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Abstract: By numerically solving the time-dependent Schrödinger equation, we theoretically
study strong-field tunneling ionization of Ar atom in the parallel two-color field which consists
of a strong fundamental pulse and a much weaker second harmonic component. Based on the
quantum orbits concept, we analyzed the photoelectron momentum distributions with the phase-
of-the-phase spectroscopy, and the relative contributions of the two parts of the photoelectrons
produced during the rising and falling edges of the adjacent quarters of the laser cycle are
identified successfully. Our results show that the relative contributions of these two parts depend
on both of the transverse and longitude momenta. By comparing the results from model atoms
with Coulomb potential and short-range potential, the role of the long-range Coulomb interaction
on the relative contributions of these two parts of electrons is revealed. Additionally, we show
that the effects of Coulomb interaction on ionization time are vital for identifying their relative
contributions.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Laser-induced tunneling ionization of atoms and molecules is one of the most fundamental
processes in strong-field laser-matter interaction, and it serves as the first step of a broad range of
strong-field phenomena, such as above-threshold ionization (ATI) [1,2], high-order harmonic
generation [3,4], and non-sequential double ionization [5–7]. In past decades, these strong-field
phenomena have been widely studied, and their applications in the attosecond community have
been extensively exploited, including attosecond pulse generation [8–11], molecular tomography
[12,13], and probing ultrafast electronic and nuclear dynamics [14–16]. In these studies, the
trajectory-based concept is of basic importance [17]. Generally, in the trajectory-based concept
these ultrafast processes could be understood in terms of three-step model [18], wherein the
electron is first tunneling ionized through the potential barrier, and then the released electron
wave packet (EWP) is accelerated by the oscillating electric field of the laser pulse. Part of the
EWP may return back to scatter or recombine with the atomic or molecular core, while the other
part reaches to the detector directly. Thorough and comprehensive knowledge about the electron
trajectories is crucially important for further performing the applications of these phenomena
[19–26]. In the past years, great efforts have been made in revealing the details of the trajectory
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picture. For example, numerous studies have been reported in characterizing the tunneling of
the EWP, i.e., the first step of the electron trajectory. The tunneling ionization time [27,28],
the tunneling exit point [29], and the phase of tunneling EWP were hence accurately explored
[30,31].

An important issue in the trajectory-based picture is that different trajectories could contribute to
the same final observation [17,32,33]. For example, in the photoelectron momentum distribution
(PEMD) of tunneling ionization, electron released at different times of the laser pulse could
reach the same final momentum [32]. Specifically, within one laser cycle, the so-called long
and short trajectories, which are respectively generated during the descending and ascending
edges of the adjacent quarters of the laser field, possess the same final momentum [34,35].
Due to the effects of the Coulomb rescattering on the long trajectory, it is commonly accepted
that the electrons produced from the long trajectory dominate the contributions of the PEMD,
especially for the distribution along the laser polarization direction. In recent experimental
studies [36], the electron trajectories in strong-field tunneling ionization have been analyzed.
With the assumption that only the long trajectory contributes to the PEMDs, the reconstructed
ionization time deviates seriously from theoretical prediction based on the Coulomb-corrected
strong-field approximation. We should mention that in the previous researches, the accuracy of
the Coulomb-corrected strong-field approximation model in describing the ionization has been
approved [37–41]. Therefore, the non-negligible contributions of the short trajectory may be
responsible for the discrepancy [42]. Identifying the contributions of these two trajectories is
necessary for the time-resolved measurement based on the photoelectron spectroscopy.

In a recent study [43,44], with the orthogonally polarized two-color field the relative con-
tributions of the long and short trajectories have been explored. It was shown that although
the electrons from the long trajectory have high contributions, and the contributions of short
trajectory are also significant. In that study, the relative contributions of the long and short
trajectories are identified for the PEMD along the polarization direction of the fundamental field
(py = 0) and the line of non-zero lateral momentum pz but keeping py = 0. The effects of the
Coulomb interaction on the ionization time were not considered when identifying the relative
contributions, which may influence the conclusions.

In this paper, we reveal the relative contributions of the long and short trajectories in the
whole space of the PEMDs with the parallel two-color (PTC) field. The recently developed
phase-of-the-phase spectroscopy is employed to analyze these PEMDs [45–50]. In this method,
the relative phase of the two-color field is continually changed, and the photoelectron yield at
each momentum is monitored as a function of the relative phase. The trajectories generated from
different times have different dependence on the relative phase of the two-color field. Thus, the
dependence of the photoelectron yield on the relative phase revealed by the phase-of-the-phase
spectroscopy could provide information about the electron trajectories. This method has been
applied to the parallel two-color field, orthogonal two-color field as well as the circularly polarized
two-color field [36,47,51,52]. Based on this method, the dynamics of strong-field ionization in
the tunneling [47] and multi-photon regimes [53] have been revealed, the multiple rescattering
trajectories in tunneling ionization have been resolved [54], and the structural information of
the atoms and molecules have also been explored [47]. Very recently, it has been employed to
retrieve the temporal properties of the fork structure in the PEMDs [55]. Here, the long and
short trajectories are generated during the adjacent quarter cycles of the laser pulse through
tunneling ionization, and thus the photoelectron yields depend differently on the relative phase of
the two-color field. By analyzing this phase dependence of PEMDs, the relative contributions of
the two trajectories could be obtained.

In our work, the laser field is consisted by a strong 1600nm fundamental component and a
weak second harmonic component. The PEMDs are obtained by solving the time-dependent
Schrödinger equation for different relative phases, from which the phase-of-the-phase spectrum



Research Article Vol. 29, No. 23 / 8 Nov 2021 / Optics Express 37929

is extracted. Analyzing the phase-of-the-phase spectrum together with the Coulomb-corrected
strong field approximation, the relative contributions of the electrons from the long and short
trajectories in strong-field tunneling ionization are disentangled quantitatively. The results show
that their relative contributions depend on the transverse and longitude momenta. Additionally,
applying the scheme for model atom with short-range potential, it is observed the momentum
dependence of the relative contributions becomes much weaker. This is because that the long-
range Coulomb potential significantly changes the momentum distribution of the rescattering
electron. Owing to the holographic interference induced by the coherent superposition of the
direct and rescattering electrons, the contributions of the long trajectory are greatly suppressed or
enhanced at the interference minima and maxima. Furthermore, our work shows that the effect
of the Coulomb interaction on the ionization time can not be ignored in the scheme and it is vital
for identifying the different trajectories.

2. Theoretical method

In our calculation, the parallel two-color (PTC) laser field E(t) is combined by a strong 1600-nm
fundamental (FM) field E1(t) and a perturbative second harmonic (SH) component E2(t), which
is written as

E(t) = E1(t) + E2(t)
= −f (t)[E1 cos(ω1t) + E2 cos(ω2t + φ)]x̂,

(1)

where x̂ denotes the polarization direction of the two-color laser field. f (t) indicates the trapezoidal
envelop, which ramps on and off over one optical cycle with a plateau of eight periods of the FM
field. ω1 and ω2 are the frequencies of the FM and SH components, and E1 and E2 indicate their
corresponding electric field amplitudes, respectively. φ represents the relative phase between the
PTC laser field. The laser intensities of the FM and SH components are 1.2 × 1014 W/cm2 and
1.2 × 1011 W/cm2, respectively.

2.1. Numerically solving the time dependent Schrödinger equation

In the above PTC laser field, we numerically solve the two-dimensional time-dependent
Schrödinger equation (TDSE) within dipole approximation. In the length gauge, the TDSE is
given by [Atomic units (a.u.) are used throughout unless stated otherwise.]

i
∂Ψ(r, t)
∂t

= H(r, t)Ψ(r, t), (2)

where Ψ(r, t) represents the wave function, r denotes the electron coordinate in the polarization
plane of the PTC field and H(r, t) = − 1

2∇
2+V(r)+r ·E(t) is the Hamiltonian. In the Hamiltonian,

the long-range Coulomb potential for Ar atom is written as V(r) = −1/
√︁

x2 + y2 + η (with the
ionization potential Ip = 0.58 a.u.), where the soft-core parameter η is set to be 0.39. For the
model atom with short-range potential, the binding potential is given by

V(r) = −
1√︁

x2 + y2 + a
· e−

x2+y2

s2 , (3)

where s is the screening parameter. For different s, the soft-core parameter a is adjusted to
reproduce the ionization potential of Ar.

The initial ground state is prepared by the imaginary-time propagation [56], and the wave
function Ψ(r, t) is propagated with the splitting-operator method in real time [57]. Due to
the linearity of the Schrödinger equation, we divide the whole wave function for the real-time
propagation into two regions smoothly: the inner region (0 - Rs) and the outer region (Rs - Rmax)



Research Article Vol. 29, No. 23 / 8 Nov 2021 / Optics Express 37930

by a splitting function [58]. At any given time τ, the electron wave function Ψ(τ) is given by
[58,59]

Ψ(τ) = Ψ(τ)[1 − Fs(Rs)] + Ψ(τ)Fs(Rs)

= ΨI(τ) + ΨII(τ).
(4)

Here, Fs(Rs) = 1/[1 + e−(r−Rs)/∆] is the splitting function, ∆ represents the width of the
crossover region and Rs is the boundary of the inner space [60]. In the inner space, the wave
function ΨI propagates under the full Hamiltonian. In the outer space, the wave function ΨII
stands for the “ionized part” and it analytically propagates under the Volkov Hamiltonian. More
specifically, at each time step, the wave function ΨII in the outer region is firstly transformed into
the momentum space,

C(p, τ) =
∫
ΨII(τ)

e−i[p+A(τ)]·r

2π
d2r, (5)

where A(τ) = −
∫ τ

−∞
E(t)dt is the laser vector potential. Then, it is propagated from this moment

τ to the end of the laser pulse, using

Ψ(∞, τ) =
∫

C(p, τ)
eip·r

2π
d2p (6)

with C(p, τ) = e−i
∫ ∞

τ
1
2 [p+A(τ′)]2dτ′C(p, τ). Finally, the PEMD is obtained by summing the wave

function
dP(p)
dEdθ

=
√

2E

|︁|︁|︁|︁|︁∑︂
τ

C(p, τ)

|︁|︁|︁|︁|︁2 (7)

over the time τ. Here, p denotes the electron final momentum, E = p2/2 is the electron energy,
and θ indicates the electron emission angle.

In the calculations, the Cartesian grid ranges from -700 a.u. to 700 a.u. for both x and y
directions with a grid size of ∆x = ∆y = 0.34 a.u. The boundary of the inner space Rs is set to be
200 a.u. with the width of crossover region ∆ = 8 a.u. It should be mentioned that enlarging the
value of the boundary Rc will not induce visible difference in the PEMDs. Therefore, the turning
off of the Coulomb potential in the region of r>200 a.u. will not affect our final results. The
propagation time step of the wave function is fixed at ∆t = 0.2 a.u. Moreover, at the end of the
laser pulse, the wave function is propagated for two additional optical cycles of the laser pulse to
make sure that the "slow" electrons exceed the boundary of the inner space Rs [61].

2.2. Strong-field approximation

To identify the contributions of the long and short trajectories in PEMDs, we resort to the
strong-field approximation (SFA) in the length gauge [17,62]. In SFA, the ionization amplitude
of photoelectron, from a initial ground state to a final state with the final momentum p, is
expressed as |Γ |2 ∝ ρs(p; tj)e−2Im[Φ(p;tj)] [63], where tj represents the ionization time of the
electron trajectory j. With the SFA, we calculate the tunneling ionization probabilities for the
long and short trajectories separately. We are interested in the relative change of the ionization
amplitude in the PTC field, and thus the pre-exponential factor ρs(p, tj), which is insensitive to
the perturbation of the SH field, is ignored here. The classical action is accumulated by

Φ(p; tj) = −

∫ tf

tj
[v(t)2/2 + Ip]dt, (8)

where v(t) = p + A(t) denotes the instantaneous momentum of electron, and tf is the pulse
turn-off time. In the PTC field that we adopted, the SH component is much weaker than the FM
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field (lower than 1%) and thus it can be treated as a small perturbation. Because the tunneling
rate depends exponentially on the strength of electric field, this perturbation could affect the
tunneling rate, but it does not affect the final momentum of photoelectron (The momentum
change in the PTC field can be estimated to be A2, where A2 is the vector potential of the SH
field). So, by monitoring the changes of photoelectron yield at fixed momentum, we could
resolve the contributions of different trajectories. This is essential in our scheme. Therefore,
the ionization time tj of PTC field which corresponds to the electron final momentum can be
approximately governed by the saddle-point equation (SPE) in the FM field [64] i.e.,

[p + A1(tj)]2/2 + Ip = 0, (9)

where A1 represents the vector potential of the FM field.
According to Eq. (8), the relative change of the ionization amplitude in the PTC field with

respect that in the FM field is expressed as

∆Y(p; tj; φ) = |ΓPTC(p; tj; φ)|2 − |ΓFM(p; tj)|2

∝ e−2Im[ΦPTC(p;tj)] − e−2Im[ΦFM(p;tj)]

= e−2Im{−
∫ tf
tj

{[p+A1(t)+A2(t)]2/2+Ip }dt}
− e−2Im{−

∫ tf
tj

{[p+A1(t)]2/2+Ip }dt}

= e−2Im[ΦFM(p;tj)]{e−2Im[∆Φ(p;tj ;ϕ)] − 1},

(10)

whereΦFM(p; tj) = −
∫ tf
tj
{[p+A1(t)]2/2+ Ip}dt andΦPTC(p; tj) = −

∫ tf
tj
{[p+A1(t)+A2(t)]2/2+

Ip}dt indicate the classical actions of electron in the FM and PTC fields, respectively. The
complex phases difference ∆Φ(p; tj; φ) is obtained by

∆Φ(p; tj; φ) = −

∫ tf

tj
[p + A1(t)]A2(t; φ)dt. (11)

In Eq. (11),
∫ tf
tj

A2(t; φ)2/2dt is a high-order perturbation, and thus it is approximately dropped.
Equation (11) indicates that the relative change of the ionization amplitude is a function of the
relative phase. The phase-of-the-phase φm, where the ionization signal maximizes, depends on
the ionization time tj and can be determined by

∂Im[∆Φ(p; tj; φ)]/∂φ = 0. (12)

2.3. Coulomb-corrected strong-field approximation

We should mention that in the SFA, the Coulomb interaction of the electron and parent ion has
not been take into account, thus the correspondence between the final momentum and ionizations
time is inaccurate. In previous studies, it has been demonstrated that the Coulomb-corrected SFA
can depict the photoelectron momentum map precisely [37–41]. Here, to include the influences
of Coulomb interaction properly, we employ the Coulomb-corrected SFA. In the FM field, the
Coulomb force caused by the parent ion is inserted into the electronic motion equation,

r̈ = dv/dt = −E1 − ∇V(r). (13)

When the ionized electron propagates under the potential barrier, the complex phase Φsub(tj) =
−
∫ Re[tj]
tj

[v2/2 + Ip + V(r)]dt of each trajectory is evaluated from the saddle point time tj to its

real part. After electron tunnels from the barrier, it is governed by Φprop(tj) = −
∫ tf
Re[tj]

[v2/2 +
Ip + V(r)]dt, until the laser pulse turns off. Finally, the asymptotic momentum p of the electron
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on the detector is calculated by Kepler’s laws [65]. In Eq. (9), p is conserved, i.e., ṗ = 0. Here, it
is no longer a constant, and is replaced by ṗ = −∇V(r). Thus, the correspondence between p and
the saddle-point time is modified, as it satisfies

[p + A1(t
′

j)]
2/2 + Ip = 0. (14)

Accordingly, the Eq. (10) is rewritten as

∆Y(p; t
′

j; φ) ∝ e−2Im[ΦFM(p;t′j )]{e−2Im[∆Φ(p;t′j ;ϕ)] − 1}. (15)

3. Result and discussion

Figures 1(a)–1(c) illustrate the PEMDs for strong-field tunneling ionization of Argon atom
obtained by numerically solving TDSE. Figure 1(a) displays the result of 1600-nm single-color
laser field, and Figs. 1(b) and 1(c) display the results of the PTC laser field with relative phases
φ = 0, and π, respectively. The PTC field is polarized along x direction and it consists of
a 1600-nm FM field and an 800-nm field with the laser intensities of 1.2 × 1014 W/cm2 and
1.2 × 1011 W/cm2, respectively. From these PEMDs, one can see three types of interference
fringes. The first one, centered around zero momentum in the PEMDs, presents as the ring-like
structure. It known as the ATI peaks is the inter-cycle interference [66,67]. The second one,
manifested nearly horizontal fringes, is referred as the strong photoelectron holographic pattern
[39,64]. This type of interference has been broadly studied very recently, and it has been applied
to probe the structure and ultrafast electron dynamics in atoms and molecules [16,30,68,69]. The
third type of the interference exhibits the nearly vertical fringes and is most visible on the px
axis. It results from the coherent superposition of the two types of trajectories that are produced
during the two adjacent quarter cycles of the laser pulse [34,35]. These two trajectories are
called as long and short trajectories, respectively. For a multiple-cycle laser pulse, the ionization
amplitudes of these two types of trajectory are exactly the same if no Coulomb interaction after
tunneling is involved. However, due to the long-range Coulomb potential, which are different for
the long and short trajectories, their contributions in the PEMDs are thus different. Accurate
knowledge about the relative contributions is necessary for the information retrieval from the
PEMDs. So, our goal is to identify the relative contributions of these two trajectories. In the
following, we will show that by applying the recently proposed phase-of-the-phase spectrum, the
relative contributions of the electrons released during the adjacent half cycles of the laser pulse
in strong-field tunneling ionization can be disentangled quantitatively.

For comparison, we also show the PEMDs by calculating TDSE for Ar atom with the short-
range potential of Eq. (3). In Figs. 1(d)–1(f), we show the results for the short-range potential
with s = 1. Compared to the results of Figs. 1(a)–1(c), it is clear that the holographic interference
structure fades out. This is because that the nearly forward rescattering, which is responsible for
the holographic pattern, is strongly suppressed in the short-range potential [70], [71].

To apply the phase-of-the-phase spectrum, we calculate the PEMDs by changing the relative
phase φ of the two-color field from 0 to 2π in the step of 0.05π. The PEMDs change
correspondingly, as shown in Fig. 1. Because the intensity of the SH in our two-color field is
three orders of magnitude weaker than the FM field, the changes of the PEMDs with the relative
phase are very perturbative. To show the effects of the SH on the PEMDs more clearly, we then
calculate the normalized difference (ND) of the PEMDs [30]. The NDs are defined as

ND(p; φ) =
Y(p; φ) − Yavg(p)
Y(p; φ) + Yavg(p)

, (16)

where Y(p;φ) denotes the PEMD at the relative phase of φ, and Yavg(p;φ) indicates the average
of the PEMDs for φ ranging from 0 to 2π. Figures 2(a) and 2(b) display two examples of the NDs
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Fig. 1. (a)-(c) The PEMDs of Ar obtained by solving the TDSE for the 1600-nm single-color
field and the PTC field with relative phases φ = 0 and π, respectively. (d)-(f) Same as (a)-(c)
but for the model atom with the short-range potential (s = 1). The color bar of these PEMDs
are in logarithm scale.

for the Coulomb potential at φ = 0 and π, respectively. Figures 2(e) and 2(f) show the results
for the short-range potential with s = 1. Clearly, the dependence of the photoelectron yields on
the relative phase can been seen. For instance, the NDs are nearly antisymmetry about px = 0.
At φ = 0, the NDs are almost negative and positive for px>0 and px<0, respectively. While, at
φ = π, the situation is reversed. For the short-range potential, the NDs are very close to zero. We
should mention that at other relative phases, the anti-symmetry of NDs can also be observed.

The ND(p; φ) indicates that the photoelectron yield at each momentum has been modulated
by the weak SH field. The phase-of-the-phase spectroscopy is proposed to characterize this
modulation. We apply this spectroscopy to the NDs. For the weak SH field, the modulation of
the photoelectron yield on the relative phase φ at each momentum could be described by

ND(p; φ) = P(p) cos[φ − φm(p)], (17)

where P(p) indicates the amplitude of the modulation and φm(p) denotes the relative phase where
NDs maximize. Technically, these two quantities can be obtained by Fourier transforming of
NDs with respect to φ at each momentum p as well. Figures 2(c) and 2(g) show the obtained
φm at each momentum p. For a better view, several cuts of φm are displayed in Figs. 2(d) and
2(h). Due to the symmetry, we only consider the region of px<0 in the following. It is shown that
in Fig. 2(d) the phase φm oscillates between 1.5π and 1.8π for the cut at px = −0.8 a.u.. The
amplitude of this oscillation depends on px. For the short-range potential with s = 1, the obtained
φm is located near 1.5π for the momentum range |py |<0.4 a.u. and the oscillation is much weaker.
When the Coulomb interaction range increases (s = 10), the results get closer to the data of
Coulomb potential corresponding to infinite s. The obtained φm contains the information about
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Fig. 2. (a)-(b) The corresponding NDs extracted from Figs. 1(b)–1(c), respectively. (c) The
phase-of-the-phase spectrum for the Coulomb potential. (d) Several cuts of the phase-of-the-
phase spectrum from (c) at px = −0.8 a.u. (purple squares), −1.1 a.u. (yellow circles), −1.4
a.u. (solid red curve) and −1.7 a.u. (dashed blue curve). (e)-(f) The corresponding NDs
extracted from Figs. 1(e)–1(f), respectively. (g) The phase-of-the-phase spectrum for the
short-range potential with s = 1. (h) Cuts of the phase-of-the-phase spectrum at px = −1.4
a.u. for the Coulomb potential (yellow triangles), and the short-range potentials with s = 1
(blue squares) and s = 10 (green circles).

the relative contributions of the long and short trajectories. In the below calculations, we will
extract this information.

Figure 3(a) illustrates the corresponding time windows of the long and short trajectories, and
Fig. 3(b) shows the schematic of these corresponding trajectories. The ionization of the electron
from short trajectory occurs at the ascending edge of the FM field. For this type of trajectories,
the electrons drift to the detector directly after tunneling. For the long trajectory, the electrons are
released during the descending edge of the FM field. Driven by the laser field, their directions
are reversed and the electrons return back to the parent ion. Owing to the effects of the Coulomb
interaction, part of the returning electrons may undergo re-collision with the parent ion before
reaching to the detector. The rescattering probability of electron is proportional to the differential
scattering cross section σ(p′; θ), and for the Coulomb potential, it can be written as (in the first
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Born approximation)

σ(p′; θ) =
1

4p′4 sin4 θ/2
, (18)

where p′ represents the incident momentum and θ indicates the scattering angle. This indicates
that for the momentum region we consider here (within 2Up = 2.1 a.u, where Up = E2

1/4ω
2
1 is

the ponderomotive energy of the FM field), the rescattering probability of the electron scattered
with a large angle (where |θ | is much larger than π/2) is much less than that of near-forward
rescattering electron (where |θ | is much less than π/2), and thus the re-collision is mainly soft
re-collision. With the SFA we separately calculate the photoelectron yields for the short and long
trajectories as functions of the relative phase of the PTC field. The obtained NDs for the direct
electron of long and short trajectories at py = 0 are shown in Figs. 3(c) and 3(d), respectively.
Note that the NDs periodically oscillate with relative phase of the two-color field, and the period
of oscillation is 2π. Thus, for better view, we show the NDs ranging from π to 3π. From
Figs. 3(c) and 3(d), it can be clearly observed that the obtained phase φm sensitively depends on
the longitudinal momentum px. Moreover, for the short and long trajectories these dependence
are different. For example, for the short trajectory, φm of the direct electron decreases from 1.4π
to π as px increases. While for the long trajectory, φm increases gradually from 1.6π to 2π as px
increases.

In our PTC fields, the relative phase where the yield of the photoelectron at momentum
p maximizes is closely related to the ionization times of electrons, as indicated by Eq. (12).
Specifically, for the direct electron at py = 0, we have px = −Re[A1(tj)], and thus the relationship
between the phase φm and ionization times could be briefly described in terms of φm =

−3ω1Re[tj]/2 [42]. For the direct electron of long and short trajectories, the electrons are
produced from the adjacent quarter cycles of the laser pulse. Therefore, the photoelectron
yields depend differently on the relative phase of the two-color field, as shown in Figs. 3(c)
and 3(d). Note that for the momentum region we focus on, the final traverse momentum of the
soft-recollision electron (near-forward rescattering electron) from the long trajectory is small.
According to the SPEs, the ionization times of the direct and the near-forward rescattering
electrons are almost the same (their ionization time differences are well below 0.5 a.u.) [28]. This
implies that their relative phase dependence on photoelectron yield and the phase φm are also the
same, as demonstrated in Fig. 3(c). So, we can classify the trajectories of direct and near-forward
rescattering electrons into the same trajectory, and in our phase-of-the-phase analysis only the
ionization time of the direct electron is required. In the followings, we employ φL

m to express φm
of the long trajectory, and use φS

m to indicate that of the short trajectory. As displayed by the
black arrow of Fig. 3(d), a natural phase window is hence formed between φL

m and φS
m. For each

p, we repeat the calculations of the phase-of-the-phase spectra for the long and short trajectories.
The obtained results are shown in Figs. 3(e)–3(f).

For the PEMDs in strong-field tunneling ionization, both of the long and the short trajectories
have significant contributes. The ionization amplitude of photoelectron with final momentum p
can expressed as the coherent superposition of long and short trajectories,

|ΓPTC(p; φ)|2 = |
√
αΓL(p; φ) +

√︁
βΓS(p; φ)|2

= α |ΓL(p; φ)|2 + β |ΓS(p; φ)|2

+ 2
√
α
√︁
β |ΓL(p; φ)| |ΓS(p; φ)| cos(δθ).

(19)

Here, |ΓL(p; φ)|2 and |ΓS(p; φ)|2 indicate the ionization amplitudes of the long and short
trajectories, respectively. α and β characterize their contributions. δθ is the phase difference
between the long and short trajectories. Due to the laser focal volume effect, the interference
pattern formed by the electron of long and short trajectories is smeared out, and thus the
interference term is safely canceled here. Specifically, as shown above, the ionization amplitudes
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Fig. 3. (a) The tunneling ionization times of the long and short trajectories. The yellow
curve indicates the electric field of the FM field and the red curve shows its vector potential.
(b) The sketch of these electron trajectories. (c) The NDs at the cut of py = 0 as functions
of φ for the long trajectory. The solid purple curve indicates the phase-of-the-phase of the
direct electrons and the blue circles denotes that of the near-forward rescattering electrons.
(d) Same as (c) but for the short trajectory (the solid green curve). The solid purple curve
indicates the phase-of-the-phase of the long trajectory. The black arrow indicates the phase
window formed between φL

m and φS
m. (e)-(f) The phase-of-the-phase spectra of the long and

short trajectories, which are calculated by the SFA, respectively.

and NDs periodically varies with respect to the relative phase, and the relative phase where the
variation maximizes suggests us to fit the TDSE results by

cos(φ − φm) = α cos(φ − φL
m) + β cos(φ − φS

m). (20)
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Equation (19) implies that α and β are positive. Hence, according to Eq. (20), the obtained
phase φm should be located between φL

m and φS
m, i.e., the phase window. Without the effects of

the Coulomb potential, the contributions of these two trajectories are the same, and φm equals to
the averaged value of φL

m and φS
m (i.e., 1.5π) exactly. Based on this point of view, we display two

examples of the NDs at (px, py) = (−1.4,−0.2) a.u. and (px, py) = (−1.2, 0.2) a.u. as functions
of the relative phase φ in Figs. 4(a) and 4(b), respectively. Due to the periodicity, we show
the result ranging from π to 3π. It is shown that the TDSE results of φm do not exist at the
phase window, which is contrary to our expectations. This is because that in our calculations
the Coulomb interaction induced by the electron and target ion has not been taken into account
[37,68,72,73]. To contain the effect of the Coulomb potential, in the followings we employ
the Coulomb-corrected SFA. In this method, the impacts of the Coulomb interaction on the
momentum map are reflected in the ionization times of electron trajectories. In Figs. 5(a)–5(b),
we display the ionization times of the long and short trajectories, which are calculated by the
SFA and the Coulomb-corrected SFA, respectively. It is shown that including the effects of
Coulomb interaction, the ionization times of the long and short trajectories are shifted towards
smaller values, and accordingly the phase window is shifted towards a larger φ, as indicated
in Figs. 5(c)–5(d). In Figs. 5(e) and 5(f), based on the Coulomb-corrected SFA we show the
phase-of-the-phase spectra for the long and short trajectories at each p, respectively. Two
examples of NDs at (px, py) = (−1.4,−0.2) a.u. and (px, py) = (−1.2, 0.2) a.u. are displayed in
Figs. 4(c) and 4(d). It is indicated that the TDSE result of φm lies between the corrected φL

m and
φS

m. For (px, py) = (−1.4,−0.2) a.u., it is closer to φL
m, and with px increasing, it gets closer and

closer to φS
m.

In particular, with Eq. (20) we fit the relative contribution ratio α/β of the long and short
trajectories, and the obtained φm is demonstrated in Fig. 4. In Figs. 4(a) and 4(b), based on
SFA the fitted α/β at (px, py) = (−1.4,−0.2) a.u. and (px, py) = (−1.2, 0.2) a.u. are negative.
The results are unreasonable, because α and β of Eqs. (19) and (20) denote the contributions
of the long and short trajectories, and they should be positive. Therefore, when analyzing the
relative contribution of long and short trajectories, the SFA is inaccurate. For the results of
Coulomb-corrected SFA in Figs. 4(c) and 4(d), the obtained α/β are positive. It implies the
effects of the Coulomb interaction on the ionization times of electrons are visible, and they can
not be neglected in identifying the contributions of electron trajectories. From Figs. 4(c) and
4(d), it is clearly seen that α/β>1 and at (px, py) = (−1.4,−0.2) a.u., α/β equals 2.95 and at
(px, py) = (−1.2, 0.2) a.u., it is 1.53. The results indicate that the relative contributions of the
long and short trajectories are sensitive to the electron momentum p, and the contributions of the
long trajectory play as the major roles in the PEMDs.

In Figs. 6(a) and 6(b), we display the ratios α/β for the Coulomb potential and the short-range
potential with s = 1 at each p. For a better view, several cuts of the ratio are displayed in Figs. 6(c)
and 6(d). It is shown that the ratios for the Coulomb potential oscillate between 0.5 and 4, and the
amplitude of this oscillation is sensitive to p. More interestingly, at the minima of the oscillation,
α/β<1, which indicates that the contributions of the short trajectory is larger than that of the
long trajectory. In previous studies, it is often assumed that only the long trajectory contributes
to the photoelectron yield. Analyzing the PEMDs, the time information of the electrons from the
long trajectories were extracted [36]. Here, our results show the short trajectory also significantly
contributes to the PEMDs. For the short-range potential with s = 1, α/β is around 1 and its
oscillation is not obvious. This implies that the contributions of the long and short trajectories
are similar. Increasing the range of the Coulomb interaction (s = 10), the results of α/β tend to
that of the Coulomb potential.

After strong-field tunneling ionization, the Coulomb interaction seriously affects the electron
trajectories. Compared to the short trajectory, the effects on the long trajectory are more
evident. This is because that the electrons from the long trajectory may return back to rescatter
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Fig. 4. (a) The NDs at (px, py) = (-1.4, -0.2) a.u. as functions of φ. The solid purple curve
denotes the TDSE results and black dots represent the fitted results. The dashed red and
blue curves indicate the data of the long and short trajectories calculated by SFA, and the
dashed cyan lines indicate their phase-of-the-phase. The cyan arrow is the phase window
formed by φL

m and φS
m. (b) Same as (a) but for another electron momentum (px, py) = (-1.2,

0.2) a.u.. (c) Same as (a), but the NDs of long and short trajectories are obtained from the
Coulomb-corrected SFA. (d) Same as (c) but for (px, py) = (-1.2, 0.2) a.u..

with the parent ion, leading to the final electron momentum redistribution. Moreover, for
the long trajectory, the direct electrons interfere with the rescattering electrons, inducing the
holographic interference. At the interference maximum, the electrons interfere constructively,
and the contributions of the long trajectory are thus enhanced. While, at the interference
minimum, these electrons interfere destructively. Therefore, the contributions of the long
trajectory are suppressed, even exceeded by that of the short trajectory. For the short-range
potential with s = 1, the holographic pattern does not exit, and the oscillation in α/β spectrum
disappears.

For the momentum region of p<2
√︁

Up, the electron mainly undergoes a near-forward rescatter-
ing with the parent ion. According to Eq. (18), the rescattering probability of electron is related to
the incident momentum p′ and scattering angle θ. With three-step model [18], we obtain that p′
and θ of near-forward rescattering electron depending on the longitudinal and traverse momenta
present a triangular momentum distribution, as displayed in Figs. 7(a) and 7(b), respectively.
Outside the triangular momentum region, the multiple-returning backward rescattering electron
dominates the contribution of the photoelectron yield [47,54]. In the triangular region, the larger
|px | corresponds to the smaller |p′ |, and the larger |py | corresponds to the larger |θ |. This means
that with |px | increases, the differential scattering cross section of Eq. (18) gradually increases,
and thus the contributions of the long trajectory become more and more important, even dominate
in PEMDs. While, as |py | increases, σ decreases, and the contributions of the long trajectory are
suppressed. It should be noted that at the cut of px = −1.1 a.u, α/β presents a marked increase
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Fig. 5. (a)-(b) The ionization times of the long and short trajectories as functions of px. The
solid curves indicate the results of Eq. (9) and the dashed curves show the data of Eq. (14).
(c)-(d) The NDs obtained from the Coulomb-corrected SFA as functions of φ at the cut of
py = 0 for the long and short trajectories. The dashed curve shows the phase-of-the-phase of
(c)-(d), and the solid curves indicates that extracted from Figs. 3(c)–3(d). The solid black
arrow indicates the phase window in Fig. 3(c), and it is shifted toward the dashed arrow here.
(e)-(f) The phase-of-the-phase spectra for the long and short trajectories calculated by the
Coulomb-corrected SFA, respectively.

for |py |>0.4 a.u., as shown in Fig. 6(c). Moreover, as |px | increases, the momentum |py | where
the marked increase occurs, is decreasing. This implies that α/β increase occurs outside the
triangular momentum region, and thus it is mainly induced by the multiple-returning backward
rescattering electron [74].
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Fig. 6. (a)-(b) α/β obtained for the Coulomb potential and the short-range potential with
s = 1, respectively. (c) The cuts of α/β for the Coulomb potential at px = −0.8 a.u. (blue
crosses), −1.1 a.u. (dashed green curve) and −1.4 a.u. (solid red curve). (d) The cuts of α/β
at px = −1.1 a.u. for the Coulomb potential (solid red curve), and the short-range potentials
with s = 10 (dashed green curve) and s = 1 (blue crosses).

Fig. 7. The incident momentum (a) and the scattering angle (b) distributions in the (px, py)
plane. The laser parameters are the same as that in Fig. 1. Because the weak SH field does
not change the incident momentum and scattering angle, and here we show the results in the
FM field.
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4. Conclusion

In conclusion, with the two-color phase-of-the-phase spectroscopy, we have quantitatively studies
the relative contributions of the strong-field tunneling ionization of photoelectrons from the long
and short trajectories. Recently, our scheme of weighting the relative contributions of the long
and short orbits has been realized in experiment [75]. Here, our work determines the relative
contribution, and further explores the dynamics of the oscillation of the relative contribution
ratio. The obtained results show that the relative contributions of the electrons from these two
trajectories sensitively depend on the final transverse and longitudinal momenta. This is due to
the effects of the Coulomb interaction on the long trajectory, which results in the photoelectron
momentum and electron trajectories redistribution. Additionally, the near-forward rescattering
electrons of the long trajectory interfere with the direct electron leading to the hologram, which
greatly strengthens and weakens the contributions of the long trajectory at the interference
maxima and minima. Performing the two-color scheme for both the model atoms with the
Coulomb potential and the short-range potential, the validity of the scheme and the long-range
Coulomb interaction are confirmed. Moreover, our work shows that the effects of the Coulomb
interaction on the ionization times of electrons are visible and can not be neglected in identifying
the contributions of electron trajectories. This study provides a comprehensive understanding of
how the Coulomb potential redistributes the electron momentum and the corresponding quantum
orbits in strong-field tunneling ionization, and it will be benefit for the further time-resolved
measurements based on photoelectron spectroscopy.
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