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Abstract: We investigate the plasmonic lattice solitons (PLSs) in nonlinear 
graphene sheet arrays (GSAs) composed of spatially separated graphene 
sheets embedded in dielectric. Both the nonlinearities of graphene and 
dielectric are considered. The self-focusing PLSs at the Brillouin zone 
edges can be yielded by balancing the normal diffraction of surface 
plasmon polaritons (SPPs) via either the nonlinear effect of graphene or 
self-focusing dielectric. The self-defocusing PLSs corresponding to 
anomalous diffraction of SPPs at the Brillouin zone center could be yielded 
by the nonlinearity of self-defocusing dielectric alone. The width and 
propagation distance of the PLSs are dependent on the period of the GSAs 
and the chemical potential of graphene. Thanks to the strong confinement 
of SPPs, the PLSs in GSAs can be squeezed into an effective width as small 
as λ/250. The study may find applications in optical circuits and switches on 
deep-subwavelength scale. 

© 2015 Optical Society of America 
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1. Introduction 

Optical spatial solitons refer to stationary propagation of light beam with a constant 
transverse profile as the diffraction and nonlinear effects arrive at a dynamic balance in 
nonlinear materials [1,2]. They have continuously attracted attention due to the significant 
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applications in optical interconnect, frequency conversion, and soliton-based navigation [3,4]. 
In recent years, the discrete spatial solitons [5–8], supported by discrete optical systems such 
as periodic waveguide arrays, have been intensively investigated. As the spatial solitons 
closely associate with diffraction, the waveguide arrays allow for diffraction engineering [9] 
and thus provide a flexible platform for yielding and manipulating solitons [7,9]. So far, the 
discrete solitons have been proposed and demonstrated in metallic waveguide arrays and are 
termed as plasmonic lattice solitons (PLSs), where the nonlinearity is often provided by 
dielectric between metallic films [10–14]. Due to the concentration of surface plasmon 
polaritons (SPPs) on metals, the PLSs could possess a subwavelength effective width. 

Since the practical preparation of graphene, it has spurred widespread interest due to its 
unique features in electronics and optics [15–21]. The SPPs on graphene have stronger 
confinement and relatively less propagation loss in comparison with that on metals. 
Following the dielectric and metallic waveguide arrays, the graphene sheet arrays (GSAs) 
composed of alternatively stacked graphene and dielectric layers are expected to manifest 
analogical features. It has been reported that a variety of linear optical effects could be 
realized in GSAs, such as negative refraction, Talbot effect, and Bloch oscillations [22–24]. 
Since graphene is also a nonlinear material [25–29], the nonlinear GSAs may provide a new 
platform to support many nonlinear effects that have been demonstrated in dielectric and 
metallic waveguide arrays. Moreover, the nonlinear effects should take on a new look due to 
the unique properties of graphene. 

In this work, we shall study the PLSs based on the SPP Bloch modes in GSAs. In the 
linear GSAs, the SPPs undergo anomalous diffraction at the Brillouin zone center, where the 
lateral wave vector of SPPs approaches to zero. The anomalous diffraction makes the SPPs 
tend to be focusing in the GSAs. On the other hand, the normal diffraction at the Brillouin 
zone edges with large lateral wave vector of SPPs leads to defocusing propagation. When 
considering the nonlinearity in the GSAs, the SPP diffraction could be balanced by the 
nonlinear self-focusing and self-defocusing effects. In practice, the nonlinearity comes from 
either the graphene or the dielectrics between graphene sheets in the array. As graphene is a 
self-focusing material, the normal diffraction can be restrained to form the PLSs. Because the 
dielectrics could be self-focusing or self-defocusing material [30,31], they are able to balance 
normal and anomalous diffraction, respectively, resulting in formation of self-focusing or 
self-defocusing PLSs [9]. Furthermore, the PLSs experience smaller width and larger 
propagation distance when both the nonlinearities of graphene and self-focusing dielectric are 
involved. We also study the PLSs shaping by varying the structure period and the chemical 
potential of graphene. 

The contents are arranged as follows. In Sec. 2, we give a brief review on the general 
properties of linear GSAs, aiming at showing the diffraction properties of SPPs in different 
regions of the Brillouin zone. Section 3 discusses the formation of PLSs in the GSAs when 
only the nonlinearity of graphene takes effect. Next, we consider the influence of the 
dielectric nonlinearity in Sec. 4. We firstly employ self-focusing and self-defocusing 
dielectrics without considering the graphene nonlinearity to realize self-focusing and self-
defocusing PLSs at the edge and center of the Brillouin zone, respectively. Then we utilize 
both the graphene nonlinearity and self-focusing dielectric to obtain highly compact PLSs in 
the GSAs. The influences of the period of GSAs and the chemical potential of graphene on 
the PLSs are studied in Sec. 5. 

2. SPPs in linear GSAs 

We start from briefly reviewing the linear GSAs. The diagram of the GSAs is shown in Fig. 
1(a), where the graphene sheets are periodically embedded in the host dielectric with a period 
of d. The relative permittivity of the dielectric is denoted by εd. The surface conductivity σg(λ, 
μc, τ) of graphene is governed by the Kubo formula [32,33], where λ is the incident 
wavelength in air, μc is the chemical potential of graphene, and τ is the momentum relaxation 
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time. Concerning the transverse magnetic polarization, the dispersion relation of SPPs in 
GSAs is given by [34,35] 

 cos( ) cos h( ) sin h( ),
2

d d
κξϕ κ κ= −  (1) 

where φ = kxd is the Bloch momentum [7,36] with kx being the Bloch wave vector along the x 
direction, κ = (kz

2 − εdk0
2)1/2, ξ = η0σg/(iεdk0), kz is the wave vector of SPPs, k0 = 2π/λ with λ 

being the wavelength in air, and η0 is the impedance of air. For a fixed wavelength λ = 10 μm, 
we can plot the wave vector of SPPs as a function of the Bloch momentum in stem of the 
dispersion relation, namely, the diffraction relation of SPPs. The diffraction relation can be 
regarded as the band structure in the waveguide arrays [37], which is depicted in Fig. 1(b) 
with the solid curve. The parameters are given by d = 30 nm, εd = 2.25, μc = 0.15 eV, and τ = 
0.5 ps. As the SPP Bloch modes extend over the entire GSA, the localized incident waves 
injected from several graphene sheets have to suffer diffraction during propagation. If the 
incident wave packet possesses a lateral wave vector located at the Brillouin zone center (φ = 
0), the diffraction is anomalous due to the hyperbolic shape of the diffraction curve [9]. The 
diffraction at the Brillouin zone edges (φ = ± π) is normal since the shape of the diffraction 
curve is parabolic, analogous to diffraction in free space. Figure 1(b) also plots the 
propagation loss of SPPs in the GSA (black solid curve). As kx = π/d, Re(kz) is about 106.1 
μm−1. The corresponding wavelength of the SPP Bloch mode is about 59.2 nm and the 
propagation length in respect of field intensity is 350 nm, which is about six times as large as 
the SPP wavelength. The figure of merit of the ratio is even larger than that of SPPs in 
monolayer graphene [38]. 

 

Fig. 1. (a) Schematic of the GSA. (b) Diffraction relation of SPPs in linear GSA with d = 30 
nm and μc = 0.15 eV. (c) Diffraction relation when μc = 0.15 eV and the period of GSA varies. 
(d) Diffraction relation as the chemical potential is varying when d = 30 nm. 

The diffraction curve can be manipulated by changing the structure period and the 
chemical potential of graphene. As shown in Fig. 1(c), the relation is rather flat when the 
period is large and the coupling between adjacent graphene sheets is weak. Once the period 
decreases approaching to the mode width of SPPs in a single-layer graphene, which is equal 
to ξ, the diffraction curve appears a sharp corner at the Brillouin zone center, forming the so- 
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called Dirac point in the band structure [39,40]. In the vicinity of the Dirac point, SPPs 
experience strong coupling [34]. The influence of the chemical potential on the diffraction 
curve is shown in Fig. 1(d). The Dirac point emerges as the chemical potential of graphene 
becomes larger. The crucial value of the chemical potential is about 0.2 eV as d = 30 nm. 

We also perform first-principles simulations to achieve the eigen wave vectors of SPPs in 
the GSAs, which is more applicable for nonlinear problems. In the simulation, the Maxwell’s 
equations are transformed to the matrix form [11] 

 

0

0

0
0 0

0

( )
0

,
1

0
( )

r

y y
z

x x

r

H H

k x

k
E E

k
k x x x

ε
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ε

 
      =    ∂ ∂    + ∂ ∂ 
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where εr(x) denotes the local relative permittivity along the lateral dimension of the structure, 
Hy and Ex are the transverse magnetic field and electric field. In the calculation, graphene is 
treated as a thin film with an equivalent thickness of Δ ≈1 nm. Then the relative equivalent 
permittivity of graphene could be given by εg = 1 + iσgη0/(k0Δ) [26]. The equation can be 
solved by using the finite-difference frequency-domain method [41]. We employ the Yee’s 
grids to discretize the distributions of the field and relative permittivity. Thus solving Eq. (2) 
becomes the problem of calculating the eigen values of a large sparse matrix. For the linear 
case, the diffraction curve calculated by Eq. (2) is also shown in Fig. 1(b) with circles, which 
agrees fairly with the rigorous data. For nonlinear problems, this method is readily utilized in 
the self-consistent iteration algorithm [42]. 

3. PLSs yielded by graphene nonlinearity 

We firstly consider the PLSs resulted from the nonlinearity of graphene. The surface 
conductivity of graphene can be expressed by σg = σg,linear + σNL|Ez|

2, and σNL is the nonlinear 
conductivity, which is given by [25,28] 

 
2

2
2

3
( ) ,

8
NL cF

c

eVe
i

μσ
μ ω ωπ

= −


 (3) 

where ω denotes the frequency and the Fermi velocity VF ≈c/300. Taking into account the 
nonlinear surface conductivity, the equivalent permittivity is also intensity-dependent. Thus 
Eq. (2) turns into a nonlinear problem, which can be solved by using the self-consistent 
method [42, 43]. As the relative permittivity of graphene depends on the field distribution, we 
initially solve the eigen values for the linear case according to Eq. (2). The relative 
permittivity is then updated in terms of the field distribution (eigen vectors). Repeating the 
process of solving the field and updating the permittivity, we can obtain the field distribution 
of PLSs until the eigen values are stable. 

 

Fig. 2. PLSs yielded by graphene nonlinearity as kx = π/d. (a) Normalized transverse electric 
field (Ex) of the PLSs at kx = π/d. (b) Normalized intensity distribution of the PLSs. 
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Normally, the nonlinear change of the graphene permittivity is positive as the SPP 
intensity increases, indicating the self-focusing nonlinearity of graphene. In order to realize 
PLSs in GSAs, the excited mode should experience normal diffraction in the GSA. In the 
diffraction curve shown in Fig. 1(b), the normal diffraction locates at the edge of the Brillouin 
zone where the curve is nearly parabolic. When the mode at kx = π/d is excited, the self-
focusing nonlinearity of graphene will balance the normal diffraction. The lateral electric 
field distribution of the PLSs is shown in Fig. 2(a). In the calculation, the maximum value of 
intensity |E|2 is set as 200 V2/μm2, where |E|2 = |Ex|

2 + |Ez|
2. The other parameters are the same 

with that used in Fig. 1(b). The profile generally follows odd coupling of SPPs in adjacent 
graphene and manifests a good confinement. The corresponding intensity distribution is 
shown in Fig. 2(b). The full width at half maximum (FWHM) of the intensity profile 
approximately equals to 40 nm, which reaches a deep subwavelength of 0.004λ. 

 

Fig. 3. PLSs yielded by graphene nonlinearity as kx = π/d. (a) Propagation of PLSs in the GSAs 
without loss. (b) Diffraction of SPPs in linear GSAs. (c) Propagation of PLSs in the GSAs as 
the loss is considered. 

As the nonlinear eigen mode of the PLS is injected into the GSA, the evaluation of the 
profile in the GSA can be demonstrated by using the modified split-step Fourier beam 
propagation method [11]. In the calculation, we consider the full nonlinear Maxwell’s 
equations, where the linear part of the standard beam propagation method is altered by 
projecting the injected wave packet on the linear modes of GSAs, and the nonlinear part is 
approximately the sum of the front several terms of its series expansion in matrix form (see 
Appendix). To illustrate clearly the propagation of the PLSs, we ignore the loss of graphene 
at first. The PLS propagation in a lossless GSA is shown in Fig. 3(a). One sees evidently that 
the profile remains unchanged during propagation. As the nonlinear effect is not activated, the 
SPPs diffract into a wide direction as shown in Fig. 3(b). In case the loss is accounted (τ = 0.5 
ps), the diffraction-free propagation of the PLSs can still be observed except for a decay of 
the energy, as shown in Fig. 3(c). The propagation distance is about 0.35 μm. One can 
introduce gain into dielectric materials by using quantum dots [44], or implement graphene 
doping [45] to compensate for the loss. 

4. PLSs yielded by the nonlinearity of both graphene and dielectric 

Since graphene is a self-focusing material, only the SPP modes experiencing normal 
diffraction at the edges of the Brillouin zone can be utilized to yield PLSs. That demands to 
excite the SPP modes with a large lateral wave vector. In order to generate PLSs more 
conveniently, we also consider the nonlinearity of dielectrics between graphene, which may 
help to yield PLSs based on the SPP mode at the center of the Brillouin zone. To reveal the 
role of the dielectric nonlinearity, we investigate the PLSs formed by only the dielectric 
nonlinearity at first and then both nonlinearities together with graphene. 

The relative permittivity of dielectric can be expressed as εd = [(εd,linear)
1/2 + n2|E|2]2, where 

n2 is the self-focusing or self-defocusing nonlinear coefficient, depending on whether it is 
positive or negative. Here we choose the nonlinear coefficient n2 = 4.8 × 10−4 μm2/V2. The 
maximum value of intensity |E|2 is set as 100 V2/μm2, corresponding to the variation of the 
refractive index Δnmax = 0.048 [30]. The transverse electric field and intensity distributions of 
the PLSs at kx = π/d are shown in Figs. 4(a) and 4(b), respectively. The FWHM of the 
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intensity profile equals to 37 nm, as shown in Fig. 4(b). The value is very close to that of the 
PLSs by using graphene nonlinearity. It means that the nonlinear effects derived from self-
focusing dielectrics and graphene could contribute independently to the formation of PLSs 
and their contributions are equal. When excited at kx = 0, the SPPs undergo anomalous 
diffraction. In order to restrain the diffraction and yield PLSs, the self-defocusing dielectrics 
have to be utilized. Here we choose n2 = −4.8 × 10−4 μm2/V2

. The electric field and intensity 
distributions of the PLSs are depicted in Figs. 4(c) and 4(d), respectively. The FWHM of the 
PLSs is about 92 nm, which is much larger than the FWHM of the self-focusing solitons (kx = 
π/d). This is because of the stronger diffraction at kx = 0 since the curvature of the diffraction 
relation at the Brillouin zone center is much larger than that at the edge, as shown in Fig. 1(b). 
It should be mentioned that graphene nonlinearity alone cannot balance the anomalous 
diffraction of SPPs at kx = 0. 

 

Fig. 4. (a), (b) Normalized transverse electric field Ex and intensity |(E)|2 profiles of the PLSs 
at kx = π/d. Here the self-focusing dielectrics between graphene are utilized. (c), (d) normalized 
transverse electric field and intensity profiles of the PLSs at kx = 0. Here self-defocusing 
dielectrics are utilized. 

Now we investigate the PLSs yielded by the nonlinearity of both graphene and dielectric. 
For the SPP mode excited at kx = π/d, the normal diffraction could occur. Thus both the 
nonlinear effects of graphene and self-focusing dielectrics between graphene can restrain the 
diffraction, leading to the formation of self-focusing PLSs. The transverse electric field (Ex) 
and the intensity distribution of the PLSs are shown in Figs. 5(a) and 5(b). The FWHM of the 
PLSs is about 36 nm, which is slightly smaller than that for only self-focusing dielectric or 
graphene nonlinearity. It indicates that the self-focusing nonlinearity from graphene partly 
enhances the nonlinearity leading to more concentrative localized wave packet. For kx = 0, the 
SPPs experience anomalous diffraction. To yield the self-defocusing PLSs, the self-
defocusing dielectrics have to be used since the nonlinearity of graphene plays a negative 
role. The transverse electric field and the intensity distribution are shown in Figs. 5(c) and 
5(d). The FWHM of the PLSs is about 112 nm, which is remarkably larger than that for only 
the self-defocusing dielectric nonlinearity. The self-focusing effect of graphene weakens the 
self-defocusing effect of dielectric, leading to a broadened beam width of the PLSs. In 
addition, we obtain the values of propagation constant kz = 114.75 + 1.59i (μm−1) for self-
focusing PLSs, and kz = 81.71 + 2.36i (μm−1) for self-defocusing PLSs. By comparing the 
imaginary parts of the propagation constants, the loss of self-focusing solitons is less than that 
of self-defocusing solitons, which accords with the propagation losses of the modes at 

#252424 Received 26 Oct 2015; revised 3 Dec 2015; accepted 7 Dec 2015; published 10 Dec 2015 
(C) 2015 OSA 14 Dec 2015 | Vol. 23, No. 25 | DOI:10.1364/OE.23.032679 | OPTICS EXPRESS 32685 



different regions of the Brillouin zone, as shown in Fig. 1(b). The case is contrary to the result 
in metal-dielectric arrays [11]. Figure 6(a) illustrates the propagation of the self-focusing 
PLSs in the GSAs. The propagation distance is about 0.31 μm, which is larger than that of 
0.21 μm of the self-defocusing solitons as shown in Fig. 6(b). In other words, the self-
focusing PLSs in GSAs undergo both a smaller width and a lager propagation distance in 
comparison with the self-defocusing PLSs. 

 

Fig. 5. (a), (b) Distributions of electric field (Ex) and intensity of the PLSs at kx = π/d. The 
PLSs result from the nonlinearity of graphene and self-focusing dielectrics between graphene. 
(c), (d) Distributions of electric field and intensity of the PLSs at kx = 0. The PLSs result from 
the nonlinearity of graphene and self-defocusing dielectrics. 

 

Fig. 6. (a) Electric field intensity of PLSs at kx = π/d propagating in the nonlinear GSA. The 
PLSs result from the nonlinearity of graphene and self-focusing dielectrics between graphene. 
(b) Electric field intensity of PLSs at kx = 0. The PLSs result from the nonlinearity of graphene 
and self-defocusing dielectrics. 

5. Tunability of the propagation of PLSs 

In this section, we investigate the influence of the array period, chemical potential of 
graphene, and incident intensity on the self-focusing PLSs generated at kx = π/d. Both the 
nonlinearity of graphene and self-focusing dielectrics take effect in forming the PLSs. Figure 
7(a) shows the intensity distribution of PLSs as the period varies. The chemical potential of 
graphene is given by μc = 0.15 eV. One sees from the figure that the intensity distribution 
tends to gradually spread out as the period increases. The field is mostly confined in the 
center of two graphene sheets like that shown in Fig. 5(b). Note that the structure is 
expanding as the period increases. At the same time, the propagation constant of self-focusing 
PLSs decreases as the period increases, as shown in Fig. 7(b). The real part of the propagation 
constant decreases dramatically as the period increases to d = 30 nm. The propagation 
constant drops slowly when the period increases further. This is similar to the result in the 
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linear case as shown in Fig. 1(c). The nonlinearity has no effect on the trend of propagation 
constant variation but make it increase overall to higher values. It could also be seen that the 
propagation loss has a minimum value as d ≈16 nm. 

 

Fig. 7. (a), (b) Intensity distribution of the self-focusing PLSs and the propagation constants kz 
vary as the period d increases when μc = 0.15 eV. (c), (d) Intensity distribution and propagation 
constant of the self-focusing PLSs vary with the chemical potential of graphene μc when d = 30 
nm. Here both the nonlinearities of graphene and dielectric are considered. 

The dependence of the lateral profile of PLSs on the chemical potential of graphene is 
shown in Fig. 7(c). The period is given by d = 30 nm. The width of solitons keeps increasing 
as the chemical potential increases until it approaches to 0.35 eV. When the chemical 
potential increases further, the width almost keeps at a constant. It demonstrates that there is a 
finite small-value range of the chemical potential for PLSs flexible tunability when the 
structure period is fixed. At the same time, both the real part and the imaginary part of the 
propagation constant decrease as the chemical potential increases, as depicted in Fig. 7(d). By 
comparing with the linear result in Fig. 1(d), the self-focusing nonlinearity also improves 
overall the values of the propagation constant but the variation trend is the same. 

 

Fig. 8. (a) Effective width of the self-focusing PLSs as a function of the injected field intensity. 
(b) Propagation constant of the self-focusing PLSs versus the injected intensity. 

We also consider the influence of the field intensity on the self-focusing PLSs. The 
effective width of the PLSs is given by w = (x2|E|2dx/|E|2dx)1/2. The dependence of the 
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effective width on the intensity is plotted in Fig. 8(a). One sees that the PLSs manifest a better 
confinement as the input light intensity increases. At the same time, the propagation constant 
including both the real part and the imaginary part increases as the intensity increases, as 
shown in Fig. 8(b). In fact, the change of the propagation constant is not remarkable since the 
intensity undergoes a five-time increase. 

6. Conclusions 

In conclusion, we have investigated the PLSs in GSAs by introducing the nonlinearities from 
both graphene and nonlinear dielectric. Due to the strong confinement of SPPs on graphene, 
the PLSs with deep-subwavelength effective width are obtained as the nonlinearity effect and 
SPPs diffraction reach an appropriate balance. The self-defocusing PLSs based on the SPPs at 
the Brillouin zone center can be yielded with the aid of the nonlinear effect of self-defocusing 
dielectrics between graphene. The self-focusing PLSs for SPPs at the Brillouin edges can be 
yield by the nonlinear effects of either graphene or self-focusing dielectrics. As the 
nonlinearities of both graphene and self-focusing dielectrics take effect, the PLSs possess 
smaller width and larger propagation distance. Moreover, the confinement and propagation 
loss of the PLSs can be optimized by changing the period of the GSAs and chemical potential 
of graphene. As for the self-focusing PLSs, the effective width can be less than λ/250. The 
study provides a new platform to control SPPs and will benefit the design of nonlinear GSAs 
and selection of materials for yielding PLSs. It will also find great applications in optical 
circuits, switches, and imagers on deep-subwavelength scale. 

Appendix 

In this appendix, we briefly describe the simulation of field propagation by using the 
modified split-step Fourier beam propagation method [11]. The Maxwell’s equations can be 
written in the matrix form 
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The operator can be expressed by ˆ ˆ ˆ= L NLM M M+ , where ˆ
LM  and ˆ

NLM  denotes the linear and 

nonlinear propagation operators, representing the linear and nonlinear contributions 
respectively. In the modified split-step Fourier beam propagation method, we have 
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where the linear propagation operator 
ˆ

LiM ze Δ  is represented by the linear eigen modes of the 
GSAs, instead of the traditional Fourier series. The linear eigen modes are achieved by 

numerically solving Eq. (2) in the main text. The nonlinear operator 
ˆ

NLiM ze Δ  can be figured out 
by using the expansion 
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where ˆ
NLM is obtained by ˆ ˆ ˆ

NL LM M M= − . In the calculation, we use N = 5 which is 

sufficient to include the contribution of nonlinearity. 
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