional motion of electron. In our simulation,
the H+2 molecular ion is assumed to be aligned along the polarization direction of the linearly
polarized laser pulses. The TDSE is expressed as [47, 48] (Hartree atomic units are used
throughout):

i
∂

∂t
ψ(R, z; t) = [H0 + V(t)]ψ(R, z; t), (1)

where H0 is the field-free Hamiltonian:

H0 =T + V0

= − 1
2µ

∂2

∂R2 −
1

2µe
∂2

∂z2 −
1√

(z − R/2)2 + α
− 1√
(z + R/2)2 + α

+
1√

R2 + β
. (2)

Here, R is the internuclear distance, z is the electron position measured from the center-of-
mass of two protons, µ = mp/2 and µe = 2mp/(2mp + 1) are the reduced masses (mp is
the mass of the proton). α = 1 and β = 0.03 are the soft-core parameters. In the dipole
approximation, the length-gauged laser-molecule interaction is V(t) = [1 + 1/(2mp + 1)]zE(t).
E(t) = E0sin2(πt/τ)cos(ωt + φ0) is the laser field. E0, ω, and φ0 are the amplitude, frequency,
and CEP of this field. τ is the pulse duration. In our simulation, an 800-nm laser pulse with the
intensity of 3×1014 W/cm2 and total duration of 20 optical cycles is adopted. We solve Eq. (1)
by using the Crank-Nicolson method [47, 48]. To eliminate artificial reflections from boundaries,
the wave function is multiplied by a sin1/6-masking function at each time step. The initial
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Fig. 1. (a) Harmonic spectra of moving H+2 with the CEP of 0 (solid line), 0.4π (dashed
line), 0.8π (dash-doted line). (b) Same as (a), but for the results of H29-H33. For clarity, the
intensities of these three harmonics are plotted in linear scale and shifted vertically.

state is the ground state 1sσg of H+2 , which is obtained by using imaginary time propagation
method of the field-free TDSE. Its energy is -0.78 a.u. and the equilibrium internuclear distance
is Re =

〈ψ0 |R |ψ0 〉
〈ψ0 |ψ0 〉 = 2.6 a.u. (ψ0 is the initial wavefunction). Harmonic spectrum is obtained

by the Fourier transformation of the dipole acceleration a(t) = 〈ψ(t)| − ∂V0
∂z + E(t)|ψ(t)〉. For

comparison, we also solve Eq. (1) with the internuclear distance fixed at Re, which is called the
static case in the following.
It should be emphasized that the most accurate way to model the HHG process is by solving

the 3D TDSE. While in our case, we use a linearly polarized driving laser. The dynamics of the
electron and nuclei are mainly along the polarization direction of the laser field. Therefore, it is
justified to model the HHGwith the 1D TDSE. Compared to the 3D model, the 1D result may lose
some effects, such as the transversal spreading of the electron wave packet [49]. These effects,
however, become important only when the laser wavelength is long, e.g., in the mid-infrared
band. For an 800 nm near-infrared laser used in our simulations, these effects are very weak.
Moreover, these effects primarily affect the harmonic yields, which will not severely alter the FM
in HHG discussed here.

3. Results and discussions

In Fig. 1(a), we present the harmonic spectra calculated by solving the non-BO TDSE (moving
H+2 ) for three different CEPs. The harmonic spectra exhibit clear separated harmonic peaks. In
this work, we mainly focus on the harmonics in the plateau. In Fig. 1(b), we show the results
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Fig. 2. (a) The CEP-dependent spectra of H29-H33 for moving H+2 . (b) Same as (a), but for
static H+2 .

of the 29th-33rd harmonics (H29-H33). One can see that all these harmonics are substantially
redshifted. More importantly, as the CEP varies, the harmonics are split and exhibit some
complicated spectral structures. For clarity, we have calculated the harmonic spectra as a function
of the laser CEP. The results of H29-H33 are shown in Fig. 2(a). For comparison, the results of
HHG from static H+2 (a case similar to atoms) are also presented in Fig. 2(b). It’s obvious that
the spectral distribution of each harmonic from moving H+2 exhibits a series of diagonal stripes.
While for static H+2 , the harmonic spectra are composed by several typical odd harmonics. The
spectral structures of these harmonics are regular and nearly unchanged with the CEP.
To gain insight into the complex spectral distribution in HHG from moving H+2 , we next

investigate the temporal emission of the harmonics by performing the time-frequency analysis.
Figure 3(a) shows the result of H31 from moving H+2 . For clarity, the results for CEP=0, 0.2π,
and 0.8π are presented in Fig. 3(b). One can see that the temporal profile of H31 exhibits two
main emission events located in vicinity of 10T0 and 14T0, respectively. Note that, the central
part of the laser pulse in our simulations is 10T0 and therefore the emission near 10T0 is mainly
due to the highest intensity of the laser field. In contrast, the dominant emission near 14T0 locates
on the falling part of the laser field and can be understood as a consequence of the laser-driven
nuclear motion. The nuclear motion in H+2 is mainly initiated by the laser-induced ionization of
the electron, which breaks the balance of the electric field force within H+2 . After the ionization,
the repulsive force between the two nuclei drives the molecule to dissociate and then leads to the
rapid nuclear motion [23]. The nuclear wave packet forced by the laser field could go beyond the
equilibrium internuclear distance and move toward larger internuclear distance [see Process 2 in
Fig. 4(a)], where the ionization rate is higher than that at the equilibrium internuclear distance
due to the smaller ionization potential [see Process 3 in Fig. 4(a)]. As shown in Fig. 4(b), the
increasing internuclear distance leads to an enhancement of ionization and therefore dominant
harmonic emission at the falling edge of the laser field. In contrast, the nuclear wave packet
is restricted to the equilibrium internuclear distance for static H+2 , [see Process 1 in Fig. 4(a)].
Therefore, the main emission for static H+2 mainly occurs in the vicinity of 10T0 [see Fig. 3(c)
and 3(d)], i.e., at the central part of the laser field, where the electric field is the highest. Note
that, nuclear motions are almost identical for all the CEPs [see Fig. 4(b)]. This rules out the
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Fig. 3. (a) Temporal profile of H31 from moving H+2 as a function of the CEP. The inset
illustrates CEP-dependent spectra of H31. (b) Temporal profile of H31 from moving H+2
with the CEP of 0 (solid line), 0.2π (dashed line), 0.8π (dash-doted line). For clarity, the
profiles of these cases have been shifted vertically. (c) and (d) Same as (a) and (b), but for
static H+2 .

possibility of the CEP-dependent variation of 〈R(t)〉 that causes the complex spectral distribution
in Fig. 2(a).

We have also analyzed the classical electron trajectories of HHG from the moving H+2 . Figures
5(a)-(c) show the classical electron kinetic energies as a function of the emission time in the case
of CEP = 0, 0.4π, and 0.8π, respectively. Here, only the results for two main emission events
near 10T0 and 14T0 are presented. As can be seen from Fig. 5, the time delay between two
adjacent half-cycle radiations are different for these two emission events. Moreover, this time
delay for each event depends on the laser CEP. Quantitatively, we have plotted in Fig. 6 the time
delay as a function of the CEP for H31 for these two emission events. It’s obvious that the time
delays of the two adjacent half-cycle radiations in the vicinity of 10T0 are very close to 0.5T0
(0.502-0.500T0). While in the vicinity of 14T0, the delays are much larger (0.526-0.519T0). It has
been reported that the time delay of 0.5T0 just corresponds to the consecutive interference of odd
harmonics [33, 34, 50, 51]. A larger (smaller) time delay means that the consecutive interference
between two adjacent emissions occurs at a slightly lower (higher) frequency, leading to a redshift
(blueshift) of the harmonic [50, 51]. For moving H+2 , the harmonic emission is dominated at
14T0 where the time delay is larger than 0.5T0. Therefore, the generated harmonics show global
redshift [Fig. 2(a)]. Moreover, the decreasing CEP-dependent time delay is responsible for the
blueshift of those diagonal stripes therein. While for static H+2 , harmonic emission mainly occurs
at 10T0 where the time delay is very close to 0.5T0, which therefore leads to a series of typical
odd harmonics.
In the following, we demonstrate that the CEP-dependent FM in HHG from moving H+2 is
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Fig. 4. (a) Mechanism of HHG from moving H+2 . For static H
+
2 , the ionization occurs at

the equilibrium distance (Process 1). For moving H+2 , the nuclear wave packet is forced
to larger internuclear distance (Process 2) and then the ionization occurs with a lower
ionization threshold (Process 3). (b) Time-dependent internuclear distance 〈R(t)〉 calculated
for different CEPs.

due to temporal interference of the two emission events at 10T0 and 14T0. As mentioned above,
HHG can be understood as a coherent superposition of each half-cycle radiation during the laser
pulse [40], i.e.,

S(ω; φ0) = |ΣAn(ω)ei(ωtn+φn) |2. (3)

Here, tn is the emission time of each radiation, which can be calculated from the three-step
model. φn = Upτn is the phase of the emission, τn is the excursion time of the return electrons
in the acceleration step [33, 34]. An represents the amplitude of each radiation. Note that the
most crucial factor that determines the interference pattern (i.e., the CEP-dependent FM) is the
relative phase of these radiations. The amplitudes An just make a difference in the intensity of
each frequency component of the modulated harmonics, but will not change the CEP dependence.
For simplicity, we have set An to 1 for each radiation. Based on this temporal algorithm, we
have simulated the generation of H31 from moving H+2 by considering two pairs of consecutive
radiation events in the vicinity of 10T0 and 14T0. The results are presented in Fig. 7(a). One
can see that, the main feature of the CEP-dependent FM is well reproduced. For comparison,
the result from static H+2 is also simulated by using one pair of consecutive emission events at
10T0. As shown in Fig. 7(b), the result also agrees with the TDSE simulations in Fig. 2(b).
Note that the calculated harmonic in Fig. 7(b) shows a little bit of blueshift as the CEP varies
due to the slight decrease of the CEP-dependent time delays at 10T0 (see dashed line in Fig. 6).
Considering the simplicity of this temporal algorithm, the agreement of the results in Fig. 7 with
the TDSE simulations in Fig. 2 is satisfying.
It’s worth mentioning that, apart from the CREI effect, the nuclear motion could also

lead to the electron localization in the HHG process. It has been reported that the electron
localization will break the symmetry of the electron density and then lead to the emission of even
harmonics [52–56]. In that case, the electron localization mainly controls the interference of the
emissions from the successive laser half-cycles. While in our work, the FM in HHGmainly arises
from the interference of two separated emission events: one occurs at the central part of the laser
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field due to the peak laser intensity, the other one occurs at the falling part of the laser field due to
nuclear motion induced CREI. The interference pertains to a longer time-scale and hence gives
rise to fine modifications in the harmonic spectrum within the width of odd-order harmonics, but
will not turn odd harmonics into even [54]. Besides, it can be expected that the CEP-dependent
FM will disappear in the monochromatic limit, since the long time-scale interference mentioned
above will not happen. This is because in the monochromatic limit, the laser intensity are nearly
the same throughout the pulse, there will be only one dominant HHG event resulting from the
CREI. Note that the fine modulations have also been observed in HHG from alkali atoms [57],
where the modulations are demonstrated to arise from the complex dynamics of the ground state
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population induced by the Rabi-Flopping at the resonant laser wavelength, which is different
from the interference mechanism discussed here.
Next, we investigate the influence of the laser intensity on the CEP-dependent FM in HHG

from H+2 . Figure 8 shows the results for the laser intensity of 1.5× 1014W/cm2, 2.5× 1014W/cm2,
3.5 × 1014W/cm2, and 4.5 × 1014W/cm2, respectively. Since the bandwidth of the harmonic
plateau will increase with the laser intensity, for better comparison, we mainly focus on the
result of the harmonic with the photon energy of Ip + 1.5Up for each laser intensity. Here Ip
is the ionization potential of H+2 , Up is the ponderomotive energy. As shown in the left panels
of Fig. 8, the CEP-dependent FM is observed for the laser intensity of 2.5 × 1014W/cm2 [Fig.
8(c)] and 3.5 × 1014W/cm2 [Fig. 8(e)], but disappears for 1.5 × 1014W/cm2 [Fig. 8(a)] and
4.5 × 1014W/cm2 [Fig. 8(g)]. To understand this phenomenon, we have calculated the Gabor
profiles for the harmonics presented in the left panels. Corresponding results are shown in the
right panels. One can see that, with laser intensity as low as 1.5 × 1014W/cm2 [Fig. 8(b)], the
harmonic emission at the central part of the laser field is rather weak due to the low ionization.
The dominant emission mainly occurs on falling part where the molecule is already stretched. In
this case, the long time-scale interference will not happen. The harmonic emission is mainly
a consequence of the interference of the successive half-cycle bursts at the falling part, which
therefore does not lead to apparent FM in the harmonic spectrum. While for a much higher laser
intensity of 4.5 × 1014W/cm2, the harmonic emission at the falling part of the electric field is
severely reduced due to serious depletion of the ground state within such an intense laser pulse.
The dominant emission only occurs at central part of the field [see Fig. 8(h)]. This case is similar
to that in Fig. 3(c). Therefore, the FM is also invisible in this case. For the moderate intensities
of 2.5 × 1014W/cm2 and 3.5 × 1014W/cm2 [see Fig. 8(d) and 8(f)], one can see two obvious
emission events located at the central and falling parts of the laser field (11.5T0 and 14T0 for
2.5 × 1014W/cm2 and 10.5T0 and 14.5T0 for 3.5 × 1014W/cm2). The interference of these two
separated events will therefore lead to the FM shown in Fig. 8(b) and 8(c). From the above, we
conclude that to achieve the long time-scale interference and therefore the CEP-dependent FM,
the laser intensity should be properly adopted so that the nuclear motion as well as the harmonic
process can be well controlled.
Finally, we demonstrate that the CEP-dependent FM in HHG from moving H+2 can be used

to retrieve the nuclear dynamics with attosecond resolution. It has been reported that the
nonadiabatic effect of the time-dependent laser intensity can induce a red (blue) shift when HHG
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Fig. 8. Left panels: CEP-dependent FM in HHG from H+2 with the laser intensity of
1.5 × 1014W/cm2, 2.5 × 1014W/cm2, 3.5 × 1014W/cm2, 4.5 × 1014W/cm2, respectively.
Right panels: CEP-dependent temporal profiles of the harmonics presented in the left panels.

is dominant at the falling (raising) part of the laser pulse. The frequency shift is given by:

∆ω = αq
∂I(t)
∂t
|td , (4)

where αq is the phase coefficient of the harmonic, I(t) is the laser intensity, and td is the emission
time of the dominant HHG. As discussed above, the CEP-dependent FM reveals temporal
information of HHG. Using Eq. (3), one can extract the emission time td of HHG dominated at
the falling edge of the laser pulse from the CEP-dependent FM (it’s about 14T0 in our work).
Moreover, for moving H+2 , the nonadiabatic frequency shift can be related to the ionization
asymmetry induced by nuclear motion [23], i.e.,

∆ω

ω
=
Γ(Rr, I) − Γ(Rf , I)

2Γ(Re, I) . (5)

Here, Γ is the ionization rate, which is nearly linearly dependent on R before it reaches Rc [45,46].
Rr and Rf are the mean internuclear distances on the rising and falling part of the laser field.
Under our laser conditions, the nuclear motion on the raising part of the laser field is small [as
illustrated in Fig. 4(b)], namely, Rr ≈ Re. Then the frequency shift of the dominant HHG can be
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evaluated by

∆ω

ω
≈

Re − Rf

2Re
. (6)

Combining the Eqs. (4) and (6), the internuclear distance of H+2 can be roughly retrieved.
For instance, the emission of H31 at CEP=0 is dominated at 14.1T0 [see Fig. 3(a)], where
the frequency shift predicted by Eq. (4) is about −0.58ω (The minus sign means a red shift).
Inserting this frequency shift into Eq. (6), we can then get the internuclear distant at the emission
time, i.e., about 5.6 a.u. This result agrees well with the TDSE prediction (about 5.4 a.u.) in Fig.
4(b). Moreover, as shown in Fig. 3(a), the variation of CEP will change the emission time of
the falling part HHG. While the nuclear dynamics are nearly unchanged as the CEP varies [see
Fig. 4(b)]. This allows one to build a one-to-one map between the internuclear distance with the
emission time of HHG via the CEP-dependent nonadiabatic frequency shift and then achieve
the real-time measurement of the nuclear motion. According to the three-step model [33, 34], a
π shift in the CEP will lead to a change of 0.5T0 in the emission time of HHG. With the CEP
changing with a step of 100 mrad (which can be achieved in experiment), one can realize a 43
as resolution in time. Therefore, our work can pave a way for probing the nuclear motion with
attosecond resolution.
In experiment, the phase-matching usually plays an important role in macroscopic harmonic

generation. Especially, some propagation effects, like the self-phase modulation of the funda-
mental beam within the gas medium [58], will also lead to a frequency shift in HHG, which may
cover up the FM predicted in our work. However, the phase-matching effects can be controlled
by adjusting the experimental conditions. It has also been reported that by using a thin gas jet
with low gas pressure, the collective effects can be effectively minimized and the macroscopic
harmonic emission can agree well with the simulations of individual response [59–61]. More
recently, the nuclear motion induced frequency shift in HHG from H2/D2 has been observed in
experiment [25]. Under suitable experimental conditions, we believe that our results can also be
demonstrated in experiment.

4. Conclusion

In conclusion, the CEP effect in HHG from H+2 in a multi-cycle laser pulse is theoretically
investigated by solving the non-BO TDSE. The results show that harmonics in the plateau from
the moving H+2 are substantially redshifted and complicated spectral structures are observed
as the laser CEP varies. In contrast, HHG from the static H+2 exhibits typical odd harmonic
peaks. Based on the classical electron trajectories and time-frequency analysis, we find that
the CEP-dependent FM in HHG from moving H+2 is attributed to the temporal interference of
two radiation events located in the vicinity of 10T0 and 14T0, respectively. Compared to static
H+2 , the extra radiation at 14T0 mainly arises from the CREI effect induced by the laser-driven
nuclear motion of moving H+2 . Our above analysis is further confirmed by simulations based on a
simple algorithm of the temporal interference, which well reproduces the main feature of the
CEP-dependent spectral structures of HHG. Moreover, we demonstrate the nuclear dynamics of
H+2 can be retrieved from the CEP-dependent FM in HHG with attosecond resolution.
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